Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 



V^s^i 




..}>:* — ' 



r 







\s 



\y> " 



ELEMENTS 



F 



A L G E B R A; 

* TO WHICH IS PREFIXED, 

A CHOICE COLLECTION 

s 

O F 

ARITHMETICAL QUESTIONS, 

WITHTHEIR SOLUTIONS, 

INCLUPING 

SOME NEW IMPROVEMENTS WORTHY THE 
ATTENTION OF ARITHMETICIANS. 

ThePRINCIPLESof ALGEBRA are clearly demonilratedi 

and applied in the Refolution of a great Variety of 

PROBLEMS on different Parts of the 

MATHEMATICKS and NATURAL PHILOSOPHY. 



■toi 



By JOHN MOLE, 

or NACTON, NEAR IPSWICH, IN THE COUNTY QF 

SUFFOLK. 



=r^ 



LONDON: 
Printed for G. G. J. and ]• R o b i n « o h, PatctttPito-Rw, 



• • « 



» • - 

« • 






4 



ri*rfta 



Tt> THE REA DER. 



« >• 



A N 






EULOGY ON ALGEBRA; 



'h A TREATISE on this fubjea might 
J JLX ^ confi4ered aknoft fuperfluous, were 

(\ not the excellence of Algebra in itfclf as a ' 

ry fcience, and iu cxt«ifive utflity in thofe to 
I which it may be applied, now pretty gene- 

>^ rally knowrr : Nor is it much more neceflary 
to apologize for the prcfcnt Publication from 
the npmber already extant on the fame fubjec^. 
The improvement of knowledge is gf^dual^ 
and arifes from repeated accumulations: the 
Oioft' trivkl inftruments which may contribute 
to fo defirable an ead, ought not to be unem- 
ployed; and whoever thinks his obferyations 
an any fcience capable of extending its bounds, 
or of. removing thofe obftacles, which may 
have retarded the progcef? of learners in tracks 

alreadv^^i 
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ialread)^ ocplomlir is juftUied in communicating 
them to the public. 

It ajay be proper, however, to acquaint the 
reader with the end which this Treatife is in- 
tended to anfwer^ and the method that has 
been obferved in compofing it : It is defigned 
then merely as an introdudion to the fcience, 
and to render it attainable without the affift- 
ance of a teacher. The elegance of concife- 
nefs, has been therc^re frequently made to 
give place to perfpicuity, and a qare to be 
underftood has ever been the j&rft in view. 
Sopie excellent pieces, it is confeflcd, have 
been publiihed profefledly on the fame pkn, 
but many things ftill remain in the writings of 
the higher clafs of authors, which often fruf- 
trate the fucceis of unaffifted endeavour^ r 
whether this af ifes from real obfcui4ty in thofc. 
writings, or from any other caufe, we do not 
prefufne to determine ; there may perhaps be 
a neceflity of prefenting truth in various lights, 
torender it intelligible tp different capacities. 

It muft bb allowed, tlmt fome writers on 
Algebra have done more in large volumes thaa 
can beexpedred here; but, however, onperuf- 
ing this through, it will be found to com- 
pFjfe the moft effoitial principles of. the fci- 
ence, andas.comprehenfive as its plan and li- 
n[iits would pcarmit : the author has not un- 
necelTarily fwelled the work, in folving Pix^-** 
blems by formal Solutions of ;fuch Equations 
as he bad plainly treated of before; neither 
- has 
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h|B lie endeavoured to gain a imputation (of 
proibundnefs^ by leaving a gre&t deal to be 
gulled at by die reader; vi^ knowing by 
cxpenence, that a fmail matter turns a periba 
untutored quite out of his way ; and* it muft 
b. gr««ed.-Aa. . work ™y be tto hard for 
fiune, but it never can be too eafy tor any : 
fudice it then to Hxy, that the author has ipar^ 
ed no pains to make this as intelligible, in 
his humble opinion^ as the nature of the ilib-. 
jt£t will admit. 

Algebra, as a method of rtafbning, may be 
employed to inveftigate inquiries in various 
branches of knowledge; it is ao^^ truly 
iiifalime, and of unlimited extent, but it is to 
be obierved, that our reaibnings mui): ever be 
founded on fome evident or known principles ; 
and as matheniattcal ftudies feldom commence 
with Algebra, fome previous qualifications are 
ibppoied to be attained, and^ it is prefumed 
ho'e, that the reader is well veried in Arith« 
metic, • and in the ufe of Logarithms ; that 
be underilands the Rudiments of Geometiy 
andx)f Trigonometry both plain and fpherical« 

.To the AJgcbra is prefixed a feledt collec- 
tion of queflions relating to numbers, and to 
the.folutions of fuch of them as do not come 
within the rules of common Arithmetic, ex- 
planatory notes are inferted, in order to excite 
and eocourageyoung arithmeticians. 
^ The Algebra begins with Notation, and is 
continued on gradually with Addition, Sub- 

tra<5tion. 
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&c. &c. tb tht Sotetiort of litople E^riitidftS f 
Then after otHei- neceffar^ prdimmai*ies ; ^Ti(\ 
♦drfous Pfoblems, you haVfe the RefblUtion'of 
^adrattic Eqmthm. 

Among; the • Problems procfucinig ^adra-^ 
fidd, are ddrfvetf ' rfiany Equatk)ns Which ard 
ffeially adfedcd Biquad'rafiGS, - bdt' by coftned:- 
trig tftfeir term«, tn6y are here folved- by Qua-' 
dratics- :' Thefe are intended here, to famifiarize 
and initiate the learner in that which he Will 
find aiApIy treated of further on. 

To the'general Solution of Cubic Equations 
arc added fome remarks, (howing hoW and 
when- a Cufeifc 'Equation can be folved by 
compTeating th^ Cdbe. 

Next follows the Refolution of adfeflicd 
Biquadratics, thefe are very largely expatiated 
on', copioufly in teripef fed in • the courfe of 
the work, and folved by methods which arc 
as eafy aS they dre new. 

Thd Author's dfefign in expatiating jf& 
largely on thefe Equations, is to enable tihft 
Itarner, arid thofe not well acquainted with 
fhis fubjc<5t, to determine, when an adfefted 
Biquladratic can be folved by a Quadratic, 
This is di circirmftance of great importance^ 
and the author flatters himfelf that it! is not 
tfery generally underftood. 

In Converging Series, he has invented a 
metho4 by which the Roots of Biquadratic 

aiid 
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faii](e4 (9 f^ very gpti: cUgrjee of exa(flne^« 

Aipong tJ^ ^i^fpqaential Equatioi^, you 
hi»y^ a WW ^ .caly.J3oefl>od of S.QlwtiQn, ;«vt»cr» 
the giyea r>umbiprs are too ^g for. the cowrie 
<?f thp Lqgaritljmip Tatjlef . 

The Author has likewife introduced a lapfrt 
thod of fubflituting for the variable Exponents^ 
by which the roots of two or more Equa- 
tions containing as rnany unknown quantities^ 
may be determined to any af&gned degree of 
accuracy. 

This method commences with Example VL 
on page 236. 

It would be needlefs to enumerate all the 
particulars here, fince there is a Table of Con- 
tents, to which we refer the reader for a fur- 
ther account of the work. 
. We Ihall only obferve, th^t the principlesf 
ve laid down in the cleareft manner, and ex- 
crcifed in Hiie Solution cjf a variety of Problems, 
xnany of which have before been publifhed ; 
but the operations will be here found lefs in- 
tricate to trace, as they are folved by the 
moil fimple Equations poffible : fome are new, 
and thefe it is hoped, will be found, both 
from their nature, and the manner of folution^ 
adapted to improve and amufe the learner. 

Every work will meet with fuccefs in the 
world nearly proportionate to its intrinfic me- 
rit ; it would be of little avail therefore, to 
allege the difadvantages under which the pre- 

fent 
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ttot yns compoied, as a palliative for its mi- 
porie^ons. Thofe who know the fituatioa 
cf the writer, know alio, the degree .of induU 
jCQce to which he is intitled ; but from thofe 
to whom he is miknown, he cannot expe<9: 
iDOie £^vour thaa his feeble efibrts may de^ 
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A L G E B R A. 



QUESTIONS in Common ARITHMETIC^ 

I SHALL here ini^ert a CoIIe<5Eioil of promifcuotis 
Queftions relating to Numbers -, and in folving them 
fhall occafionally ufe Fra£tions, Logarithms, ice. Shdl 
make very little Alterations of the Words in'tiiofe Queftions 
that have been publifhed by others ; but {hall folve (bme 
of them by Methods different from any that I have yet 
ieen. 

1 4 Suppoie a t'erfbn occupies ii^i. pef Arintim id a t€t^ 
tdin Parifh, and pays J4S. towards repairing the Church : 
What muft another Perfon pay towards it, who occupies 
197I. per Annum in tRe feme rarUh ? 

State it thus. As 84I. ^ 14s. i : 197L : il. i%s. tod. 
the Anfwen 

This ftating is read thus, as 84I. is to 14s. fo i$ l|Q7!< 
to 1I4 I2S. lod. the fourth Number. For the tnird 
Number, viz, I97I. being multiplied by 14s/ die fecohd 
Number, the Product is 2758 ShiHii^s, which divided by 
841. the iirft Number, gives 32$. and 70$^ remaini, whicn 

B Ibcifig 
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* 

beta£ multiplied by 12, and the Product viz. 84b, iS* 
video by 84, die Quotient is lod. fo that the Aniwer is 
32s. lod, or il. I2s« lod. as above. 

^M Suppofe a'P^rfonlias an I^ateof aool.'per Alinum^ 
and pays 2I. is. 8d. to a SubiiHy, What is that in the 
Pound ? 

State it thus, as 20oI. : 2I. is. 8d. : : il. : 2|d. the 
Anfwcr. 

This ftating is read thus, as 20«L is to 2L is. 8d. fo 
is il. to 2td. for 2I. IS. 8d. the fecond Number being re- 
duced it is 500 Pence, which divided by 2ooL the firft 
Ntlmber, gives 2id. for the fourth Number, "or AnfWer 
*as s^ve. 

Thefe two Solutions being thus explained, the reft will 
appear as obvious to thofe who have a tolerable Notion of 
the Rule of Three, as if -the Operations were wrought 
at large ; for he muft have but a very {hallow Knowledge 
of Arithmetic, who cannot work a Queftioit in the Rule 
$ff *I^.ree When it is' already fiated for him ; and fince it 
will not require half fo much Room to ihiertthe Solutions 
. by this Method^ as it would to fet down all the Wor]$: at 
full length, lihall therefore folve the fucceeding Problems 
(where it is conveifieht) in the fai^e Manner as thofe :lbove. 

3. If the ValuatI6n of a Parifh be i6«oI. per Anntim, 
and if the Poor's Rate amOiint to 63I. 6s. 8d. per Qiiar- 
tcr : what muft a Perfon pay tbWards this Rate* who oc- 
cupies- (by an equal Valuation) 1251. a Year in the faid 
P^rifh, and what is the Rate per Pound? 

Arifwer^ the^Peffdn who occupies 1251. muft pay 
4J. i8s. II Jd. and the Rate is 9Jd. in the Pound. 
' For as 1600I. : 63I. 6s. 8d. : : 125 : 4I. i8s. ii|d. 
what this Occupier pays ; and, a^s 1600I. : 63l.'6s. '8d. 
:: il. : $Jd. 'the Rate perTPourtd. 
• Thus you may find what each Qccupier muft pay to any 
,; Alfeflmen^ Tax^ &c.' and what any Parifh Charges amoimt 
torn the Pound. 

4: A'Baftki'uptis ihdi^bted -2980!. los. but all his Ef- 
. fefts amduntbut'to 11i7l.i3s.9d. What hare hifCrcdi- 

tori 
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ilbrs in the Pound, and what muft that Man receive for his 
Part of the Dividend^ wbpfe Demand on the laid Bankii- 
tupt is 40QU 

' Firft, as 2980I; tos, : iiijh 13s. gd; : : il; :7s.6di 
what the Cjredit<M:s miift ^ve in the Pound : 

And as ih : 73. 6d. : : 40OU : 150L his part of the 
Dividend whofe Demand is 400I; 

And in this Maimer die partiq^^ Shares of every 
Creditor may be found, if &eir re(pefiive ^Demands l^e 
known. 

5. Bought 6 Packs of Cloth) Which tontained 2240 
Yards, and gave after the Rate of 42s; for three Yards ; 
'What didk coft me, and 'what fhall I gain per Cent^ 
by felling it out at 17s. 6d. per Yardi 

Firil^ 42 '^ 3 =± 14s. equals what i Yard Coft ; and 
17s. 6d. ""^ 14s. as 3s. 6dk my Gain by 14s. (or by fel- 
ling i Yaidv) 

Then, ftate it tfaus^ as i Yard : 14$^ : : 2240 Yards : 
J568I. the Purchafe of the Cloth. 

And as I4s% : 3$^ 6d. : c looL : ,27l« die gain per 
Cent, 

If you WPuld know at what Rate you muft fell out 
your Goods by retail, fo as to make a propqfed Gain by 
the Whole, add the Money you would gain to the Sum 
which die whole Goods «oft you : But if at any Time 
fome. Damage, having hs^pened to the Goods^ lo as to 
make a propofed Lofs bv the Whole, then fubtraif): the 
&td Lofs from the Co(t, and make the Remainder the 
fecOnd'Ntfmber. An Example in each Cafe will make 
this quite eafy. 

6* A Grocer bought ii Hogfheads of Sugar, which 
weighed net 34 cwt« i qn 4 lb. for 64I. and would gain 
321. by die mrgain : At what Rate nmft he fell this Su^* 
gar per lb. 

Firft, 64I. + 32]. {^ 06L what he fells the whole for ; 
ahd, as 32cwt. i qr. 4lb% or 38401b. : 96K : : lib. t 
id^ die Anfwer. 

7* A Draper 
B ^ 
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7. A Draper bought 400 Yards of broad Cloth f6f 
130!. but it having* received Damage^ he is willing to fell 
it fo as to lofe 30!. by the Whole ; how muft he fell it per 
Yard? 

Firft, 230I. — 30I. =r 200L what he fells it for : 
^ And as 400yd$« : 200L, : : i yd. ; los. the Anfwer« 

8. If 96 Ells of Cambric coft 60I. how muft it be foU 
per Yard, to gain 55 per Cent. 

Firft^ 96 Ells X i.=-l!^= 120 Yards. 

^ ' 4 4 

And as lool. : 60I. : : tt$\. : 75L what the 120 
Yards muft be fold for to gain 25 per Cent. 

And, as i2o yds. : 75II : : i yd. ; X2s« 6d. the 
Anfwer. 

9« A Merchant, bought 10 Tuns of Wine for 669I. 
7s. 6d. but fome Damage having happened to it, he in- 
tends felling it fo as to lofe after the Rate of 20 per Cent. 
How muft he fell it per Gallon ? 

Firft, as 100 : 669I. 7s. 6d. : : 80I. : 5351* iO$. what 
he muft fell it for, to lofe 20 per Cent : 

And, as 10 Tuns, or 2520 Galls. : S35I. los. : : t 
Gall. : 4s. 3d. the Anfwer. 

By proceeding as in thefe laft four Solutionis, you may 
determine how to fell any Goods by retail, fo as to make 
any propofed Gain or Lofe by the Whole, or at any Rale 
J)erCent. 

10- Bought Threcfcore Pieces of Holland for three' 
Times as ?inany Pounds, and fold them again for four 
Times as much ; but if they had coft me as much as I 
fold them for, what ihould I have fold them for, to gain 
after die fame Rate ? 

Firft, 60 X 3 =z 180I. what the 60 Pieces poft ; 

And 60 X 4 ::^ 240I. whaf they were fold for : ' 

And, as iSol. : 240L : : 240I. : 3201. the Anfwen 

1 !• If by felling Hops at 3I. 15s. per Cwt. I clear '30 
per Cent, what (hall I gain per Cent, if I fell the fame 
Goods Ibr Alt los. the Cwt* 

Firft, 



ELEMENTS OF AJ;.QEBRA. 5 

Pirft, as 3l. 15$^ : 130L li 4I. xos. ; 156I. the amount 
per Cent, by felling the Hops at 4I. los. per Cwt. 

And therefore 15^. -•- tool. :=; ^61^ tl>e Gain per 
Cent* required, 
. « 

12. A Peifon delivered to another a Sum of Money 
unknown, to receive firople Intereft for the lame at 5 per 
Cent, per Annum, and at the End of 8 Years received for 
Principal and Intereft 630L What was the Sum lent ? 

Pirft, 100 + 5 ^sS ^ 140K the Amount of lool. (ox 
8 Years. , 

And, as 14QI. : lool, : : 630L : 450I. the Anfwer* 

13. In fome Parilhes in the Country, they take ofF3L 
a Year in 17I. from the Rents in affefling the Farms ; 
what will the Landlord receive net out of a Farm of 204U 
a Year, in thofe Places where the King^ Tax is, as now^ 
4S'. in the Pound? 

Firft, as 17!. :-3l. :: 204I. : 36I. taken off; therefore 
204I. — 36I. = 168I. is the Afleflment, which, divided 
by 5 (becaufe 4Sf is ^ of a. Poui)d) gjve^ 33I. 12s. for 
the Taxes ; which, being taken from 204U the Rent, 
leaves 170L ^s, the Ai^fwer, 

14. It is a Rule in (bme Parifhes to aflefs the Inhabi- 
tants in Proportion to ^ of th^ir . I^ents : - What is the 
Yearly Rent pf ihat Houfe, which pays 81. los, to the 
Xing under this Limitation, at 4s. in the Pound? 

]pi|rft, as 4s. : il. : ; 81. ids. : 421, los. the AiTefTf 
ment. 

And, as 4 : 4^1. los. : ; 5 : 53I. :;s, 64. ^ Rent 
rcqyifed, 

N. B. This is the 36th Qucftion in the Rule of Three, 
jn a moft es^cellent Syftem of Arithmetic, fecond Edi- 
tion, where, by Miftake, the AiTefTment is only found, 
and inferted for the Anfwer, inftead of the Rent, 

« • • • 

15. A Vintner bought a Pipe of Wine at 7s. 6d. per 
Gallon, with which he mixed a certain Quantify of Wa- 
t%r^ and fold d^e Mixture at xos. per Qallon^ his Gaji> 

B 3 Up9n 
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liport the Whole was 19I. lis, 6d, H©w many GaUoiw 
pf Water did he put in ? 

Firft, ros. -r- 7s. 6d. zz 2s. 6'd. his -Gain per Gallop 
by the Wine alone ; and (126) the Gallons in a Pipe 
divided by 8, (hecaufe 2S. 6d. is f of a Pound') gives 
15I. i$s. JOT his Gahi by the Wine, exclufive of the War 
fer, this taken from 19I. 12$. 6d. the whole Gain, leaves 
3!. 17s. 6d. for his Gain by the Water: 

And, as los. : i GalL : : 3I. 17s, 6d, : 7 QaDs. 3Qts, 
fhc Quantity of Water fought. 

16. A Stationer fold Quills at lis. per Thoufandj^ by 
which he cleared -f of the Money ; but growing fcarce^ 
raifed them to i?s. 6d. per Thoufand : What might he 
flear per Cent, by the latter Price ? 

Firft, I of IIS, =s ~Y*==: 4^* ^1^* ^^ ^^^^ ^^ ?^s? 

per Thoufand. 

Therefore i is. -5- 4s. I -Jd. :i:6s. lojd is the prime Coft 
pf a Thoufand : 

And therefore 13s. 6d. — 6s. lofd =: 6s. 74d. is his 
Gain per Thoufand by the latter Price. 

And as 6s. 10 id. : 6s. 7 4d. : : lool. : 96I. 7s. 3jd -^ 
the Rate per Cent, required. 

17. A Perfon bought a certain Number of Ells of 
Velvety which he fold again; he bought 5 Ells for 7 
Crowns, and fold 7 Ells for 11 CrqWns, and gained 100 
Crowns in fo doing : I demand how many Ells there were 
in all ? 

Firft, as 5 Ells : 7 Crowns : : 7 Ells : gf Crowns, 
what 7 Ells coft him ; but he fold 7 Ells for 1 1 Crowns, 
therefore 11 — 9|:=:ij Cr. ,s;: 6s. his Gain upon 7 
Ells: ' . . ' 

And, ^s 6s. : 7 Ells : : lOO. Crowns (or 500s. J : 583 1 
flls the Anfwer. 

18. .Qou^ht Stockings in London at 4s. 3d. the Pair, 
suid fold them afterwards in Dublin at 6s. the Pair; now 
taking the Charges at an average to be 2d. the Pair, and 
confidering that I muft Idfc 12 per Cent, by remitting my 
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Money Home again : What do I gain per Cent, by this 
Article of Trade? 

. Firft, 4s. 3d. -f 2d. = 4s. 5d. the prince Co^ s^id 
Charges j and lOoL — ill. = 881. what I received in* 
ftead of lool. on Account of the Remittance. 

And^ as 4s. 5d. : 6s. : : 881. : 119I. los. liid.|| 
the return per lool. therefore 119I. ids. ii^d j^J — lOoL 
zz igl. 10$. ii^d. -jI the Rate per Cent* required. 

Odierwife thus : 

As, 4s. 5d. : 6s. : : lool. : i3Sl« i6s. ix|d. ,', (the 
Amount of lool.) whofe Intereft at 12 per Cent, is 
u61. 6s. o^. ^1 this added to xool. and the Sum taken 
from. 135I. i6s. 11 |d. ^, leaves 19I. jos. 11^. || for 
the Gain per Cent, the fame as before. 

19. A Hare is 100 Yards diftant from a Dog, and 
both ilarting together, the Dog ran 2 i Times fafter than 
the Hare : It is demanded how far the Hare wiQ have nm 
before the Dog overtakes her ? 

Firfl, 2 i — I =: it Yard which the. Dog gains of 
the Har& while ihe runs i Yard : 

And, as I i Yard : i ; ; 100 Yards, : 66 1 Yards, the 
Anfwer. 

20. A Perfon being afked what Hour of the Day It. 
viras, anfwered, it is between 5 and 6^ and both the Mi* . 
nute Hand and Hour Hand are together : Required the 
Hour of the Day ? 

. It is well known that the Minute Hand points to 12 at 
the End of every Hour, confequently it points to J2 at 
5 o'clock ; but the Hour Hand goes only xs ^f ^^ ^^^^ 
cumference in an H«ur, the other goes the whole round 
("viz. It ) iii that Time i therefore the Minute Hand gains 
cSf the other 45 ""to or |i of the Circumference in an 
Hour : But at 5 o'Clock the Hour Hand is j% of the 
Circumference before the Minate Hand : Therefore (ay, 
if the Minute Hand gains {i of the Circumference in aa 
Hour, in what Time will it gain -^ thereof? 

\ State it thus, if ft Cir. :. i Hour ; : -i^ Cir. But, be* 
caufe the Denominations of the firft and third Numbers 

3 4 are 
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cure equal, they may therefore be reje£bed, and fo it will 
bp barely ' ^ , 

As 1 1 : I HQur : : 5 : 5^7 A Minutes paft 5^ the Tim^ 
fought.' For the next Conjunftion it will be as 1 1 : i 
Hour : : 6 : 32 tt Minutes pafl: 6 ; for the next it will 
be as II : i Hour :■ : 7 : 3S tV Minutes paft 7. - 

• Hehcjs it follows that the Proportion for finding the next 
Conjunftion after 12 o'Clock Will be as 11 : i Hour : i 
12 : I y\ Hour, or 5 -A' Minutes after oiie of the Clock, 
for thofe two Hands are always together at the Hour 12. 

21, If the Sun moves every Day i Degree, and the 
Moon 13 and at a certain Time the Sun be at tho 
beginning of Cancer, and in 3 Days after the Moon 
ill the beginning of Aries : The Place of their n?xt foU 
lowing Conjunftion is required : 

Note, From the begmning of Ari^s to the firft of 
Cancer there are three Sinps of the Zodiac included, 
vjz. Aries, Taurus, ^nd Gemini, and each Sine contains 
3<y Degrees ; fo that from the firft of Aries to the firft of 
Cancer are 90, Degrees, to which add 13x3, or 39 De-. 
grees, the Space through which the -Moon paffes in 3 Days, 
(in which Time fhe arrives at Aries) and you will have 
129 Degrees for the Diftan<;e pf the Sun before the Moon; 
fiut #3 — I = 12 Degrees the Moon gains of rfie Sun 
. per Day, therefore, it will be. 

As 12* : I Day : : 129* : loj Days, in which Time 
the Sun will be overtaken by the Moon, and becaufe tho 
Sun moves 1 Degree every Day, therefore the Conjunc-, 
tion required is in 10 1 Degrees of Cancer, 

N0TE7 The Sun doth not defcribe i Degree in a Day 
icompletely, however, the foregoing Procefs is conformable 
to the Suppofitions in the Queftion : And the Sun and 
Sioon are laid jfo be in conjun<SHon with each other, whei\ 
the Mook is ipxaftly' between the Earth and Sun ; in 
which Cafe we cannot fee her, but a little after her Con- 
jim<5Hon with the Sun a fmall Portion of her Surface ap- 
peals enlightened, and is therefore faid to be a neW' 
Moon, 3ome Authors call the Conjun6l:ion itfdf a new 
JVIoon, , 

Nw B. The Moon moves cireiy Day about 13' lof fTpni 
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r%2. The' Gloic of tbe Earth, under the Equinoflial 
t^ine, is 360 Degrees in Circumference ; and this Body 
)»eing turned on its own Axis in a natural Day, or 24 
Hours, at what Rate an Hour are the Inhabitants of Ben-* 
coolen, (fituated in the Midft of the torrid Zone) carried 
£rom Weft to Eaft by this Rotation. 

Note. The Equator lies dire£Uy in ^e midft of the 
torrid Zone, therefore (by the'Queftion) Bencoolen is 
fituated on tiie Equator, and any Circle whatever contains 
360 Degrees ; but the Length of a Degree of Longitude 
on the Equator* is 60 Geographical MileSy or 69 1 Eiig* 
Yifh Miles. - 

Therefore fay, if a Point on this Circle moves 360 
Degrees, or 25020 Englifh Miles in 24 Hours 3 how &r 
will it move in i Hour ? 

State it thus, as 24 Hours : 25020M. ; : iH: : I0424M. 
the Anfwer, 

But Bencoolen, according to fome Authors, is fituated 
in 4* South Latitude, however, die above Solution gives 
die Velocity per Hour of thofe who live on the Equator 
agreeable to the Problem. And it is in Degrees of the 
Equator that the Longitude of Places are reckoned ; and 
as the natural Day is meafured by one Revolution of the 
Equator, it follows that i Hour anfwers to 15 Degrees z 
For as 24 Hours : 360 Degrees : : i Hour : 15- De- 
grees : Hence i Degree of the Equator will contain 4 
Slinutes pf Time 5 for 360 Degrees : 24 Hours : : x 
Degree, : 4 Minutes ; 1 5 Minutes of a Degree will make 
I Minute of an Hour; for 360 : 24 Hours : : 15 Mi- 
nutes : I Minute ; and, 4 Seconds anfwer to i Minute of 
a Degrte ( for as 24 Hours : 360 Degrees : : 4 Seconds : 
I Minute of a D^gtee. 

^ 23. When the Sun is in the Meridian at Soho-Square, 
\fi what Time will it be fo at Tyburn, lying due Weft of. 
|t at the Diftance of a Geographical Mile, in the Latitude 
of 51 ^ Degrees North, where a Degree o£ Longitude 
vbeafures 37,35 (Geographical) Miles, kno^n by the di- 
urnal Rotation of the Earth to pafs in 4 Minutes Times. 

Note; Thopgh a Degree of Longitude pafles in 4 
Minutes, yet the Meafure of a Degree is determined 
Ifon^ (he Latitude of the Place aiid x^% from the 

Tim^ 
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Time in which it is ddcribed; for a Degree of Loti* 
gitude i$ greater or lefs than 37>35 Miles in any other 
Latitude, except in 51 f Degrees, North or South ; hence, 
and from' the Nature of the Queftion, it follow^ that 
Soho-fquare and Tyburn are iituated a Mile afunder, both 
on one Parallel of Latitude, which Parallel imagine to be 
a Circle on the Globe^ and fay, if a Point on this Cir* 
cle moves 37,35 Miles in 4 Minutes, in what Time will/ 
another Point on the fame Circle be tix>ving i Mile with 
an equal Celerity ? 

StatQ it thus, as, 37,35 Miles : 4 Minutes : ; i Mile 
; 6 Seconds 25,542 Thirds +. So that it is Noon at 
Tyburn, 6 Seconds 25,542 Thirds after Twelve o'Clock 
at Soho^fquare, 

24. There are 2 Bodies in Motion, viz. A and B; A 
has defcribed 50 Miles ; B only 5, but A has moved with 
5 Times tbe Velocity of B; What is the Ratio then of 
Hie Times they have been deicribing thofe Spaces? 

Here, fince A's Motion was 5 Times as fwift as B*s, it 
is evident that in the Time B moved 5 Miles, A moved 
15 ; but A moved 50 Miles in the Whole, therefore A was 
twice as long in Motion as B » for as 50 is to ^5^ fo is z 

to I, 

25. A and B are two moving Bodies, and A moves 40 
Times fwifter than B, but A has been in motion but 
J Minute, whereas B has been in motion 2 Hours (or 
120 Minutes:) The Ratio of the Spaces defcribed by 
diefe 2 Bodies is required ? 

Here by the Queftion A was in Motion only i Minute^ 
and A moved as far in one Minute as B did in 40 ; but B 
was three Times 40, or 120 Minutes in Motion ^ there- 
fore the Space defcribed by B is to that pafled over by A^ 
Its 120 to 40, or as 3 to It 

26. A Gentleman dying, left his Wife big wiA Child, 
ordering by Will, if the Child proved a Daughter, theo 
his Wife fhould have | and the Daughter f ; but if it was 
a Son he ihould have ^ and the Mother i of the Lftate, 
>fpw it happened that^ the Mother ivas jdelivered of a 

Soa 
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^oa iand two Daughters ; how niuft the Eftate (wkich 
yras 9O60I.) be diirided among them ? Since a Daugh^ 
test wa$ to have ^nA the Mother ^ it is evident' that 
, the Mother muft nave as much as the 2 Daughters ; aii<i 
becaufe a Son w^s to have | and the Mother 4> it foUowsi 
that the Soh muft have twice as^moch as his Mother, con-i 
fequeritly he muft have as much as h|s Mother and Sifters : 
Therefore he rnqft^iave i of the Eftate, via:. 4500!. The 
Mother muft have | of the Eftate, viz. 2250K and the 
Daughters muft e^h have 7 of it, which is 1125!; 

27. A Farmer, ignorant in Numbers, ordered 500I. to 
be divided among his 3 Sons, thus : Give A, fays he, 4, 
B fj add C f Part ; divide diis equitably ampiig them, 
according to the Father's Intention. 

Firft, ^, ^ and ^ of 500I, added together, make 391I. 

13s, ijj, and,^as 391I. 13s, 4d. : (22l, or) i661, 13s. 4d, 

: : 500L : 212I. 15s. 3 ^d. ^ A*s Part; then fay, as| 
; 212I. 15s. 3|d. II : : i : 159I. lis. 5 |(f. ||, B's part; 
?ind as 1 : 212I. 153. 3|d, |^ : : 4 • 127I. 13s. ijd. A 
C's Part, 

N. B. In the fepond .ftating I multiplied the fecond 
Nilmbcr by 3, the Denominator pf the firft Numberj^ 
?nd divided the Prqduft by 4 and by 5, the rcfpeSive 
Denominators of the third Numbers in the two laft Stat- 
iiigs, whence B's and C's Portions were produced by a 
very few Figures. But C's Part might have been found 
by fubtraftjng the §um 6f the Portions of A and B from 
500I. the giyen Dividend, The Reafon of the preceeding 
Operation is obvious j for feeing that the firft two Num- 
bers in the fecond and thirf Statings are the fame, it is^ 
evident th^t the Prpduds of tbofe two Numbers, ineacl^, 
of thefe Statings, will be equal to each other, and in all (i- * 
milar Cafes, having found one of die Parts, thq reft maj^ 
bfc readily obtained by proceeding as above, • 

28. A and B for the feme Titne made a joint Stock of 
700I. by which they gained i6ol. of which A received 
^^1. more than B $ y^^ was each Perfon's Stock ? ^ 

Firft^'*> 
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Firft, A received ■ ' ^. = 96I. then, as, 160I. : 700U 

: : 96I. ; 420I. A's Stock, and 700 — ^3 =: 280I, B's 
Stock. ^ 

29. A Lady was aiked her Age, who replied thus : 
My Age if multiplied by three. 
Two fevenths of that Produft tripled be. 
The Square Root of two Ninths of that is four ^ 
Now tell my Age, or never kt me more. 
Suppofe the Lady was 21 Years of Age : Then multi« 
plying 2j by 3, the Produd is 21 X 3 =1: 63, and two fe- 
venths of the Produd is 63 X | = 18 ; which, being tri-> 
plfd or multiplied by 3, the Product is 18 X 3 =:; 54, and 
two ninths of this Produdl is 54 X | := 12, which ought 
tot^ye been 16, and then its fquare Root would have 
t>een 4, agreeable to the Conditions of «he Queftion. ' 

Hence it will be^ as i:^ ; 21 ; ; 16 ; 28 Years^ t^c 
.Age required, 

30^ A Man fljgaited ^gainft the Wind 8 Miles in an 
Hour and 20 Minutes^ returning with an uniform Stroke, 
having then the Advantage of an equal Wind, he fkaited 
back the fame Diftance in 32 Minutes : Required the Force 
of the Wind. 

Firft, find how far he fkaited both with and againft the 
Wind" in any Particle of Time (as i Minute) and half 
the Difference of thofe Velocities will be the effeftive In-r 
creafe and Decreafe of his Celerity in that Time, pccaiiT 
oned by the Wind. 

Thus, 5280 X 8 = 42240 Feet ip 8 Miles ; 

Then, as 80 Minutes ; 42240 Feet, : : j Minute ; 
528 Feet, his Velocity per Minute againfl the Wind ; 

And, as 32 Min. : 42240 Feet, : ; iMin, ; 1320 Feet, 
his Celerity per Minute with the Wind: 

Therefore hi^ Celerity was augmented and retarded by 

the Wind n^o—5^8' ^j. jgfi Feet per Minute, 

31, If a Man travels 25 Mil^s a Day, and eyery Night 
0qmt^ back in the fame Road 6 Miles ; How many Days 

wiU 
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trill he bf travelling 386 Miles from the Place at i^ch h^ 
iirft fcts out ? . . 

From the given Diftance (viz. 386 Miles) fubtra£l the 
i>pace through which he returns in a Night, and divide 
the Refidue by the Space, gained in a Day, the Quotient i» 
the Anfwer, if nothing remains ; if there be a Remainder 
add to it the Space he comes back in a Night, and divide 
that Sum by the whole Diftance < travelled in a Day, the 
QjiQtient wiU give the Time in which he muft travel ^ laft 
Day^. But ie the Cafe propofed there is no Remainder of 
the Divifion, for 25 —6 = 19 Miles, the Space gained in 
a Day ; and 386 -7- 6 = 380 Miles, the Refidue of the 
given Diftance : Then 380 -r 19 = 20 Days, the Time 
required^ 

The Ground of this Solution will appear very obvious, if 
it be confidered that he gains 25 A4iles in the bft Day ; 
for in the laft Day he gets to his Journey's End. 

32. There is a Sum of loool. to be divided among three 
Men, in fuch Manner, that if A has 3h B Ihall have sl« 
and C 81. how much muft each Man have. 

Firft? 3 + 5 + 8 = 16, the Sum of the Numbers de- 
noting the refpedive Proportions of their Shares ; and 
lOOoL ^ 16 zz 62,5, therefore A muft have 62,5 X 33s 
187,51. B 62,5 X 5 = 312,51.' and C 62,5 X 8 = 500I. 

33. If A can do a Piece of \york in 20 Days, and B in 
130 Days ; in what Time will it be iiniftied by A and B 
working together ? 

Let the Work be denoted by Unity or i 5 then fincc A 
can do Vv ^"^ B y^ Part of it in a Day, it is evident that 
they both together can do ^% + 3?^ =: -^ = y'. Part of it 
in a Day j and, as -^ : i Day : : i : 12 Days, the Anfwer. 

34. A Perfon in the laft War was poffefled of 4 of a 
Privateer ; he fold | of his Intereft therein for 400I. what 
was the Value of the whole Privateer ? 

Firft, I of 1 = ^ = 1=: three fourths of his Intereft, 
whioh, by the Queftion, is worth 400L therefore it will 
be, as4 : 4Q0I. ; ; ' ; 6661. 13s. 4d. the Anfwer. 

* 
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35. Two Perfohs purchafed an Eftate of 1700L per 
Annum Freehold for 27200I. when Money was at 6 per 
Cent, Intcreft, and 4s. per Pound Land-Tax, whereof D 
paid 15000I. and K tiie reft ; Come Time after the Intereft 
of Money felling to 5 per Cent, and 2S. per Pound Land- 
Tax, they fell the faid Eftate for 24 Years purchaie ; I 
defire to know each Perfon's Share ? 

Firft, 1700 X 24 =s 40800I. what they fell die Eftate 
for ; and as 27200I. : 40800I. : : 13000I. : 225001. D's 
Share ; riicrcfore 40800I. — 22500I. s; 18309!. E's 
Share. ' 

36. Sold.a Quantity of Muflinfor5881. andby fedoing 
loft x6 per Cent, whereas in Dealing I ought to have clear- 
ed 25 per Cent J how much then was it k)ld under the juft 
Value? 

Here it is to be obferved, that for every lool. which the 

Mudin coft,. I received in return (by felling it 100 — 16 

or) 84I. therefore, as 84I. : 125I. : : 588I. : 875L what 

* the Muflin fhould have been fold for to gain 25 per Cent. 

^erefore 875!. — 588!. == 287I. the Anfwer. 

37. Suppofe the Wheel of a Carriage by its Rotation 
to aefcribe a right Line on the Ground equal to its Cir- 
cumference ; and, admitting that the circular Velocity of 

, a certain Wheel is to that of its Nave, as 2 to }, and that 
the Circumference of the Wheel exceeds that of its Nave 
5 Yards : Required how many Revolutions this Wheel will 
make in going 150 Miles ? 

Suppofe the Circumference of the Wheel to be 12 
Yards, then that of the Nave will be 2 Yards; for 12 is 
to 2 as 2 is to f; but the Difference of 12 and 2 is 10, 
inftead of 5;. hence, as 10 : 12 r: 5 : 6 Yards, the Cir- 
cumference of the Wheel : And 1760 x 150 = 264000, 
the Yards in 150 Miles j, which, being divided by 6, gives 
44000, for the Number of Turns or Rotations required. 

38. There is a Cannon of caft Iron, whofe Weight is 
- 65 1 Hui^dreds, it is required to find how many cubic or 

folid Feet of yellow Fir, lafhed to the above Cannon, will 
be fuificlent to keep it afloat in the Sea i 

Firft, 
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Pirft, 65,7s X 112 = 7364 lbs. the Weight dl die 
Cannon, and as ,00258064 lb. dae Weight of an inoh of 
caft Ii!on, is to 1 folid Inch thereof, fois 7364lbs. to 28535 
cubic Inches, the Solidity of the Cannon : Now a Body 
heavier than Water weighs lefs in Water than in Air, by 
the Weight of fo much Water as is equal in Bulk to the 
Body, therefore, as i tfubic Inch of Sea Water, is to 
•037253 lbs. its Weight, fo is 28535 cubic Inches (the fo- 
lid Content of the Cannon) .to ^063 the Weight' of % 
Quantity of Sea Water, which is equal in Bulk to the 
Cannon : Therefore 7364 -^ 1063 =' 6301 lb. the remain- 
ing Weight of the Cannon, which is to be kept afloat, or 
bouyed up by the Fir. But a Body lighter than Water 
will fuftain therein, the Difference between the Weight of 
the Body and that of an equal Bulk of Water ; therefore^ 
from 3037253 lbs. the Weight of i cubic Inch of Sea Wa- 
ter, take O5O23763, the Weight of a cubic Inch of Fir, and 
ou will have 0,01349 lb. for Ae Weight which one cu- 
Inch of Fir will fiiftain in the Sea ; confequently one 
cubic Foot will fuftain 0,01349 x 1728 = 23,31072 lbs. 
and, as 23,31072 lbs. : i Foot : : 6301 lbs. : 270,3048+, 
cubic Feet, the Quantity of Fir fought. 

39. If a Bath Stone 20 Inches long, 15 broad, and 8 
Incncs thick, weighs 22olbs. how many cubic Feet thereof 

'will freight a Ship of 290 Tons Burthen ? 

Firft, 20 X 15 X 8 = 2400, folid Iftchcswi Stone, 
which, by the Queftion, weighs 220 Pounds, therefore as 
2400 Inches : ,22o}bs. : : 1728 Inches : 158,41b. the 
Weight of one cubic Foot of the Stone ; and as i58,4(bs. 
: i foot : : 290 Tons : 4104, Feet the Anfijrcr. 

40. A'^Hare purfued by a Dog, takes five Leaps for 
the Dog's four ; but the Dog takes as much at three Leaps 
as the Hare doth at four. Now the Hare being eight 
Hundred of her own Leaps before the Dog at ftarting j 
how many Leaps muft each take during -the Courfe ? 

Since the Dog takes as much at 3 Leaps as the Hare 

does in 4, it is evident that ^ of a Leap of the Dog's, 

^ make rLeap of the Hare's, and confequently ^00 of the 

Hare's Leaps are equal to 6oci of the Dog's \ ib ^t the 

Hare 
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Hare was 6<:>0 of the Dog's T^aps before him at ftarttng f 
and, as I : I ; : 5 : 3 1 Leaps of the pog's, which arc 
equal in Diftance to 5 of the Hare's ; but the Dog ran 4 
l^aps to the Hare's 5, therefore the Dog gained 4—3 ^ 
or ^ of a Leap on the Hare in running 4 Leaps ; hence> as 
^14:: 600 : 9600 Leaps made by the Dog ; and, as 
4 : 9600 : : 5 : 12000 Leaps ran by the Hare^ 
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41. There is an Ifland 73 Miles round, and 3 Footmen 
all ftart together, to travel the fame Way about it ; A 
travels 5 Miles a Day ; B 8, and C 10 ; wbcn will dxey 
all cotne together again ? 

Firft, ^0 — 8 =t 2 Miles C gained ojf B In one Dajr^ 
and, as 2 Miles : i Day : : 73 Miles : 36,5 Days, in 
which B and C will meet for Ae firft Time after djeir 
letting out ; therefore they have not all met yet, unlefs 
thev be all together now, which is impoffible, becaufe A's 
Velocity is not equal to B's, nor to C's ; but A goes half 
as fwift as C, therefore A will be at the Place where B 
and C firft met, in 36,5 Days more, in which Time and 
Place it is evident that B and C will meet again ; and con - 
fequently they will be all together In (36,5 + 36,5, or) 73 
Days. 

42 i. Sold a certain Quantity of' Shalloon for 320I. by 
which I gained after the Rate of 33L f per Cent, but if I 
had fold it for 2s. 8d. per Yard, I ftioidd have loft 81. los, 
per Cent* How many Yards did I fell ? 

Firft, as 133I. ^ : lOoK :: 320I. : 240I. the prime Coft, 
and iooL-*-81. los. ^ 91I. los. the Return per lOoL if it had 
been fold for as. 8d. per Yard ; then as lOoL : 240I. : : 
91L los. : 219I. I2S. what the Shalloon would fetch at 2s- 
8d. per Yard y and as 2s. 8d, : i Yard> ; : 219I. 12s. : 
1647 Yards, die Anfwer* 

43, A Gentleman hired a Servant for 12 Months, and 
agreed to allow him 20I. and a Livery, if he ftaid till the 
Year was expired ; but at the End of 8 Months the Ser- 
vant went away and received 12I. and the Livery, as a 
proportional Part of his Wages : What was the Livery 
tfllued at? 

As 
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1 * 

As 8.1s I of 12 ; therefore !20 X j^i^L i his Wases 
for 8 Months ; and 13 j.-^i2=:il. i, difcountfor the £i« 
very for 4 Months (or | of the Year which he Ihoi^d 
have fefvedi which is therefore f of the Value of the Li- 
irery» and therefore i 7 X 3^4J» the Anfwer. 

44. If 5 Oxen or 7 Colts will eat up the Grafs of a 
Clofe in 87 Days } in what Time will 2 Oxen and. 3 
Colts eat up the fame. 

If 5 Oxen foe equivalent in feeding to 7 Colts, then % 
Oxea will be equal therein to a | Colts ; to this add 3 
Colts 5 and you will have 5 ^ Colts ; which will eat as 
much as z Oxen and 3 Colts ; and, as 7 Colcs : 87 Days 
: : 5 I Colts : 105 Days, the Anfwer. 

Note. This ftating is inverfe, for it is evident that the 
fewer Colts there are the longer Time they will require 
to eat the fame Quantity. 

45. What is die Difierence between the Intereft and 
Difcount of 500I. for 12 Years, at 5 per Cent, per An* 
num. 

Firft, as lOoU ; 5I. : : 500I. : 25I. the Intereft of 
50OI. for I Year, and 25 x 12=3001. its Intereft for 12 
Years: But 5 K i2=6ol. is the Intereft of lool. for 12 
Years ( and as 160L : 60I. : : 500I. : 187I. los. the 
Difcount for that Time ; therefore 3001.-^187!. los.s 
Zi2l. 106. the Difference required. 

46. A certain Sum of Money was lent at fimple Intereft,' 
which in 8 Months amounted to 297,6, and in 15 Months 
to 306I. I demand die Principle and Rate of Intereft. 

Firft, 306I.— 297,62=8,41. the Intereft of the Sum lent 
for (15-— 8, or) 7 Months -, and as 7 Months : 8,41. : : 
15 Months : 18I. the Intereft of the fame Sum for 15 
Months ; therefore 306— 18=2881. the Sum lent : Now 
fay, if 288I. in 7 Months, gain 84!. Intereft, what will 
zool. gain in 12 Months ? 
. Sute it thus : If 288J. — 7 Months— 84I. 

100 "--12 — — ^ Here 288^ 

X 7s:aoi6, tiie Divifor, and 8,4 x la x ioo=iqo8q, 

C .the 
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the Dividend therefore 10080 -r 20i6=:5U the Rate per 
Cent, required. 

47. A Gentleman lent a Sam of Money at 5 per Cent, 
per Annum, fimple Intereft, for 10 Years, at the End of 
which Time the Intereft amounted to 360I. I demand' 
the Principal. 

•State it thus, If lool. i Year 5!. 

* 10 — . 360; Here 

10 X 5 = 50 the Divifor, and 366 X 100 = 36000 the 
Dividend, then 36000 ^ sorryaol. the Principal fought. 

48. In what Time will 475I. amount to 646K at 4 per 
Cent, per Annum. 

Firft, 646 — 475 = 1711. Intereft of 475!. for the Time 
fought. 

State it thvs, If lOol. — — i Year 4I. 

475 ^ * lyil* Here 475 

X 4 =: 1900, the Divifor, and 171 X lOO = 171,00, die 
Dividend, then 17 100 rr 1900 == 9 Years the Anfw^r. 

49. A and B barter, A has 1401b. iioz. of Plate, at 
6s. 4d. the Ounce, which in truck he rates at 7s. ad. an 
Ounce, and allows a Difcount on his Part, to have ^ of 
that in ready Specie j B has Tea worth 9s, 6d. the lb. 
which he rates at lis. 2d. When they come. to ftrike 
the Balance, A received but ycwt. 2qr. i81b. of Tea, 
pray what Difcount did A allow B, which of them had the 
Advantage, and how much, in an Article of Trade thus 
circumftanced ? 

Firft, 140 lb. 1 1 02^. =: 1691 oz. and 7s. 2d^. — 6s. 4d, 
rziod. A's gain per Ounce; then, as i«z.*: lod. :: 
169/ ozs. : 70I. 9s. 2d. the whole Advantage of A's. 
•Plate y and as i oz. : 7s. 2d. : : 1691 oz. : 605I. i8s. lod 
what A fold the Plate for, -^ of this is 605I; i8s. lod.^ 
7=861. IIS. 3d. 4) which A receives in ready Money; 
^d the remaining Value for B is 605I. i8s. iod.r-86]. 
us. 3d. fj or 519I. 7s. 6d. 4; but 7cwt^ 2qr. i8Ib. of 
Tea at us. 2d. per lb. comes to but 479I. is. therefore 
519I. 7s. 6d. ^ — 479I. is.=:4ol. 6s. 6d. |, is the Difcount 
allowed by A : and B. cleared 2Qd. per lb* by the Te^, 

therefore 
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£brdbre 7 cwt. 2 qr. i81b. or 858 lb* divided by 12 (bfc-* 
caUfe 2od. is Vt of a Pound) gives 71I. losi for what B 
gained by the Tea ; to ^ich add the Difcount^ and from 
aiat Sum take (70I. 9s. id) A*s gain by the Platen and 
diere will remain 41I. 7s. J^A. ^ for the Advantage to B^ 

5o« If A raifes Gpods worth 30$. id 40s. and gives 9 
Months Credit, how high.muft B raife Goods worth 27s* 
he agreeing to give 10 Months Credits 

Firft, 40s; — 30s.=ios. A gains by 30s. in 9 Months ^ 
and in Trade, Time is proportional to Stock, therefore 
fay, if 30s. in 9 Months gain 1OS4 what will 27s. gaili in 
JO Months : ftate it thus : 

If 30s.— —9 MonAs » ■iQs; 

27 10 —.— . *. Here 30 X 9=1270 

the Divifor, and 27 X 10 X Ip is' 2700 tlie Dividend, then 
2700-^-270 = los. B's gain by 27s. in 10 Months, 
therefore B muft raife his Gbods to (27 -J* 10 or) 37s* 

51. Having bought Goods for 6ooh and fold them di- 
refthr for 630I. giving 4 Months Credit, what is gained 
per Cent, per Annum. 

Firft, 630I. — 600K :r 30I. gained by 600I. in 4 Months, 
and as 6ool. X4M, : 30I. : : lool. X 12 M. : 15I. per 
Cent, the Anfwer* 

52. Suppofe A has I4 i Yards bt broad Cloth at 145*' 
per Yard, but in barter widi B will have 16s. 4d« and ^ of 
the whole Barter Value in ready Money ; now if B's Cloth 
be worth i6.s. 4d. per Yard ready Money^ how many 
Yards of Cloth muft B deliver to make the Barter equaL 

Firft, from both the ready Money and Barter Value ot 
A's Cloth, take i of A's barter Price; and as the firft 
Remainder is to the fecond^ fo is B's ready Money Prlcf 
to his barter Price. 

•^»{:ft:3:=}-''-4^-<-+{=.S:"i':li«- 

as 9$. iid. : I2S. 3d. : t i6s. 4d. : 242d. -^ B's barteif 
Price, and 24^ X | = 18 | Yards, equal to | of A*^ 
Cloth^ and as 16s. 4d. : 18 ^- Yards ; : 2424. vV ^ ^4^ 
Yards, the Anfwer. 

C 2 The 
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The fatrie othcrwife widwMit finding B's barter Price* 
Here ^ of 24^ YarJs^'at i6s. 4d. per. Yard> comes to 
5U OS. od. \ and as i4s. : i Yard : : 5L 09« od. ^ : 7 
5f Yards, the real Quantity of A's Clothe wluch B muft 
have for (5L os. od. |) the ready Money ; therefor^ 24^ 
—7^=17 ^ Yards, is the remaining Quantity, and as 
14s.: 17 Yards i{ : ; i6s» 4d, ; 14 1. Yards, the Anfwer 
as before, 
N. B. The laft ftating in each of thefe two Solutions is 

inver&« 

SJ, Three Merchants A B and C traded together ; A 
puts into their joint Stock 400I. for 6 Months, B 600I. 
for 5 Months, and C I cool, for 8 Months ; with this 
Stock they gained 33St- it is required to find each Per- 
fon's Share of the Gain, proportionaUe to his Stock and 
Time of employing it. 

Firft, 400 -x 6 + 600 X 5 + 1000 x 8 =: 2400 + 
3000 + 8000 =1 13400, the Sum of the Produdb of their 
feyeral Stocks multiplied by fteir re<pedive Times. 

Then, as 13400I. : 335L : : 2400 : 60I. tte Share 
of A. 

And, as 13400 : 335 : : 3600 : 75, the Share of B. 

Alfo,as 13400 : 335 : : 8000 : 200 Share of C, 

B's and C's Parts might have been obtained thus, as 
4 : 60 : : 5 : 75 and as 3 : 75 : : 8 : 200, or C's Share 
might have been found by fubti}a<Jttng the Sum of A's and 
B's Shares from the whole Gain j and fometimes the 
Shares may be more readily found by dividing the Gain 
by the Sum of the Produds of their Stock aud Time, 
and multiplying the Quotient by each Man's particular 
Produfl:.- Thus, 335 ^ 13400= ,025, then 025 X 2400 
= 60I. A's Share, ,025 X 3000 =r 75I. B's, and ,025 X 
8000 =; 200I. C's, the very filme as before. 

54. D owes E 800I. whereof 200I, is to be paid in 3 
MonthSj 200I- at 4 Months^ and 400I. at 6 Mbnths ; but 
they agreeing to make but one Payment of the Wholc^ 
at the Rate of 5 per Cent, rebate^ the true equated Time 
is demanded? 
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Firft, find the prefej&t Worth of each Payment for its 
prc^ofed Time ; 

I. s. d. £. £. £. 

Thus, as 

The Sum of the' prefent Worths ^s 784,49607, which 
being taken from 800I. leaves 15,50393 for the Difcount, 
then by Queftion 48, it will be, 

As lool. ■ 12 Months 5I. 

784,49607 * i5j50393- Here 

784,49607 X 5 = 3922,48035, the Divifor, and 15,50393 
X 12 X 100 = 18604,71600, then 18604,71600 -5- 
3922,48035=4,7x3 Months, that is, 4 Months, 22 Days, 
the Time required. 

55. A Perfon having an Annuity left him for 4, Years, 
which does not commence till the End of 5 Years* dif- 
pofcd of it for 530I. allowing 4 per Cent to the Purcha- 
fer, what vras the Yearly Income ?' 

Firft, the Amount of 530I. for 5 Years, at 4 per Cent. 

is 530 4 44§ X 4 X 5 = 6361. and the Amount of 636!. 

for (4 Years) the Time of its Continuance, is 737,76!. 

But 4 + ,04 + ,08 + ,12 =: 4,241. is the Principal and 

Intcreft of rt. for 4 Years i and, as 4524!. : il. : ; 7375761. 

: 174I, the Anfwer. 

N. B. If the Payments be many, you may readily find 
the Intereft of il. by multiplying the Sum of the Ex- 
tremes by Half the Number of Terms. 

56. How much muft be put at Ufe for 2 Years at 5 per 
Cent, per Annum, to gain 80I. 

State it thus, 

If lOol. r I Year — 5I. 100 x i x 9o looo 

* 2 -—Sol. then — -=: 7 

2x5 lO 

rr 800I. the Anfwer. 

57. What will 1230I. 17s. 6d. or 1230,875, amount to 
in 7 Years at 5 per Cent, pep Annum compound In-- 
tercft? 

C3 Firft, 
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Firft, as lool. : 105I. : : il. : 1,05!. the Amount of il 
for I Year, and 1^0?^ =; 1,4071004 +, its Amount for 7 
Years, therefore 1230,875 X 1,4071004=1731,9647 +, 
51:17311, 19s, 3cl, J- + the Amount required, 

58. A Broker bought for his Principal in the Year i770> 
400I. capital Stock iit the South Sea at 650I. per Cent, 
and fold it when it was worth but 130I, per Cent, how 
much was loft in the Whole. 

Firft, 650I. — i3ol.=52ol. loft per Cent, and as fool. 
; 520I, ; : 400K : 2o8oL loft by the Whole, 

59. If by remitting to Holland at 31s. gd. Flemifh per 
Pound Sterling 5 per Cent, is gained j how goes the Ex- 
change when by Remittance I clear 10 per Cent. 

Firft, as 105I. : lOoI. : : 31s. gd. : 30s. ^i Flemifh, 
the intrinfic Value pf i Pound fterling ; and as |ool, ; 
iiol. ; : 308, ^V f il« 13s. 3d. y, the Anfwer. 

60. If y df 6 be 3, what will -J of 20 be ? 

Firft, 4 of 6 is 2, \ of 20 is 5 ; and as 2 : 3 : : 5 : 7I, 
the Anfwer, 

61. If 74 Yards of Englifli be equal to 100 Brafles of 
Florence, and 1 00 Brafles of Florence be equal to 30 Canes 
of Marfeilles ; how many Canes of Marfeilles art equal to 
J 00 Yards of Englifli, 

Here, becaufe 74 Yards are equal to 100 Brafles, and 
100 Braflis equal to 30 Canes ; therefore the Brafles may 
be rejected in the Operation, and it will be barely as 74 
Yards Englifli : 30 Canes ; ; 100 Yards Eng. : 40 -If 
Canes, the Anfwer. 

62. If 46 lbs, at London make 36 lbs. at Amfterdam, 
?ind 90 lbs. at Amfterdam make 116 lbs. at Dantzick, 
how many lbs. at London are equal to 130 lbs. at DaqN 
^ick ? ' 

Firft, as 36 lbs. : 40 lbs. : : 90 lbs, : 100 lbs. at Lon- 
don, which are equal to 116 lbs. at Dantzick (becaufe 
90 lbs. at Amfterdam are equal to 116 at Dantzick) jand 
Ji61bs, : icpl. .:; .i3olbs. :; »Ji 12 lbs. /^ the Anfwer. 

^3. A Bakef 
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63. A Baker purchafed 22 Sacks of Flour, each con- 
taining 280 lbs. 7 Sacks he bought at 25s, per Sack, 10 
at 30s.. and the reft at 37s. per Sack ; this Flour he 
mingles all together, an^ deilres to know how he muft 
fell it per Stone (or 14 lbs.) to gain 50I. per Cent, by the 
Mixture ? • # 

Firft, 25 X 7. + 30 X- 10 + 37 X 5 ^ 6&0 Shillings, 
the prinie Coft of the whole Mixture; and 280 lbs. X 22 
=: 6160 lbs. = 440 Stones, in the 22 Sacks, then as 440 
Stones : 660 Shillings : : i Stone : is. 6d. the Prime 
Coft per Stdne^ and as logl. : i5ol. :; is. 6d. 2s. 3d. 
per Stone, the Anfwer. 

64. Hiero, King of Sicily, ordered^is Jeweller to make 
him a Crown, containing 63 Ounces of Gold ; the Work- 
men thought fubftituting Part Silver therein, to have a 
proper Perquifite, which taking Air, Archimedes was ap- 
pointed to examine it, who, on putting it into a Veilel of 
Water found it raifed the Fluid, or that iti'elf contained 
8,2245 Cubic Inches of Metal, and having difcovered that 
the Cubic Inch of Gold more critically weighed 10,36 
Ounces, and that of Silver but 5,85 Ounces, he, by Cal- 
culation, found what Part of his Majefty's Gold had been 
changed, and you are defired to repeat the Procefs ? 

Firft, 63 -r- 5,85 = 10,76923 folid Inches, in 63 Oz. of 
Silver, and 63 -r- 10,36=6,08108, in ditto of Gold. 

Their Difference is 4,68815; but the Difference be- 
twixt the Solidity of the Crown, and that of 63 Ounces 
of Silver is (10,76923—8,2245, or) 2,54473, Cubic In- 
ches; and as 4,68815 • 63 Ounces ;: 2,54473 : 
34,1964 Ounces of Gold, and conlequently 63 — '34, 1 964 
=128,8036 Ounces of Silver. 

« 

65. The battering Ram of Vefpafian weighed, fuppofe 
looooo lbs. and was moved, let us admit, with fuch a 
Velocity by Strength of Hands, as to pafs through 20 Feet 

^ in one Second of Time, and this was found fuiHcIent to 
demolifli the Walls of Jerufalem; with what Velocity 
jnuft a Bullet that weighs but 30 lbs. be moved, in order 
to do the iame Execution ? 

C 4 Nott 
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Note. The Momentum, or Force, with which a moving 
Body will ftrike any Obftacle that lies in its Way, is 
equal to the Velocity of its Motion multiplied into its 
Quantity of Matter, and allowing that the Weights of 
Bodies are refpe<^ively proportionable to their Quantities 
of Matter (as it is afferted they are) it follows, that the 
Produft of the required Velocity of die Bullet multiplied 
into its Weight, muft be equal to the Weight of the 
battering Ram, mukipHed into its given Velocity ; hence 
it will be reciprocally, as looooolbs. : 20 Feet :: 30 lbs. 
: 66666 ^ Feet per Second, the Velocity of the Bullet as 
required. 

66. Taking a Walk on a calm Day, and feeing die 
Flafli of a Piece of Ordnance the Inftant of its going off 
at Languard Fort, and hearing its Report 40 Seconds af- 
terwards 5 required the Diftance from the Place of Ob- 
fervation to the faid Fort, admitting the Velocity of 
Sound (as it has been found by Experiments) to be uni- 
formly at the Rate of 1142 Feet in i Second of Time ? 

Firft, as i" 1 1 142 Feet : : 40" : 45680 Feet, which 
being divided by 5280, the Feet in a Mile, gives 8 Miles 
5 Furlongs ^, the Anfwer. 

In the very lame Manner you may meafure die Diftance 
of the Clouds producing Thunder and Lightning ; for 
fuppofe from the Inftant we obferve the Ilaih to the Mo- 
ment we hear the Stroke of Thunder, we number 4 
Seconds, then it is plain the Sound has come 4 Times 
1142, that is 4568 Feet, or fomewhat above J of a Mile^ 
and fo far is the Diftance of the Cloud. 

. In like Manner, the Diftance of Ships on the Sea is 
known by the firing of Guns. 

67. If a Body on the Earth weighs 3600 Pounds, what 
will be its Weight if it be elevated loooo Miles above 
its Surface, fuppofing the Earth's Semi-diameter to be 
4000 Miles ? 

Here the affigned Diftance of the Body is 10000 + 4000 
52 14000, Miles from the Earth's Centre, equal to 14000 
^ 4000 — 3>5 Semi-diameters of the Earth from its 
Centre 3 but tile Body when on the Earth's Surface is one 

Semi-diameter. 
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Sefiii-4iaiii«tQr from its Centre, and the attra&tng Power 
of Bodies decreafes univerfally as the Square of die Dif-* 
tance from their Centres increaies, this being granted, it 

vrill be reciprocally as i : 3600 lbs. : : 3^% that is, as 
I : 3600 lbs. : : 12 J : 293 ^ Pounds, the Weight of 
the Body at the Height propoi'ed. 

68. What is the leaft common Multiple of the nine 
Digits, viz. I, 2, 3, 4, 5, 6, 7, 8, 9. 

I irft, the leaft common Multiple of 2 and 4, is -I X 4, 
or 4 (for 2 is the greateft common Meafure of 2 and 4) 
the leaft Multiple of 4 and 6 is 4 x 6, or 12 ; that of 12 
. and 3 is j. X 12 or 12, that of 12 and 8 is |- X 12, or 24, 
that of 24 and 9 is ^ X 24, or 72 ; and becaufe the Reft 
of the Digits, viz. i. 5. 7. do not admit of a common 
Divifor among themfelves, greater than Unity, nor yet 
with (72) the leaft Multiple of the other fix Figures^ 
therefore 1x5x7x72:=: 25AQ is the Multiple re4 
quired. 

69, If 12 Oxen will eat 3 4. Acres of Grafs in 4 Weeks^ 
and 21 Oxen will eat 10 Acres in 9 Weeks, how many 
Oxen will eat 24 Acres in 18 Weeks, the Grafs being 
allowed to grow uniformly f 

Firft, if 12 Oxen eat up 3 ^ Acres in 4 Weeks, dieti 
21 Oxen will eat 13 | Acres m 9 Weeks : For as 12 x 
4 : 3<J. A. : : 21 X 9 : 13 f Acres j but 21 Oxen eat only 
10 Acres in 9 Week§, therefore, in 5 Weeks, 10 Acres 
become by the Growth of the Grafs equivalent to 13 |> 
Acres, and confequently 13 |— lo, or 3 f Acres is the 
Increafe upon 10 Acres in 5 Weeks ; for it is to be ob- 
fervcd that 3 ^ Acres is the real Quantity which 12 Oxeft 
eat in 4 Weeks without any Increafe of th^ Grafs ; fo 
that the Time of Increafe upon 24 Acres is onhr (18-^ 
4, orj 14 Weeks, therefore fay, if the Increaie of lo 
Acres in 4 Weeks be 3 1 Acres, what will be the Increafe 
oh 24 Acres in 14 Weeks ? Anfwer, 21 Acres ; for, as 10 
^ 5 • 3i - * 24 X 14 : 21 Acres, which, being added 
to 24, gives 45 Acres for the whole Ojiantity of Grafs, 
which is^to feed a certain Number of Oxen 18 Weeks^ 
aiid in order to find this Number, fay, if x2 Oxen in '4 

Weeks 
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"Weeks eat 34. Acres ; hbw many Oxen in i8 Weeks 

vrill cat 45 Acres : State it thus, 

If 12 Oxen 4 Weeks 34 Acres 12X4X45 2160 

• 18 —45 Hence ' ' —-—-*. 

18 X 3t ^^ 
zz^S Oxen, the Number fought^ 

70. Reauired the Length of a Pendulum which fhall 
vibrate juft 48 Times in a Minute ? 

Note. It has been found by Experiments, that a! Pen- 
dulum 39,2 Inches long, in our Latitude vibrates 60 Times 
in I Minute ; and that the Lengths of Pendulums are to 
one another reciprocally as the Square of the Numbers of 
Vibrations made ia the lame Space of Time; ^therefore 
fay as the Square of 48, which is 2304, is to the Square 
of £o,\ which is 3600, fo is 39,2 Inches, the Length of 
the Standard Pendulum to 61,25 Inches, the Length of 
the Pendulum required. 

71. What Proportion is there between the Arpent of 
France, which contains iQO Square Poles of 18 Feet 
^ch, and the Englifli Acre, containing 160 Square Poles 
of 16 I Feet each, confideiing that the Length of the 
French Foot is to the Englilh as 1 6 to 15. 

Firft, i8xi8x 100 = 32400 French Feet in an 
Arpent; and 16,5 X l6o r: 43560 Englifli Feet in an 
Acre. Now to find how many Englifli Feet are equal to 
1^2400, the Feet in an Arpent^ it will be reciprocally as 

10^* ; 32400 :: 1*51 * that is, 256 ; 32400. : : 225 : 
36864, the Englifli Feet in a French Arpent : So that 
the Englifli Acre is to the Arpent of- France as 43560 
to 36864, or as 605 to 512. 

N. B. The Numbers 43560 and 36864 were re- 
fpcdlivcly reduced to 605 and 512, by dividing each of theiQ 
hy 77, dieir greateft common Meafure. 

72. Supp.ofe a Farmer covers a Field with Muck or 
Manure, and lays the Rows parallel to each other 8 Yards 
afunder, making 5 Heaps of a Load, and admitting the 
Piflance from H^eap to Heap in the Rows to he 6 Yards 
from their Centre^ ; how many Loads will he lay on aa 
Acre a$this Rate, 

Firft, 
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^ 



Firft, 8x6x5 = 24ofquare Yards, the Area which 
J Load covers, and an Acre contains 4840 fquare Yards ; 



therefore 4840 
Aiifwer, 



240 =; 20 4^ Loads per Acre, the 




73. It is required to divide the Parallelogram A B C D 
into two Parts, by a Line H E parallel to the Side A C, 
fo as the Part A C E H (hall contain juft 11 Acres, when 
the Area of the whole Parallelogram is 27 A. 2 Roods, 
21 Rods, and the Side A C is equal to 8 Chains, 

Firft II X 10. =: fi J-J 

II o fquare Chains in 
li Acres, and iio 
rf. 8 =13,75 Chains, 
or 55 Rods, equal to 
A E, (op C H) the 
Length fought. 



74. If the internal Length and Breadth of a Rc(Slan- 
gular Cooler be 94 and 40 Inches refpe£lively, how deep 
jnuft it be to contain 120 Al? Gallons? 

Firft, 282 X 120 :^ 33840, the folid Inches, in 12a 
Gallons, and 94 x 40 = 3760 Inches, the Solidity of the 
Cooler at i Inch deep ; then as 3760 ; i Inch : : 338.4P 
: 9 Inches, the Depth required. 

And by having any two Dimenfions of a Cooler and 
its Solidity, the reft may be found by proceeding as above; 
the fame may be obferved of a reflangylar Ciftern, Tun, 
^c- 

Thus, in the foregoing Example on the Cooler, it will 
be as 94 X 9, or 846 Inches, the Area of i Side is to i 
Jneh, fo is 33840 Inches, its Solidity, to 40 Inches, its 
Breadth ; and as 40 x 9, or 360 Inches the Area of i 
End is to I Inch, fo is 33840 Inches to 94 Inches, its 
Length, 

75. If the Diameter of a Cylinder's Bafe be 34 Inches, 
what muft be its Length to contain 30 folid Feet ? 

Note, 0,7854 is the Area of a Circle v/hofe Diameter 
is I, and if the Scjuare of the Diameter of any Circle be 

jnultiplied 
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multiplinl hy ,7854, the Produd will be its Area. Thus^ 
34 X 34 X ,7854 =: 907,9224 is the Area of 00c End 
€>f the proptAd Cylinder; and 1728 x 30 =1 S1840 is its 
Solidity, and as 907,9224 : i Inch :: 51840:57,097+, 
Inches, the Length required. 

76. C B reprefents the Breadth of a River, and B is 
sn Objed on the fartbet Side of it, to which we cannot 
approach nearer than the Side C ; but the Land on this 
Side being level and convenient for taking Stations, from 
which the Breadth of the River may be readily found, and 
k here required ' 

From any Point E, make E I = E C meet B C pro- 
duced to A, and take I D = D C, then E D will be per- 
peadicuUt to r 

AB; make ■^l ' ' 
A H equal, ^""-^^^E 
and parallel H - 
to D E, join 
H E, and pro- 
duce A H till 

B E L be- A. 
comes a right Line : Yr.umay eafilyperceiv.- (.t I.) when. 
B, E, and L arc all fituate in a right Line, by fetcing up a 
straight Stick perpendicularly at K, and another at L, the 
right Lines A C B, and A H L, are formed by fetting up 
a Stick in the fame Manner at each (rf the Points A, C, 
and H. This premifed, let us now fuppofe that by 
meafuring the fevcral Diftances on the Land, we find 
AC s: 128, A L= 100, H E = 30, and H L = 10 ; then 
in the Right-angled Triangles A B L, H £ L, it being as 
HL: HE ;; AL: AB, we have 10 : 30 : : 100 : 
300=:A B, and 300 — 128 (sjAB — AC) = 172 = 
C B, the Breadth of the River fought. 

77. To find the Altitude of a Tower, Steeple, fcc. 
v^en its Diftance is inacceflible, admitting that the Foot 
of the Tower and Places of Obfcrvation are parallel to the 
£une Horizon i 

Let 
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LetBCbe 

the TovMr 

whole Height ■'•" 

is fought, and '"" 

fuppi^e wc D, .■•*** 



H 



thanthe Place **- 

E } find the ■'^ E ty 

Diftance £ B » 

as in the laft Problem, yAJch Capped to be S700 Fee^ 
and let there be placed pcrpcnACHlitrly in die Gnniiid s 
long Stick; £ D, likeWife a fhotter one A i*", (6 u ths 
Obfervator at A may fee the Top tsf tiie Towerat C, over 
the Ends of the two Sticks A F and E D : Let the flx^ter 
Stick A F =: 5 Feet, and kt the Excefs of the longer 
Stick above the fhorter, viz. H D = 4 Feet, alfo let the 
Diftance between tfaofe Sticks, viz. A E = F H = 100 
Ecet, let F M be (K^allel to the Horizon AB, tiien wiU AF 
(=EH) = 5Feet = BM; andFM C= A B) = A E 
+ E B = 100 + 8700 = 8800 Feet J and in the fimilar 
Triai^les t H D, F M C, it wSI be, as F H : H D : : 
F M : M C, that is, as itX) : 4 : : 8800 : 352 Fee(^ 
to which add 5 Feet (equal lo A F = B M), and yon 
will have 357 Feet, or 1 19 Yards, for »he Heigjit of tbn 
Tower as required. 

78. There is a certain cylindrical Rod 36 Inches lot^ 
at tha Extremities of which are, Tufpcnded two Weights, 
the one of tive Pounds the other of feven : I demand the 
Point of tHe Rod where thefe two Weights will be in 
Equilibrio ? 

Note, As the Sum erf the two Weights is to the Length 
of the Rod^ fo is either of the Weights to the Diftance 
from its rtjtre^pondent Weight to the Point of Balance; 
thus, as A +- B ; A B -n 

: : B ; A C, diat is, as ^ C g 

7 + 5, or 12. : 36 : : • % ^ 

5 : 15 Inches, equal to T "J 

A C, the Difttnce from 
A the 7.£oiin4 Weight to C, the Ptnnt of Balance of 



*> 
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thefe^fitvo Weights. But if it were required to find Acf 
dbmmpn.. Centre of Gravity of the Rod and the two 
Weights, then the Point of Balance will be lomewhiat 
different from that abgye found, and may be eafily ob- 
tained : For inftance, fuppofc tjie^d weighs one Pound j 
then it is evident that the Momentum of the Rod alone is 
equal to the Eorce of one- Pound at the Centre : Now 
half the Length of the Rod (the Diftance from the Cen- 
tfe to it» End) multiplied into its whole Weight i Pound, 
added to its Length, multiplied into the 5 Pound Weight 
is 18 X' I + 36 X 5. or 198, riiis divided by 13, the Sum of 
the two Weights and the Weight of the Rod, gives 15 
^ Inches, for the Diftance from the 7 Ppund Weight to 
the common Centre of Gravity, and is the Point on 
which the Rod will be kept ^^ Equilibrio, when its Weight 
IS taken into the Account, as it ought : The firft Method 
ihews only how to find the common Centre of Gravity of 
Bodies wheii their Centres are joined by right Lines, de- 
noting the Diftances from each other, as in the following 
Problem. 

79. A, B, and D, are, three Bodies weighing 4, r2, 
and.Q Pounds refpeiiively j . the right Line which joins 
the Cimtres of A and B is 40 Inches long, and the Dif- . 
tance between the Centre of Gravity of A and B, and the 
Centre of the Body D is 50 Inches : Required the com- 
mon Centre of Gravity of thefe three Bodies ? 



Firfl,Find the Cen- 
tre of Gravity of A 
and B as in the laft 
Problem, thus, as A 
+ B : A B : : A : C 
B, that is, as 16 ; 40 
1:4: 10 equal to C 
B, and the Point C is 
the Centre of Gravity 
of A and B 5 Now 
imagine that the 
Weight of the 2 Bo- 
dies A and B, vi?. 
16 lbs. is accumu* 



x^ 




B 






©D 



lated 
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kted into the Point C ; and fay, as A + B -f D : C D 

: : D : C E, that is, as 25 lbs. (the Weight of the three 
Bodies) -.50 : : 9 lbs. : 18 Inches, equal to C E, and the 
Point E is the common Centre of all their Gravitation. 
In this Manner you find the common Centre of Gravity 
for any Nunjber or Syftem of Planets. See Martin's 
Philofophical Grammar, Page 95, fecond Edition. 

80. What Weight will a Perfon be able to keep ia 
Equilibrio who preffes with a Force of 120 lbs. on^e 
End of an equipoifed Leaver 60 Inches long, which is to 
meet with a convenient Fulcrum or Prop (od which it is 
movable) exadly 12 Inches above the other End of the 
Machine ? 




■I p 




Let P = 120 lbs, the, Power or Force with which the 
Hand preffes on the End of the Leaver at E ; let D E 
(=60 Inches) reprefent the Leaver movable on the Ful- 
crum at C ; then will D C == J2 Inches, and C £ = 48 
Inches, and let the Weight fought be denoted by W, then 
if the Leaver be moved, the Difiance D E will reprefent 
the Celerity of the Weight W, and C E that of the Power 
P, but the Weight multiplied into its Celerity is always 
equal to the Momentum j therefere, the Power P multi-* 
plied into C E, its Diftance from the Centre of Gravity 
of Leaver, muft be equal to W multi^ied into D C, its 
Diftance fiom the fame Point, for the Force on each Side 
of the Fulcrum C muft be equal, otherwife the Equili- 
brio would be deftroyed ; therefore it will be reciprocally 
as C E : P : ; D C : W; that is, as 48 : 120 lbs. : ; iz 
: 489 Pounds^ the Weight required. 

So that if the Hand prelles on the End of the Leaver 

.with a Fojce any Thing greater than that of 120 lbs. it 

.will raife the Weight W of 480 Pound$, placed as here 

fwppofcd : And though* there* tc Leayars ©f fe.veral 

Sorte, 
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SortSy yet what is here faid is equally applicable to £tiem 
all* 

8i* A C £ IS a Tackle of Pullc)rs, whereof the upper 
one A is iixed, and each has a Rope fixed to the Weight 
W, confining of 28 cwt* Now admitting £ and C to 
rife and <kfcend freely with the Weight W, it is required 
to find what Power applied to the Rope at P, will fuftain 
liieWetghtW? 




Here it is obvious, that when the Weight W is railed 
one Inch, the Rope A B will be lengthened as much ; vluA 
fo the Pulley C will defcend one Inch, by which Means 
the Rope C D will be lengthened two Inches, and one bv 
the rifing of the Weight W j wherefore the PuUey E will 
defcend three Inches; and thus the Rope £ P will be 
lengthened fix Inches (namely three on each Side) alfo, 
the Rifing of the Weight will caufe it to lengthen one 
Inch more, fo that the rower P goes through feven Inches 
while the Weight W rifes one, hence it will be recipro- 
tally as I : W : : 7 : P, that is, as i : a8 cwt. : : 7 : 
4 cwt. the Force at P required* 

82. An Annuity of 20I. per Annum is forbom, or un- 
paid 7 Years, what will then be due at 6 per Cent, com* 
pound Inter^j 

Firft^ 
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Eirft, I add il. to (i,o6) one Pound and its Intercft for 
One Yeaf) and the Sum is 2,06 the fecond Year's Amount^ 
this nkddplied by i,o&, and the Produ£l added to tl. gives 
3,1830 for the third Year's Amount, which being like- 
wife multiplied by 1,06, and the Produft added to il. gives 
4,374616 for the fourth Year's Amount, and by proceed- 
ing on in this Manner you will jBnd the feventh Year's 
Amount of ih to be 8.393837649856, which bein^ 
multiplied by 20L the Annuity, gives 167,876751. + or 
167I. 17s; 6 Jd. the Anfwer. 

83. What Annuity, to continue feven Yfears, maybe 
|>urchafed for riol. 5s. at 6 per Cent, compound In- 
tereft ? , . 

Firft, I 4- i;p6 + J,o6^* + i^' = 4,374616, the 
Amount of 1 Pound for 4 Years, and its Amount for 7 

Years, is 8,393837649856, virhich, being divided by 1^06^ ^^ 
*?r I350363025 +, gives 5,5823814 -f , the prefent Worth 
of il. for 7 Years J and as. 5,58238141. : il. : : 120, 
251. : 11,50981. or 21I. los. 9|d. the Annuity required. 

By this Operation you may compofe a Table exhibiting 
the prefent Worths of il. for any Rate and Time j and 
by the Solution to Queftion 82, you may conftru£b 9 
Table fliewing the Amount of t Pound for anv Time 
and Rate propofed j butif Unity or i be diyidea by the 
prefent Worth of il. for any Time and Rate of Intereft, 
the Quotient will be the Annijity wbich il. will purchafe 
for th^t Time, at the Rate affigned ; whence alfo a Ta- 
t)le may be conftru£ted which mall readily produce the 
Annuity required, by multiplying the Sum, with which 
it is t9 be purchafed, by the Number in tfie Table corre^ 
fponding to the given Tinie and Rate of Intfereft. For 
Inftance, in the laft Queftion,, if Unity be divided by 
5,58238814, the Quotient will be 0,179135, which, being; 
tnultiplied by 120,25, gives 21,5098, or 21J; los. 9 Jdi 
for the Annuity, the very fame as before. 

I {hall folve the next two following Qj^eftiohs by double 
Pofitioii J biit befides the common Way bf multiplying 
each Suppofition bv the Error of the other fuppofedNum* 
^er^ there is aaotaer Method ufed fometimcs by AUgen 

D braifts^ 
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braifts, in folving Equations, containing Surds, and tx^ 

Eonential Quantities, which Method 1 2iall make Ufe of 
ere. And the Rule is this : Having taken two convenient 
Numbers for your Suppofitions, work with both acdord* 
ing to the Nature of the Queftion, aiid having found the 
Errors of their refpe^tive Refults ; fay, as the Sum of the; 
Errors, il unlike, or their Difference, if alike (that is, 
both Exceffes or both Defects) is to the Difference of 
the fuppofed Numbers, fo is the leaft Error to a fourth 
Number, which is a Corre^ion of the Number belong- 
ing to the leaft Error, and is to be added to, or fubtracied 
from it, according as the Refult of that Number is too 
little or too greats In like Manner you try this Number 
and the neareft of the former, or elfe take a new fuppofed 
Number, then find their Errors as before, and you will . 
get a Number ftill nearer ; and thus by repeating the 
Operation you may continually approximate as near as 
you will to the true Number fought. 

84. If an Annuity of 50I. forborne 18 Years, amount t# 
1342,751. What Rate of Intereft was allowed ? 

Firft, find the Amount of il. for 18 Years, at any 
aflumed Rate of Intereft ; .this may be very fpeedily done 
by Logarithms, tlius^ fuppofe the Intereft to be 5 per Cent* 
then the Log. of 1,05 the Ratio (that is, the Amount of 
ll. and its Intereft for one Year) is 0,0211893, which, 
being multiplied by 17, the Produ6t is 0,3602181, and is 
the Log, of 2,292 + , the laft Term in a Series of Num- 
t)ers, increafing in Geometrical Progreflion ; from which 
take (il.) the firft Term, divide the Remainder by the 
Ratio, lefs one, to the Quotient add the laft Term, and 
you will have 2,292 — I -r i>05 — i + 2,292 = 28,132, 
the jSum of all the Terms, or the Amount of il. for 18 
Years, and confequently 28,132 x 50 = 1406,61. is the 
Amount of 50I. for the fame Time, which is too much 
by (1406,6 — 1 342,7 5> or, 63,85, wherefore I make a 
isiippofition at 4 per Cent, and working as before, find the 
Amount to be 1282,25!. which is too little by 60,5, 
whence as 124,35 the Sum of the Errors is to i the Dif- 
ference of the fuppofed Rates, fo is 60,5, the leaft Error^ 
<* ,48 +, which added to 4, the Rate belonging to the 

leaft 
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leaft £rror, gives 4,4,8 for the aifiimed Rates of Intereft 
once corrected, and feeing that the Intereft comes out near 
4 1 per Cent. I therefore make Trial with 4 f , and find it 
to fucceed ; for the Amount of il« for 18. Years at 4 f per 
Cent, is 26,855, which, being multiplied by 50, the Pro* 
du£l is 1342,751. the given Amount ; therefore 4 f per 
Cent, is the Rate of Intereft required. 

85. Suppofe a BooHeller purchafes a Work for 40!* 
and pays for Printing 1000 Copies thereof 15I. for Paper 
20L and for Advertifing and other incident Charges iol« 
Now if he fells the Edition at 3$. each Copy in 10 Years 
(that is, 100 Copies every Year) what does he gain per 
Cent ? 

Here the Bookfeller lays out 85L to purchafe an Alt'* 
nuitv of 15I. per Annum, to continue 10 Years, and 
con4quently the Intereft is pretty high, therefore I afliune 
it at 14 per Cent, and find what Annuity 85!. will pur« 
chafe for 10 Years at this Rate of InterelL 

Thiis, the Log. of 1,14 the Ratio is ,0569048, thit 
multiplied by 10, the Produ£l 0,569048, is the Log. q£ 

Hence by a Theorem in Geometrical Progreffion (dc^* 
monftrated in the Algebraic Part of this Work) we havg 

3,707—1 2,707 ■, . ^ , , 

■ =—-^-^ = 19,335+, the Amount of lu 

1,14—1 0,14 
for 10 Years ; and as ji^S that is, as 3,707 : i : : 19,335 
t, 5,2 the prefent Worth of il. for the fame Time ; and 
by Problem 83, it will be as 5,2 : I : : 85 : 16,346, the 
Annuity which 85I. will purchafe to continue 19 Years at 
14 per Cent, which is too much by 16,346—15, or 1,346 ; 
wherefore I aiTume the Rate at 12 per Cent, and proceed-^ 
ing as above, find the Annuity which 85I. will purchafe 
at 12 per Cent, for 10 Years, to be 15,039, which is too 
much by ,039 j henc^, as 1,307' the Difference of the 
Errors is to 2, the Difference of the afliimed Rates, fo 
is ,039, the leaft Error, to ,05, which being taken from 
12, the Rate from which the leaft Error arofe, leaves 
ii,95, or 111. 19s. for the Gain per Cent, required. 

D 2 T^iom 
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and it wUl be foitnd upon Trial, that the Intffeft bcre 
b/ougbc out is fixfficiently near the Truth. 

86. A Bond was made on die firft of May 1771, at 6 
per Cent, per Annum fur the Sum of 1500I. On die 13th 
of July 1777, 1018I. was paid o^ and a frefli Bond en- 
tered int« for the Remainder at 5 per Cent, per Annum. 
At the Time the Intereft of this laft was 156I. there was 
paidoiF 896!. The old Bond- being dsen taken up, a new 
one was given for the Refidue, uriiich being paid off on 
Ae i6th of February, 1782, the Bond-Owner took no 
more than 322I. i6s. in full Payment : At what Rate then 
did he take Intereft per Cent, per Annum, upcm the hfi. 
Renewal of the Bond ? 

From the firft of Mav 1771, to July 13, 1777^ are 6 
Years and 73l>ays,. equal to 6,2 Years, and, as lool. X 
I Year : 61. : : 1500L x 6,2 Years : 558L the Intereft 
of ;50ol. for 6,2 Years ; therefore 1500 + 558 — 1018 
Siio^ol. lA^iich remained due to the Owner of the Bond 
on Jidy ijthy I777> and as lOoL — — i Year ^ ■ 5I. 

%^ 1040 — — * -f— 156 

hehce 156 X 100 -^ 1040 x 5 = 3 Years, the Time in 
which dbe Intereft of 10401. bejcomes equal to 156I. fo 
that on July r3th, 1780, there was due 1040 + 156— 89^ 
r= 300I. but from July 13, 1780, to February 16th, 1782, 
is I Year and 219 Days, equal to i,6^Year, in which Time 
300I. amounted to 322I. i6s. or to 322,8!. therefore 322,8 
-— 300 = 22,81. is die Intereft of' 300I. for 1,6 Year, and 
as 300 X 1,6 ': 22,81. : : 100 x i : 4>75l. or 4I. 15s, 
the Itate per Cent, required. 

87. Two Ships faHed from two Ports in the Latitude c^f 
51* 25^ North, the Eafternmoft between the North and 
Wefl^ the other between the North and Eaft, till they both 
met in the Latitude of 58*^ 30' Nordi, when the Angle 
made with each others Courfes was 74*, and upon com- 
paring their Reckonings together, found that the Ratio of 
the Eafternmoft Ship*s Diftance was to that of the Weft- 
crnmofty as 5 to 3 ^ Required each Ship's Courfe, Diftance 

From 
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Froitt thcfe two Operations it appears, how very cafy 
Numbers may be involved to high Powers by Logarithms, 
/ailed, and Departure, together with the Diibmce of the 
two Ports, 

Praw the Right- 
lines A N, B N, 
containing Ae 
given Angle A 
NB=74''; then 
will N denote 
the Place where 
the Ships met ; 
join A B and let 
A and B denote 
the two Ports 
from which the 
Ships failed, then 
will the Dif- 
tances failed be 

denoted by A N and B N refpeffively, make N S perpen- 
dicular to A B^ draw the Meridians A C and BD each 
farallel and equal to N S,; draw the Departures C N and 
) N : The Courfes fteered are the Angles CAN and 
D B N, and in the Triangle A N B, we have S N (rz 
58*^ 30' — 51* 25'= 7** .5', and 7^ 5' X 60 = 425 Miles, the 
Difference of Latitude ; and the Sum of the Angles at 
the Bafe = 1 80** — 74® = 106% hence it will be as 8 
the Sum of the Numbers reprefenting the Ratio of the Sides 
is tp 2 their Difference, fo is the Tangent of 53°, half 
the Sum of the Angles at the Bafe, to the Tangent of half 
their Difference s mat is, 




As the Logarithm of 8, which is 

Is to the Log. of 2 

So is the Tangent of 53® 



0,9030900 

0,3010300 

10,1228856 



To the Tangent of 



i8*2i' 9,5208256 



Then 
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Then die Angle N A S = 53"* + i8* 21' = ji^ 4i' 
wboTe Compkment is 18* 39^, and is equal to tbe (Angle 
CAN, the) Wefternmofl Ship's Courle correfeonding to 
N. by E. I E fere ; and the Angle S B N = 53^ - 18*^21' 
zz 34® 39', whofe Camplement 55* 21' is equal to the 
(Angle N B D> thej Eafternmott Ship's Courfe, which 
anf wers ta N W by W nearly. 

Now to find the Diftances and Departures, lay, as the 
Sine of the Angle N A S (ji"* 21') is to S N (425 Mdes) 
the Difference of Latitude, fo is Radiuls (90^) to 448,5 
Miles, equal to A N ; theii 448,5 X j. = 747,5 Miles = 
B N ; and as Radius is to A N, fo is ^e Sine of the An- 
gle CAN (1,8^ 39') to 143,424 MUes = C N ; laftly, 
as Radius is to B N, fo is the Sine of the Angle N BD to 
614,923 Miles equal to D N, whence C N + N D =: 
143,424 + 614,923 = 758,347 Miles =: C D = AB, 
^e Diftance between the Ports. 

88. Four Men have a Sum of Money to be divided 
among them in fuch a Manner, that the firft (hall have ^ 
of it, the fecond |, the third "f, and the fourth the Re- 
mainder, which was 28I. what is the Sum? 

Firft, I -^^ — . i — i = I, the Remainder, vrfiich, by 
the Qu^ftion, is equal to 281. And as i : 28I. : : f : 112L 
the Anfwerr 

89. It IS required to find how far the Inhabitants of a 
certain Village, fituate by the Side of the River OrwcU, 
in 52* 8' North Latitude, arc carried in a Minute's Time,- 
by tile Earth's Rotation about its Axis? 

Firft, I find h.ow many Miles will make a Degree cf 
Longitude in the Latitude propofed, thus, 

As Radius (i^ is to ,613826 the Co- fine of 52* 8', 
fo is 69,5 Miles, a Degree of Longitude; oti the Equator, 
to 42,660907 Miles, the Length of a Degree of Longi- 
tude in the Latitude of 52® 8', which bein^ divided by 4^ 
becaufe a Degree of Longitude is defcribed in 4 Mi- 
nutes, gives 10,66522675 Miles fpr the Velocity, or 
Space, through which the Village paflcs in each Minute of 
Time, 

And by proceeding w iibove, yow may cpuftru^ a Ta^ 

blC| 
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ble, (hewing how n^any Miks will make a Degree of 
Longitude, at every Degree and Minute "of Latitude. 

In this Solution I have ufed natural Sines to the Radius 
I ; and the fame may be performed by artificial Sines ; but . 
in the Application ot Algebra to Trigonometry, we ge- ' 
nerally ufe the natural Sines and Tangents, and they mufl 
be a£hially multiplied, divided, &c. (as Occafion requires) ^ 
by the Rules of Decimal Arithmetic. 

So that the above Operation mayalfo ferve as a Prelimi- 
nary to the Ufe of the Table of Natural Sines, &c. 

Li this Operation I have reckoned 69 f Miles to a De. 
gree on the Equator, fo that the Anfwer is in Englifh . 
Miles, but if 60 Miles had been taken for a Degree, then • 
'the Anfwer would have been Geographical Miles, and the 
Solution would have been more fimple. 

Some Authors reckon 69 ^ Englifh Miles to a De- 
gree on the Equator. 



^ 



SECTION I. 

O F N O T A T I O N. 

ALGEBRA is a Kind of fpecious Arithmetic, or an 
Arithmetic in Letters, and it is a Science which 
0iews the Comparifon of abflra<5l Quantities in a general 
Manner: It properly follows Arithmetic and Geometry, ' 
but is vadly fuperior in Nature to both, as it can folve 
Queflions quite beyond the Reach of either of them. 
* In Algebra, the given or known Quantities are ufually 
denoted by the firfl Letters of the Alphabet, as, <7, hy r, i^ 
&c. and the unknown, or required ones, by the lafl Let- 
ters, as *•, y, and 2. - . 

There are, moreover, in Algebra, certain Signs or Notes 
made ufe of, to (hew the Relation and Dependence of Quan- 
tities one upon another, whofe Signification the Learner 
ought firfl of all, to be made acquainted with. 

The Sign -f , fignifies Addition, and fhews that the 
Numbers or Quantities between which it is placed are ad- ' 
<ded together in one Sum. Thus 10 4- 6 exprefTes the . 

D 4 Suqt 
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^um of 10 and 6 added together, which make i6. This 
Sign ( + ) is ufually expreUed by the Word Plus (or more) 
(hus a + bis read a plus h and ihews that the Number re^ 
prefiented by b is addedf to that reprefented by a^ and ex* 
prefleth the Sum of a and b ; fo that if a were lo, and k 
6, then would ^ + ^ he lo + 6, or i6^ as above. 

In like Manner a + b + c denotes the Number arifmg 
by adding all the three Quantities <7, b, and c together ^ 
{q that if a were lo, b 6, and c 4, then would a + b •i' c^ 
be 10 Hh 6 -f 4, or 20. For 10 plus 6 plus 4 (or 10, 6 
and 4 being added together) make 20. 

The Sign — ^ fignifies Subtra£lion, and (hews that the 
Number or Quantity which comes after it im fubtraded 
from that which ftands before it, and it ilands likewife for 
the Word Minus, or lefs ; thus 10— «6 is read 10 minus 6, 
which is 4; for 6 being fubtracted from 10 there remains 
4. In like Manner a^-^b is read a minus b^ and it e^ - 
preffes the Difference of the two Quantities a and ^ ; fo 
that if a were 10 and b 6, then would a — b be io-:-6 or ^ 
as before. Moreover, a + b,^ c fliews that the Number 
reprefented by c is fubtrafted from that reprefented by the 
Sum of a and 3, thus if a be io, b 6, and c 4, then will 
f? + i-^f be 10 + 6. — 4, or 12. For 6 added to 10 
make 16, from which 4 being fubtra<5led there remains 

12. 

Note. Thofe Quantities before which the Sign, + is. 
placed are called pofitive, or affirmative, and thofe before 
ivhich the Sign r— is placed, negative. 

And it is to be obferved that the Sign of a negative 
Quantity is never omitted, nor the Sign of an aifirmative 
Pile, except it be a fingle Quantity, or the fif ft iti a feries 
of Quantities, then the Sign + is frequently omitted, 
thus a fignifies the fame as + a^ and the Series i7 + i -r-c 
Tf:^/ the fame as + ^ -f ^ — c -{- d\ {o^ that, if any fingle 
Quantity, or if the firft Term in any Number of Terms 
has not a Sign before itj then i^ is always understood to 
\t affirmative. 

If an Algebraical Quantity confifts of tiyo Terms, if 
is called a Binomial, as ^ + ^ ; if of three Terms, a Trir 
liomial^ as ^ + Z> + f j and if there be more Terms it \\ 
failed a Multinomial \ all which are compound Quantities. 



ELEMENTS OF ALGEBRA. 41 

, Single, or iimple Quantities, confift of One Term only^ 

. 't^he Sign x, fignifie^ that the Quantities between 
which it ft^nds are ipultiplied together. Thus a y. h de- 
motes the Produ£i: of the two Quantities a and h\ io tha( 
]/ a were lo and h 6, thei;i would £z x ^ be lo x 6, or 6o. 
For 6 times id is 6o : Again, a y. h yn, c expreiTes the 
Produft arifing by multiplying the Quantities a^ h^ and f, 
continually together, fo that if a he 2y b 3, and c 4, then 
will axbxche^x2x,4^or 24, for three Times z 
is 6 and 4 times 6 is 24. 

But in multiplying fimple Quantities we frequently omit 
the Sign x,\ ana join the Letters 3 thus a b iigniiies the 
fame as ^ X b; and ab c the fame as « X ^ X c. 

* And thefe Produdls, viz. a y b ox a by and a b Cy are 
called fingle, or iimple Quantities, as well as the Fs^ors 
(viz. q^ by c.) from which they were produced, and the iame 
is to be obferved of the Products arifing from the MuL 
tiplication of any Number of fimple Quantities. When a 
compound Quantity is to be expreffed as multiplied by a 
fimple one, then we place a Sign of Multiplication be* 
tween them, and draw a Line over the compound Quan-? 
fity only ; and when compound Quantities are to be re- 
prefented as multiplied together, then we draw a Line over 
each of them, and conneA them with a proper Sign. 

Eirft ^ ^ b y € denotes that the compound Quantity 
a -{■ b IS multiplied by the fimple Quantity € ; (fo that if 

a wetp 10, b 6, and ^4, then would a -^ h x c he 10 + 6 

;< 4, or 16 >C 4, which is 64) and a -^ b x ~+^ ex- 
pfeffes the Produft of the compound Quantities a + by 
aiid c -\' d multiplied together. 

The Note . (or a full Point) and the word into, are 
likewife ufed a s Sign s of Multiplication inftead of X : 

Thus a -i- b . c f.d and ^ + b into c -f rf both fignify 

^e fame Thing zs a + b X c + d. 

The Sign =, 'is called the Sign of Equality, and is 
^fed to fignify that the Quantities on each Side of it arc 
il f9 9|i^ another ; l^us 6 -^ ^ = ^ denotes thM 

6 plus 
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6 plus 4 is equal to lO ; and x zia +i^ (hews that x is 
equal to the Sum of a and £• 

When we would exprefs that one Quantity as a^ is 
greater than another, as A, we write a zr b^ot a > h\ and 
if we would exprefs Algebraically that a is lefs than ^, we 
write fl "D ^, or a < b. 

When we would exprefs the Difference between two 
Quantities (as a and b) while it is unknown, which is the 
greater of the two, we write thus a ui b^ which denotes 
the Difference of a and b indefinitely, whichever of the 
two is greateft. 

The Note /• or •/ is ufcd by Algebraifts to fignify the 
Word ergo^ or therefore. 

Powers of the fame Quantities or Fadlors, are derived 
from the Produfts of their Multiplication : Thus ^ x <r, 
or a ay denotes the Square or fecond Power of the Quan- 
tity rcprefented by <f, a X a x a^ or a a ay expreffes the 
Cube, or third Power, and a x a x a X tf, or aa a ay de* 
notes the Biquadrate or fourth Power of ^, &c. 

• And it is to be obferved that the Quantity a is the Root 
of all thefe Powers. Suppofe <? r: 5, then will aa (zz a 
X « = 5 X 5) == 25, the Square of 5 (^), a a a {zz a x 
axaxazzsxsx 5) = 125, the Cube of 5 {a)y and 
a aaa {'zza xa xa X zz $ XS X 5X5) = 625, the 
fourth Power of 5 {a). 

Powers are likcwife reprefented, by placing above the 
Root to the right Hand, a Figure exprelling the Number 
of Fadors that produce them. 

Thus, inftcad of ^ ^ we write a\ inftead of aa a we 
write a^y inftead oi a aaoy we write a\ &c. 

Thefe Figures, which exprefs the Number of Factors 
that produce Powers, are called their Indices or Exponents; 
thus 2 is the Tndex or Exponent of tf* ; 3 is that of x^ ; 
4 is that of x\ &c. But the Exponent of the fir ft Power^ 
though generally omitted, is unity or i, thus a^ fignifies 
the lame as a (namely the firft power of a)y a x a the 

fame as j* x a^y or a^ "*" ', that is, a\ and a* x a is the 

fame as a* X a^y or a^'^^y or a^ j hence Powers of die 
fitmc Quantity or Root, may be always multiplied Ky 

merely 
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merely adding their Exponents ; thOs a' x <7 =: ^ X «* 

zza ::za*y a^ X a* z:z a zz.a^ (the fifth Power of izj, 

. and X* X x^ zzx ^ x'^ (the feventh Power of x.) 

In exprefSng Powers of compound Quantities we ufii- 
ally draw a Line over the given Quantity, and at the End 
of the Line place the Exponent of the Power : Thus 

a + ^^* denotes the Square or fecond Power of ^ + * 

confidered as one Quantity, a + b^^ the third Power, a-^^iA^ 
the foufdl Power, &c, and it may be obferved that the 
Quantity tf + A (called the firft Power of ^ + ^) is the 
Root ot all thefe Powers, 
Let tf == 4, and ^ = 2, then will a ^ b^ become 4 + 2t 

or 6, and a + i>^* = 44- ^*^ = 6 * = 6 x 6 = 36, the 

Square of 6 (a + b) alfo a + ^I^ = 4 +"21^^= 6^ = 6 x 
6x6 = 2i6> the Cube of 6 (isi + b). 

Powers of the fame Root of compound Quantities arc 
likewife multipl ied by adding their Exponents. 

Thus, tf + ^* * r+T = a + *K x 7+^'==^^*+" 

:r7+> ; a + /»!♦ x'7T71*=: JT?* + * r= r+** 

and jr+^* X X -I- tf*' = 4: + I? H' n ;f + ^*. 

But if the Quantities which are to be exprefled as txivl^ 
tiplied together, be Powers of different Roots, their Ex- 
ponents muft not be ad ded ; t hus a^ x x^ s: a^ x\ a* jit* 

y, a^ x^ zz a^ x^^ and ^ + i ♦ k c + 4^^ denotes the 
Produft arifmg by multiplying the fourth Power ol a ^h^ 
by the third Power of r + ^/. 

The Sign -f- is ufed to fignify that the Quantity which 
ftands before it is divided by the Quantity which comes af- 
ter it ; thus c ^b denotes that c is to be divided by i ; fo 
that if c be 20, and b 5, then will ^ -j- ^ be 20 •?- 5, or 
4 ; for 20 being divided by 5 the Quotient, is 4 ; thus iike- 

wife <? + i -T- c — d (hews that « + i is to be divided by 

Alfo the Mark ) is fometimeS' ufed as a Note of Di- 
vifion \ thus a ^V) a.b^ denotes that the Quantity ab \sk 
tp be dividjed by the Quantity a + b^ and io^ oi others. 

But 
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Bnt the Divifion of Algebraic Quantities is moft cdm* 

jnonly exprefled, by writing down the Divifor under the 
Dividend With a Line between them (in the Manner of ;r 

vulgar Fradlion) thus-^ reprefents the Quantity arifing by 

c 

dividing a hy c ^ (6 th^t if a be 144, and e 4, then will 

•— be ^^ or 36, for 144 being divided by 4, the Quoti- 

c 4 

ent is 36; and ■ denotes the Quantity arifii^ by di- 

Viding a + bj hy a '^ Cy fuppofe ^ r: 12, i r: 6, and f =9, 

then will i±i become !1±^ or i5 =: 6. 
« — f 12—9 3 

Theie literal Expreffions, namely -«., and , *^ ^ are 

^ a — c 

iCalled Algebraic Fractions ; whereof the upper Parts are 

called the Numerators, and the lower the Denominators | 

thus a is the Numerator of the Frai^on -L, and c is its 

P^nominator j ^ + ^ is the Numerator of — Z — , and 

if ^ c is its Denominator, 

The Sign y' , is called a radical Sign, and is ufcd 
to exprefs the fquare Root of the Quantity to which it is 

prefixed j thus 5/16 fignifies the fquare Root of 16, which 

is 4. In like Manner ^ ab expreffes the fquare Root of 

a bj and ^ ^ + ^ denotes ^e fquare root of — i- ; fup^ 



pofe a =; I00| 4 ;= 44 and f 3= 4, then will ^ fJLt ^ 



4/ 1 00 -f 44 or ^ /T^ that is, V 36:5= 6 but ^/fT^becaufe 

44 <• . 

the Line which feparatesthc Numerator from the Denomi«f» 

l^ator ts drawn below the Sign • , fignifies that the fi^uarq 
J^DQt of a -(- * is to be divided by c. Let a ;s; toOyb =; 44 

»n4 



V. 
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md f = 4 ( as before ) then will ■ ■ become 



•100 + 44 \/i44 w 

■ ii -M II > ■ or I ■ zz ' ■ s: 3. For the fquare 

4 4 4 

Rbcrt of 144 is 12, which being divided by 4, the Quo- 
tient is 3/ 

Moreover, ^a + b+ ^ ZhT, denotes that the fquare Root 
of ^ ^ is added to ^ -f ^, and that the fquare Root of the 
Sum is extrafted j fuppofe ^ = 19, * =: .2, and c = 8, 

then will \/ g + ^ + V ^, become •19 + 2+ •zxbl* 

or yai + /TSjor ^^4^ that is, y' 2? = 5. The 
fame Sign s/ with a Figure over it, is alfo ufed to eyprefe 
the Cube, or Biquadratic Root, &c. of any Quantity ; 

thus f/ 8 exprefles the Cube Root of 8, which is 2, and 

• 81 denotes the Biquadratic. Root of 81, which is 3^ 

In the fame Manner -/T^ denotes the Cube Root of a by 

and \^a b + be reprefents the Biquadratic Root of ^ 3 + 
b c ; and fo of others. Quantities thus exprefled are cal- 
led radical Quantities, or Surds ; whereof thofe, confift-r 

ing of one Term only, as -/~ and */'ali^ ate cal- 
led fimple Surds; and thofe confining of feverai 

' ■ 4. ■ 

Terms, as v'^^ + ciand • «* — b* 4 ^^ are com- 
pound Surds. 

When any Quantity is to be taken more than once, the 
Number is to be prefixed, which fhews how many Times 
it is to be taken, and the Number fo prefixed is called the 
Numeral-coefficient ; thus 2 a fignifies twice a^ or a taken 
twice, and the Numeral-coefiicient is 2 ; 3 ;r* fignifies 
that the Quantity x^ is multiplied by 3, and the Numeral- 
coefficient (of 3 y ^) is 3, alfo 5 \/;f**+ a^ denotes that 

the Quantity ^ a* + a*^ is multiplied by. 5, or taken 5 
1 imes.- - 

When no Number is prefixed, an Unit or i is^ always 
underftoodto be the Co-efficient: thus i is the Co-efficient 

of 
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of ^ or of X ; for tf fignifies the fame as i ^ and x th6 
fame as I x*^ fuice any. Quantity multiplied by Unity is ftitt 
the iame. 

Moreover, if a and d are given Qgiantities, and x * and 
y required ones, then a x^ denotes that ;i^* is to be taken 
a Times, or as many Times as there are Units, &c« in a^ 
and dy Ihevtrs that y is to be taken d times ; fo that the 
Co-efficient of ax^ is ^, and that oi dyhd\ fuppofeasc 
6, and dz:z /^ then will ax^^zb x\ a*id dy = 4y« Again, 

I Xy or t — denotes the half of the Quantity Xy and the 

Co-efficient of f ;if is |, fo like wife | ;r, or — - fignifies J 

of Xy and the Co-efficient of | x is |. Quantities arefaid 
to be like that are reprefented by the fame Letters under 
the fame Powers, or which differ only in their Co-effici- 
ents ; thus 3 tf , 5 tf, and a are like Quanti ties, and the 

fame is to be uuderftood of the Radicals -/IF+^and 

7 V x^ + ^*-l But unlike Quantities are thofe which 
are expreffed by different Letters, or by the fame Let- 
ters under difi^erent Powers : thus 7.ab^a^b^^a bcy ^ab\ 
4 *% y> y\ ^^^ ^* ^^^ ^^^ unlike Quantities. 

The Note : being placed between Numbers or Quanti- 
ties, fignifies the Word to $ and : : fignifies the Words 
io is, and fhews that the Quantities on each fide of it are 
proportional ; thus a : b :: c : dy denotes that a is in the 
fame Proportion to by %s c is to dy and is thus read, as ^ is 
to by fo is c to d. Suppofe a =: 2, i z= 4, and ^ = 3, then 
will d zz 6 'y for as 2 : 4 : : 3 : 6. Here multiplying th« 
fecond and third Numbers together, the Produft is 4 X 3, 
or 12, which being divided by 2, the firft Number, 
gives 6 for dy the fourth Number, and it is obvious that 
;t is to 4, as 3 is to 6 i for 2 is the half of 4, and 3 is 
the half of 6. 

1*he double Sign +. fignifies plus, or minu% the Quan- 
tity which immediately foilows it, and being placed be- 
t\yeen two Qua ntities it denotes their Sum^ or Difference : 

thus f a — V — — ^, fcews that the Quantity V T" — * 

is 
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is to be added to, or fubtra6led from | a ; This ambigu* 
ous Sign is often ufed in folving Problems, producing ad« 
feded quadratic Equations, in which Cafe fometimes the 
Sum, fometimes the Difference, and fometimes both the 
Sum and Difference of the two Quantities between which 
it is placed are to be taken alternately^ all which muft be 
determined from the Nature and Conditions of the Pro« 
Uem. 

Of Quantities exprtffed by general Exponents. 

By a general Expohent, I mean one that is denoted by a 
Letter inftead of. a Figure; thus the Quantity x^ has a 
general Exponent (viz. m), and univerl'ally denotes the 
nf^ Power of the Root x ; Suppofe /n == 2, thpn will jr» 
V =: *% if m 1= 3, then will x^ zz x\ if mzz /^ then ** 
n x^y &c. 

In like Manner tf— ^^^ exprefles the nf^ Power of a^-^. 
This Root (viz. a^^b) is called a refidual Root, be- 
caufe its Value is no more dian the Refldue, Remainder, or 
Difference between its Terms a and b : It is likewii^ called 
a binomial (as well z& a + b) becaufe it is compofed of 
two Parts conneded together by the Sign — -• 

As x» fignifies the n^^ Power of *•, fo x^ denotes the 
Square of ;r», x^^ exprefles the Cube of a», &c. be the 
Exponent m what it will. Suppofe mzz. ly then will x^* 

%m sXt % 3M 3x1 3 4X* 
=: ;ir* ( zr.x) and x zz x zz x ^ x zz x zz x-, x 

4x1 
= X =y^, &c«fothat the fecond, third, fourth, &c, Powersof 

any Quantity may be obtained by multiplying its Exponent 
by 2, 3, 4, &c. refpeftively ; and confequently the oquare. 
Cube, Biquadratic, 6cc. Roots of any Quantity may be 
represented by dividing its Exponent feverally by 2, 3, 

' m. 

4, &C, &c« Thus AT-— denotes the fquare Root of ;r*(be 
m what it will) : Suppofe m. zz ly as before, then will 

X — = X f the fquare Root of (x^ zz) x ; x — = Arfthe 

^ mi 

Cube Root of {x^zzx* z:) Xy x — = i^i? J> the Biquadratic 

Root 
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m 



Root of {x» = )jr; ;r — =;ffthc (urfolid Root of (jc^ 

S 
=:) Af" r: jr, &c; Hence the Method of expreffing th<^ 
Root of a Quantity by a vulgar Frafiion will naturally fol- 
low. : Thus a \ fignifies the fame thing with • i? j an4 

a '{' atii^ the fame as • ^hT^X]; likeWife tf | denotes 
the Sqiiare of the Cube Root of the Quantity a : Siippofe 

iar = 64, then will /7 1 ±: 64 f 2= 4* == 16; For t he Cu be 

p. Root of 64 is 4, and the Square of 4 is 16. Again fl+7l|r 
exprefles the fifth Power of the Biquadratic Root of a -k- b ; 

fuppofe ^ 1= 9> and ^ == 7, then will « -f ^*|: zz 9 + 7^ i 

zz 16)7 = 2^ =? 32. For the biquadratic Root of 16 is 2^ 

and the fifth Power of 2 is 32 ; alfo a » fignifies the «^^ 

1 

Root oi a\ i{n:=:^ then will tf ^ = ^ |, if ji ^ 5, then 



m 



will ^ =: tf y) &c. Moreover a + B'Z denotes the n^^ 
Povver of the n^^ Root of ^ + i i if ;w 3= 3, and n ss 2^ 

then wHI tf + MT =: a + ^]^, namely the cube of the fquar^ 

Root of the Quantity^ + i; and as a « equals ^ «% or 

-•"^ fo a^b\7 = '•^-T^*' namely the »^^ Root o( 

the w^** Power of ^ + * 5 fo that the nf^ Power of the «'* 
Root, or the «*** Root of the w^*» Power of a Quantity 
are the very fame in EfFeft, though differently expr^Sed. 

Fra&ions, by which the Roots of Quantities are denoted,^ 
arc called Exponents, their Numerators fliewing the 
Powers, and Aeir Denominators the refpeftive Roots oi 
the Quantities fo extraded ; thus the Exponent of /? |, is 

f , that of tf * is I, that of ^ + b^ is |, that of « + *T 

is — «andfo of others. 
n 



Of 
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Of Exponential f^antititu 

An Exponential Quantity is a Powei whofe Exponent ife 
a variable Quantity ; as x* is called an Exponential Quan- 
tity, and when fuch Quantities occur in the Refolution of 
Problems, and are either given or found equal to Ibme 
other Quantities, then fuch Equations are frequently folv- 
ed by the Help of Logarithms : It is true I am not going ^ 
to fc^ve Exponential Equations in this Place ; however, I 
iball give a Definition of thefe Quantities in the moft 
£mple Manner I can, that the young Algebraift may have 
sui abftrad Idea of them, and not be furprifed nor retarded 
when he meets with fuch Quantities afterwards. Firft^ ' 
^then, the Quantity ** denotes the x Power of x^ for here 
^ is the Exponent of x', and x is evidently equal to itfelf, 
be it what it will : Suppofe ;r=2, then will ;r*=:2*=:4, ^^ 
*=:3, then will *»=:3'rs3X3X 3=27, if ^=4, then wil 
^=4^=256, &c. And here it is to be obfetved, that 4f 
n the Root of the Power **• 

Now any one who underftands the Ufe of Logarithms, 
knows that the Logarithm of the Power is produced by 
multiplying the Logarithm of the Root by its Exponent $ 
and the Logarithm of the Root is had by dividing the Lo-^ 
garithm of the Power by its Exponent : Thus, if ;^ r: 5 
then will ;r^=:5' (=5x5x5x5x5) =3125, and the Lo- 
garithm of the Root 5 (;r) viz. ,6989700, being multi-» 
plied by the Exponent 5 {x) the Produft is ,6989700 x % 
or 3)4948500, and is the Logarithm of (3125} t)ie Num- 
ber correfponding to the Power ** (when4rr:5) that is^ 
Log. ,6989700x5 = Log. xKxzz, Log, of jf^zrLog. or 

ii25 =z 3,4948500, and confequcntly if (3,4948 500; thd 
rpg. of the Power jp* = 3125, be divided by the JExpo- 
nent 5, {he Quotient will be (,6989700) the Log. of 5, 
equal to the Root x. Here the Exponent and Root of tbe 
Quantity a** are equal to each other, but t^e Exponent (y) 
of the Quantity x\ may be equal to^ or greater, or lels 
than its Root (*). However, if :? be equS- to any Num-* 
ber or Quantity whatever, the Logarithm of x multiplied 
into y^ gives the Logarithm of Siat Number i thus, if 
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*=z4, and j;= 3, then will a' = 4'= 64; znAylx^li 
64 =: 1,8061800. Here the Letter / denotes the^ Loga- 
rithm of the Quantity or Number to which it is prefixed, 
and the Equation is thus read ; the Logarithm of x (4) 
multiplied into > (3) is equ<]j to the Logarithm of 64^ 
which is 1,8061800 9 for the Logarithm of 4 {x) is 
^6020600, which being multiplied bj 3 (y) the Produ6l it 
1,806 1 8oo> the Logarithm of 64, that is, j^ x Log. x s; 
3 X ,6020600 (=:irog* of jr^) = Log. of 64= 1,806 1 8oo^ 
and, confequently, if 1,8061800 the Logarithm of 64, be 
divi^d by 3 (y) the Quotient will bje ,6o2c6pp the Lo- 
nthm of 4, equal to the Root x^ 

Though what is here delivered be only raifing Powers 
and extracting Roots of givep Numbers by Logariftims, 
yet it may JTuffice to give a Learner fome Notion of Ex- 
ponential Qu;^ntities \ and how to folve various Equation^ 
cont^ing iuchQuantities ihall be 0u>wa iA the Courfe of 
this Work. 



I 



SECTION IL 
Or ADDITION. 

N the Addition of Algebraic Quantities there are three 
Cafes, as follow : 

CASE L 
7^ add ^antitles that are alihy and bow liie Siguu 

RULE. 

Add the Co-efficients together9 to their Sum join the 
common Letter or Letters, and prefix their proper Signs^ 
where ntfceflary, 

£x. I. 



1 



" 



I 
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Ek. 1. Ex. n. Ex. in. . Ex. IV, 



Add 



1 



Sum 



a 

2 a 

3^ 


-7* 
— b 

— 2b 


4< 

46 */. 


2 \/ tf ;r 

S 's/ ax 
V ax 


6a 


— 10 *. 


8 \/ ax. 



Obferve^ once for all, in Ex. I. I add the Co-efficients 
together, faying 3 and 2 is 5, and i m^es 6^ fo that the 
Sum is 6 a^ viz. 6 times a. And you muft always re ^ 
xnember, both in Addition and SubtrafHon, to count Uni« 
ty, or I, for the Co-efficient of every Term that has not 
a Figure prefixed to it." 

C A S E IL 

To add ^uantiUes thai an Wte^ ita bam unUhe Sign^ 

RULE. 

Subtraft the lefe Co-efficient from the greater, to the 
Remainder prefix the Sign of the greater Co-efficient^ 
and join their common Letters or Quantities, f 

Ex. I. Ex.n. Ex.nL Ex.IV. Ex. V. 



To +6a — 7* +2e ^^ ci +3^f*+** 
Add — 2tf +6* ~2c +3i^rf - 8^fl*+^* 



Sum + 4<ar.' — ^. • +2cd. >^^^a*+b' 



^ In Ex. IIL the Co-efficients of the two Quantities^ 
VIZ. + 2c and •— 2 r, are equal to each other, therefore 
they deftroy one another, and fo their Sum make o or * ; 

£ 2 ' which 

f Here we have fubndtted to Cuftoaiy but (as Nir. Martin obrerrft) it is 
miittk fane Im^oirietf that we talk of adding Quantities with unlike Signs, 
fince the operation does, chicfl^» canfi/l in Suhcra^oAi as it nuft^from the 
Katare of tftf Signs. 



■1 
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i^ich Charaftcr in Algebra is frequently ufed to fiffnify a 
yacant Place. ^ ^ 

Ex. VI. Ex. VII. Ex. VIII. Ex. ix. Ex. x. 

To +2a —6* +JC -^^cd +8v'fl*+^* 
Add —6a +7* —4^ + cd — 3^/'^F+A^ 

Sum — 4tf. + A. +3f. _2f^. +5-/7+P 



■^WiBiMM* ^ 



When many Quantities of the fame Denomination 
are to be added together, whereof feme are affirmative and 
others negative, reduce themi firft to two Terms, by ad- 
ding all the affirmative Quantities together, and aU the 

Sf 'ii °""' *"*' **° '"''' ""^ ^° '^''™* "*^ *'^' ^y 

firft, 4«*+7^:+i2«;+<7»=:24a% the Sum of the af- 
firmadve Quantities, and -3«'-8«*-5«*=-i6«% Sum 
Imok!^ ' *^'" 24«*^i6«*=8«S the Sum of 

EXAMPLE VI. 
Add 5<7Ar'--4«*» +.io«**— 8^j;.*~6a*% together : 
-^ .«' l'"'"+'°r^=^5«A and -4«/-.8«*^_6^z** 
~--i8«* ; therefore the Sum of all thefe Quantities is 

C A S E III. 

< * 

7o add ^antities that are unlike. 

RULE. 

S6t them air down one after another, with their Signs 
and Co-efficients prefixed. 

r . 

: . EX A MP L E. 



• > 
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E- X A M P L E. 

i 



i3 



To 3a -^ixy +2-/^*— ^^ 

Add 2 3 +5/ - 9 



Sum 3^+^i— SAy+sy+iy'tf*— ^*— 9, 



Here follows one Example wherein all the three Ca^ 
of Addition are exercifed, 

3«* —9*^ +9*' ^ +A7 

4«* + 7\/tf? — 5^ — 2y' 

tf* — 12*^ — 4\/^ - +10 

Sum i5«* — ^7^'H-3v^i^>+6^*""S^+'*:y— 2t/+4, 



Here the firft Row is cbmpofed of like Quantities, which 
are adde4 together by Cafe I, The Terms — gP and + 
gP deftroy one another j and the Sum of —12^^ and + 
5*' is — jb^ (negative) by Cafe IL becaufe —12^3 ^j^^ 
Term with the greater Co-efficient is negative. The 
Sum of +7v''^and — 4\/^is +3V^ (affirmative) 
becaufe + 7 V^ the Quantity with the greater Co-effi* 
cient is affirmative^ ♦ . 

In like Manirfer, + 10 and — 6 together make +4; 
and the Reft of the Terms being unlike, they are therefort 
fct down with their refpcdive Signs »nd Co-ffficients, 
conformable to Cafe III,. 



E 3 SECTION 
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SECTION III. 
OrSUBTRACTION. 

H U L E. 

Change the Sign of the Quantity to be fubtraftcd, then 
irfd them both together (by the preceding Rules of Addi- 
tion} and the Sum will be the true Remainder. 

Ex. L Xx. II. Ex. III. Ex. IV. 

From 5^ 3^ +4* — ^ 

Take 2 a 5^ — 2 b +9 c 



•m 



Tlemains 3^. ''— 2^. +6 J. — 9^. 



«■ 



Ex. V. Ex. VL Ex. VII. Ex. VIH. 

From +80* — 8if + 8«* —41/* 
Take — 8«» +Sie + 8f» + 2</' 



Kemsuns +i6«». —16 if. • — 6d\ 



m» m 



Ex. IX. Ex. X. Ex. XI. Ex. XH. 

. from — 7** -^lajry + 14 cV S^ar* 

Take — 5 ;ir* — 1% xy — 43 tfV 20** +4 

Remainder — 2** ♦ + 57«*** 3a^' 



The Eleven foregoing Examples of fimple Quantities 
being obvious, I therefore pafs by them ; but fhall iUuf- 
trate the Twelfth Example, in order to the ready under- 
ftandifig pf thofe which follow : In the Twelfth Example 
the compound Quantity 2ax^'i' 4, being taken from the 

fimple 
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fimple Quantify 5»;r% ^e Remainder is 3^** — 4, and it is 
plain that the more there is taken frj»m any Number or 
Quantity, the lefs will l>e left, and the lefs there is taken 
the more will be left : Now if only 2ax*^ were taken from 
Sax\ the Remainder would be yx^y ^^ confequently 
if 2flfjr*+4, (which is greater than 2ax^ by 4) be taken 
from 5^^% the Remainder will be lefs than 3^1%'% by 4^ 
that is, there will remain yx* — ^ ^ above. For by 
changing the Sign of the Quantity 2ax^+^ and adding 
it to 5^*"% the Sum is ^ax*-^2ax* — ^4, but here the Term 
^^2ax* deftroys fo muoi of ^ax* as is equal to itfelf, and 
fo s^^* — 2^;r*— 4 becomes equal to S^?*"*— 4) by the ge- 
neral Rule for Subtra<^ion. 



Ex. XTIT. 


Ex. XIV, 


Ex. XV, 


From .5tfAf*— 
Take 2 ax^—^ 


a+i 
a-^b+c 


a*+2ix — 10 


Remainder 3 «** + 4 


• + 2^— f . 


4«*+**+24- 


Ex. XVL 


Ex. XVII. 


Ex. XVIII. 


From 9 • 'ax —517. 


6v«*+** 


av/'*l+** 


Take t^Tx 


9 •«*+**- 


-s« • * + f 


/■ 




Remain. 3V a atI— 5^.- 


-jVtf^+^^'+S^- \r^+x*—y\ 



SECTION IV. 



Of multiplication. 

IN Multiplication of Algebraic Quantities there is one 
gener^ Rule for the Signs, namely, when the Signs of 
the Factors are both affirmative, or both negative, the 
f'rodifd wiil be affirmative ; but if one of the Fa6lors be 

£ 4 affirmative 
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affimutiTe and die other negative, diea die FroiaSt will 
be negadve. 

If die Quanddes hare numend Co-efficients, maldply 
diem togecoer, and join dieir Produft to die Produft of 
the Letttrs or Quandties. 

CASE 1. 
Ofmubipfyuig ^uaatkiis tukb Bke Signs. 

. EXAMPLES. 

Multiply a — 3^ j^ah ^scd 

by h — 2r 3 —4* 



Froduft ah. ^^ the. \%ab. +20cdx. 



CASE II, 

Cf muhiplpi^ ^umtitUt vntb unSie Si^, 
EXAMPLE S. 



Multiply -r a 
by * 


3* 


— 4,ab 
3 


5^^ 

—4* 


• 

TrodvSt -rab. 


-r-6*r. 


— 12<r&. 


— rlOfrfx. 



"^Vhen (everal Quantities are to be mvldplied together, 
d»ey vnzy be placed in any Order, and the value of the 
rrodu£l will be ftil) the fame ; thus c nzs^n ci for en and 
fi c difFer npmore from one another than 3 dmes 5 do from 
5 times 3. 

Again, abc:szbacszcab::zacb^bcazzclai for all thefe are 
rquaJ; and the fame is to be obferved of others : How* 
rv^r, we frequently give thofe Letters the Precedency in a 
ffpdu&y that haye it in the Alphabet| 
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C A S E III. 

To multiply any Power hy another of the fame Root, 

E U L E. 

Add the Exponent of the Multiplier to that of the 
Multiplicand, and the Sum will be the Exponent of their 
Produft (this in efFefl: is merely Notation, and has been 
premifed) ; Thus the Produdl of a^ multiplied into a\ is 

a J OT a I that of x into x^isx ; that or x into x , 

IS A- I that of x mto *• , is ;f j and that of cy 

into;' ^ i^ c y ^ or cy . 

N. B. The Quantity r is a Co-eiEcient. 

Again, the Produft of 7+P multiplied into a+y^ is 
tf+JtY , and that ofx + y\" into x +/^ is x + >'" ^ 

This Rule is equally applicable to the Multiplication of 
Surds i for Surd Roots are fraK^iorial Pbwers of Quanti- 
ties, which may be. denoted: by fraSional. Exponents (as 
h^s been defined in. Notation}, and; the Sum of the fra(5H- 
ODal Exponents of any Number of Roots (of the lame 
Quantity) will be* the 'Exponent of their Produft. 

Thus the Produft of a^ multiplied into aK is a^ x a^ 
=;a* ^ zza'^zza = ^ : In like Manner, a-t x a^ x 

^3 =:;^T-^3 + 3 ^ZX^ZZX =1 X, &C. 

In die firft of thefe Examples, the Sum of the Expo- 
nents is I, for two Halves are equal to i ; and the Sum 
of the Exponents in the fecond Example is three Thirds, 
which are likewife equal to i j and the Produds are 
{a and ^) both rational Quantities. Hence you may ob- 
ferve, that, if a furd Square Root be multiplied into itfelf, 
the Produa will be rational ; and a, furd Cube Root mul- 
tiplied into itfelf, ^d ^af Prodyft multiplied again into 

the 
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die £nne Root, gives a rational Produft. And in general, 
when the Sum o( die Numerators of the Exponents is di- 
vifiblc by the common Denominator, without a Remain- 
der, the Produd will be rational. 

5 2 5 J.3 5JL5 • » 

Thus, 47^ + fl* =: tf' ' ^ = « ♦ = tfT = fl : 

s 
Here the Quantity tf^, is reduced to tf% by adually di- 
viding 8, the Numerator of the Exponent bv its Denomi- 
tor 4 ; and the Sum of the Exponents conudered merely 
as Tulgar Fradions is -^ + | = |- = 2* When die Sum 
t>f the Numerators and die Denominator of the Exponents 
admit of a common Divifor, greater than Unity, then die 
Exponent of the Produd may always be reduced, like a 
vulgar Fraf^ion, to lower Terms, retaining ftill the £une 
Value. 

Thus x^ X x^ izx^ -=, x^. But x'^ X x^ =z x'^: 
Here, it is obvious, that the Exponent of the ProduA 
cannot be reduced to lower Terms. Compound Surds 
(of the fame Quantity) are multiplied in the very fame 

Manner as fimple ones : Thus ^+71 x tf+HI =^+xIt 

= 7fP' =: a+xi a^T^'T x?+71t = ?+^f =: 

So likewife ^a~i-x X y/a-^-s^-zz \/ <7+;rl zz/z+jr'* 

and \/^-f-? X \/^-fJ? = a'\-x. 

Thefe Examples are chiefly intended to define the 
Grounds on which the Produ£b of Surds become ra- 
tional. 

CASE IV. 

Different Quantities under the fame radical Sign are 
multiplied together like rational Quantities, only the Pro- 
dudi (if it does not become rational) muft ftand under 
the iame radical Sign. 

Thus 
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Thus, •'T'x •3= '/7xT= ^^5 



45 •T4777IJ and ia^ j^d x 3 A-!/2crf=: 

It may not be improper to obferve, that unequal Surds 
hayc fomctimes a rational Produft. As, \/ 32 x /"i 

= \/64=8i t/xxab X. •3«*=: ^Z 36 a* ^* 
s=6<7^; or • ** >'x i-v/Tpl = abt/lFf :=. ah xy\ 

and V g + J fl X V « + *! s J 0+^ 

K^tf + jfl zz a ^ X 

CASE V. 

RULE. 

Multiply every Term of the Multiplicand by the Mul- 
tiplier. 

EXAMPLES. 

Multiply Sa + ic ^^/Jb ^ ^h* + ^j c s/7x 

by 3 f ^h 

Produa is^^+3*f*. 6*^/^—8^^* + I4&^/S?. 

Multiply 3 >r — i^^ + 5^v';r^i:71 ~64^ 
by 2 /7\/? 



Produft 6«;r^P— 8^^^^+ load'/cx^'-cf' '^v%abc. 

■ ■ 

CASE 
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CASE VL 

« 

To multiply compound ^antities together* 

. R U L E. 

Multiply every Part of the Multiplicand by each Term 
in the Multiplier, then add all the Produfts into one Suin % 
and that Sum will, be the Produft required, 

EXAMPLES. 

Multiply. a + b ^ a + b 

by a ^ b * a '^ b 



41* + a b a* + ab 

4. ab+b""' . ^ab^b'' 

Produa a" + 2ab + b\ a* _ * ^ b'^ 



^^db''- mm 



In the firft Example, I i^ultiply (^.+ ^}.'thc Multipli- 
cand into a the firft Term of the Multiplier, and the 
Produ(ft \sa^ -{■ a b ^-then I multiply the Multiplicand into 
b the fecond Term of the Mult^iplicr, and the Produ<ft is 
a b -\- b'^ :'Ae Sum oFthefe two Produfts is a^+ ^ab-^-b^ 
as above, and is the Square oi a -{• b. In the firft Ex- 
ample, the like T^rips of the JProduft, viz. a b and a b to- 
gether make 2 ab \ but in the fetond Example the Terms 
4" ^ b and.!— a b (having contrary Signs) deftroy each 
other, and the Produ£l is a^-^b^ the Difference of the 
Squares of a and b. Hence it appears, that the Sum and 
Difference of, two Quantities multiplied together, produce 
the Difference of their Squares. And, by the next follow- 
ing Example you may pbferve, that the Square of the 
Dnference of two Quantities (as a and b) is equal to 
(fl* — 2 a b ^ b^) the. Sum of their Squares, minus (or 
Jcfs 2 ah) tyicc their Product. See the Operation. 

■» * • ■ 

Multiply 
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Multiply 
by 


a^b 






m 


d'—ab 
-^ab + b* 

1 


ac^^bc 
^ad+bd 




Produa 


a'^ — 2ab+b* 


a c —A ^ — a d+ bd^ 

V? -{- V b 
\^a^y/ b 




Multiply 


V a+ ^b 


1 

1 


I 


a + ^ a^ 
+ ^ ad + * 

tf + 2\/ ab + ^^ 


a + i/T2^ 




Produa 


« •— *- 




Multiply 
by 


7* — 4 
ay — 3 


• ^P— 6 




• 


i4Ary — 8y 

— 21 A* + 12 


— i)\fTci — 36 


• 


odua 


I4;^y— liA'— 8y+i2. 


^ be * —36. 




Multiply 


jr* + 10 Ary + 7 
jc*— 6Ary + 4 


■MM^l^ ' ^ 






;r*+ I0.y'y + 7** 
— - 6A'^y — 6o^*y 


*— 42;^y 
+ 40 xy+ 28. 




Produa 


;^4 4. 4;t3y — 60 Vy* 


+ iix*— 2xy+28. 





' . To prove that. Hie Signs produce an affirmative^ . and unUke 

Signs a: negative Produ^* 

Firft, it is evident that + ;r — a- = o ; therefore if 
^ X'^ Xj.be multiplied by (apy Number) «, the Produft 

muft 



) 
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muft be (o) notbing, becaufe the Fador + jr— x is O. 
Now the hrft Term of the Produa is + » * jfby Cifc I.) 
therefore the fecond Term of die Produd muft be — » x-, 
which deftroys + nx; fo that the whole Produft is -f n x 
— ff r =: o (nothing) : and confequendy — - x muldplied 
by + «, gives — » jf. Again, if + * — jr = o, be mul- 
dplied by — «, the firft Term of the Produd being — nx^ 
die (econd Term mufl be + « jr, becaufe die two Terms 
together muft deftroy each other ; otherwife their Amount 
could not be o, as it evidendy muft, fince die Fador -f- 
;r^— AT is (o) nothing, and therefore — x muldplied by — -» 
gives + a jr. 

I fliall fubjoin another Inftance, which, perhaps, may be 
more intelligible and fadsfa&cry to fome Learners than 
that aforegoing. Wherein let it be required to multiply 
a-^b by ^— ^^'Suppofe a=8,^zz3, ^:=7,and^=:4: Then 
will the Faftortf— i=S— 3=:5, and the Fador c— arry— 
4=: 3. Now if our Rule for die Signs be true, the Pro-\. 
dud of tf— ^ muldplied bv c — dj (being equal* to the Pro- 
duSt of S multip liql by 3) will be 15, and fo we find it ; 

¥or a^Xe^^d^axc — itxc — tfxrf+*xrf=:8x7 — 3x7 
—8x4+3X4= 56—2 1—32 + 12=68—53= 1 5- 



SECTION V. 
Of division/ 

IN Divifion of Algebraic Quantities the Rule for the 
Signs is the iamc as in Muidplication, viz. If the Signs 
of the Divifor and Dividend arc alibe (diatis, both +, or 
both — ,) then the Sign of the C^otient muft be .+ j but 
if th»y are uidike, the Sign- of the Quedent muft be — • 
This is evidendy deduced from the Rule in Multiplication, 
if it be confidered, tiiat the Quotient muft be fuch a Quan- 
tity as when multiplied by the Divifor, fliall give the Divi- 
dend. This is a general Btale for all Operations in Divi* 
iaoni and 15 only ^Rcv^ikoi Mifkijfcatioa. . 

Thus 
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CASES I and JI. 
Thus, it is evident • 

DiviCor. DivUeod. Quotient. 




{+ a) + a b {+ b; becaufe + 
, tiplied by + « gives + « i J 
— 2r) — 6 ^ f (+ 3 ^ and + 3 
tiplied by — 2 c gives — 6 be 



h mul- 




That 



In thefe four Examples all the Variations that can poC- 
£bly happen with refped to the Signs are exhibited at one 
View ; and the Diviiion may be read tlAis, viz. +* ^ ^ di* 
vided by + a^ gives -f- ^ ; the Quotient of — - 6 ^ c bf 
—2 i is +3 A, &c. the other two Quotients ^viz. — 4^ and 
*- S ^) ^^ negativ^ becauie each of the Divifors has a 
contrary Sign to th^ of its Dividend ; and it appears that 
each Quotient being multiplied by its refpe£tive Divifor 
gives its corresponding Dividend. 

It may be proper to obferve, that when any Quantity is 
to be divided by itfel^ the Quotient will be unity or i, be- 
caufe any thing contains itfelf once ; thus x -^ x gives i -^ 

and t^ 7.ah divided by \/ % ah jgives 1 \ and fo of other 
equal Quantities* 

When the Fadors of the Divifor are not comprifed in 
the Dividend) then the Quotient muft be ^xprefled by a 
Fradion (as has been fhewn in Notation) Thus the Quo- 

a 
tient of a divided by c, is — — j that of h c x'*' hy advy 

hex" c 

i^ a d r » ^ut the Quotient of ah c d x^ divided by 
ah c dx c d 

41 b X 'm — — ss -; zz c dyZ whole Quantity ; here 

ah X I 

ahcdx 
theFra^W- -is reduced to f ^ by dividing its 

abx 

Numerator 



A I 
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Numeiator and Denominator hj a b Xy and fhe Quotient 
viz. cdj being multiplied hj a b x^ the Divifor, gives 
abcdx the Dividend \ which ihews that dividing the Nu- 
merator and Denominator of a Fra^on by the fame 
Quantity does not alter its Value. Therefore when the 
Dividend does not exa<£l]y contain all the Parts of the Di- 
vifor, but has (bme Fai^ors common with it, caft away 
all fuch Fadors out of the Dividend and Divifor as are 
common to bodi, or elfe cancel the common FaSors out 
oflF the Numerator and Denominator of the fradional 
Quotient, fo (hall the Quotient (by each Method) be in 
its loweft Terms, and fliall be or the fame Value as if all 
the Fadors were adlually retained in its Numerator and 
Denominator. 

Firft, let it be required to divide abcdxhj bdnr^ then 
cafting away the common Fadors, viz. b d^ out of the 
Dividend and Divifor, the Quotient will be truly exprefied 

a c X 
by , and is evidently in its lowefl Terms, 

nr 

abn n 

Again, abn divided \ii^ abdy gives ■ =: — — ; 

abd d 

i^ac X c 

^a c X divided by 8 c^ a- y, gives i n =: ■ • and 

Zaxy 2y 

3axy I 

^a xy divided by ^abcxyy gives ■ n: m^ 

^ abc xy be 

By this laft Example it appears, that when all the Fac- 
tors of the Dividend are contained in the Divifor, then 
the Numerator of the Quotient will be unity, on. 

CASE IIL 

To divide any Power by another of the fame Root, 

RULE. 

Subtraft the Exponent of the Divifor from that of the 
Dividend, and the Remainder will be the Exponent of the 
Quotient. Thus the Quotient of j'dividcd by a^ is fl*"^, 

•r 



(fit «' ; that of ** by x^ is **^' ; that of*" By x% is y-* v 

that of jf*+' by a^ fs x^ ; and that of a^ by ;r *" U y*'"''- 

But it is to be obfefVed, that when the lExponent of the 
Divifor is greater than that of the Dividend, the Quotient 
will have a negative Exponent ; thus the Quotient of *' 
divided by x% is ;if'— % or r*-* j and that df ax^ by jf*, is 
a ;r-^ i and tibefei^uptients fviz. x^\ and a *— ') arc re- 



a 



Jpe£tivdy equal to --^^^ and ,^ ■ > ; Fpt ir' being aifiu- 

** *' 

4lly divided by ;r', gives JL^ tz JL, ; and n ;r* divi<ied by 



;r' 



^4r* ^7 



x'9 gives .^^-.w^..^ 3s al^e^ In like Manner a y di- 
vided by c x^ gives .ff^rr^t-f^ and the Quotient of 



^Hhj^" divided by «*+*^", is tf*+**h^* Mwedvcr^ 
«^T divided by « |, gives ^** t: «^ =± « j J+^^ di-* 

vided by tf + Jp'|> gives f? + jr^9 tz a + a)I :2: tf+^lf * 

and ab+x^^ divided by^T+P*, gives JJ+P^«* 

SCHOLIUM* 

. When the i^cponents have not iiie fame Denomlnatori 
. they may be bixmght to a comlnon Denominator (Hko 
vulgar Fra£tions) and then their Numerators may be oc- 
cafionally added, or fubtra£led, aS before. 

Thus, the Quotient of ac + x)l divided by ac -i- x]i 

Here the Exponent of Ae Dividend is brought to ■% 
common Denominator with that of die Divifor, by mul- 
tiplying its Numerator and Denominator by z* 

F CASE 
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C A 5 E IV. 

Surd Quantities under, the fame radical Sign, are di- 
vided by one another like rational Quantities, only the 
Quotient, if it does not become rational, muft ftand under 
the fame radical Signt 

Thus the Quotient of v^ aT divided by ^'^y is \/ 7\ 

that of A/T?by • tf, is •"?; that ofa^^^: i6 ^ hyaVi?^ 

n/ 7] nl 7\ 

is fl • 8, oiia\ that oibaxfJ "a^ by 2 ^ ^^^ , fe 



m m 



^axy*y and that of Ja^V/ , by -^a^xY^ ,is 4^:^* • 

CAS E •: V. 

I 

A tompouna Quantity is divided by a fimple one, by 
dividing every Term thereof by the given Divifor,- 

Thus, 3^)15^^+ 3 ic (5^ + ^ Quotient 5 

• Alfoj ^ab } 8 j*v^a--i2<75^*+4tf*(2-/7--3a**+i' 
Quotient. 

C A S E VI. 

But if the Diyifor and Dividend be both compound 
Quantities, range the Terms according to the Dimen- 
fions of fome Letter in them f See the foUowing Example, 
where a is the firft Term of tne Divifor ; and the third; 
fecond, and firft Powers of the Letter ^, are fucceffively 
ranged one after another in the Dividend ; but in the laii 
T-erm of ^e Divif©r and Dividend, a is not included^ 
then divide the firft Term .of the Dividend by the 'firft 
Term of the Drvifor; place the Refult in the Quotient) 
and multiply the whole Divifor thereby j fubtracS the Pro- 
duct from its refpeftive Terms of the Dividend ; to th^ 
Remainder bring down the next Term, or Terms, of the 
Dividend ; call the Sum a Dividual, and divide the firft 
Term of the Dividual by the fijft Term of the Divifor, 

put 
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p\xl the Refult likcwife in the. Quotient, then multi^ and 
fubtraft as before, and repeat the. Proccfs till all the Terms 
of the. Dividend are brought down and divided. If there 
he d Remaixjder, you are to proceed* after the fame Meaner' 
till no Remaidwler is left ; or till.it appears that there will 
be always fome Remainder* 

Let it be required to divide a^ -^ ^a^ X'^ 2^ax^ -{-x^hf 
A + x^ 

4 % .J • 

; Seethe Operation* 

^ + x) a^—ia'xr-Zax^+x^ i^a^—^^j^^^ 
a^-^-d^x 






-r-4^>— S«jr* firft Dividual ; 



d- ^!^.i«^ &cond Dividual, 

•\' iax'^-\-x^ 



Q O 



I 



' An Education of the pfeceding Work* 



Firft, d^ divided by ^ gives cp- for the firft Tcfm of 
the Quotientj by which I multiply the whole Divifor, viz* 
<?+*•, and the ProdilS is a^ -\-a^ x, .which, being taken 
from the two firft Terms of -the Dividend, leaves — • 4^* a-; 
to this Remainder I bring down — 3^;if% the next Term 
of the Divi<^end,- and the Sum is ■— 4^z*;k* — 3^7^-* the 
firft ^IJiyiduil; now. dividing -7- 4^* ;c the firft Term of 
this Dividual by {a) the firft Term .of the Divifor, there 
comes out — i^ax {a negative Quantity) which I alfo put 
in the Quotienf, an^ multiplying the whole Divifor by it, 
the Produft is — 4 ^ * A-r— 4 ^ ;«•% which being taken from 
the fir^l Dividual, the Remainder is + «;ir, to which I 
bring down x\ the laft Term of the Dividend, and the 
Sum is -^ ax^+x^i thefecond Dividual, and -I- ax* (the 

Fa 'firlt 
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firft Tcrai of ifae feamd mnimai) dMitd I7 (#) Ae firf 
Term of the DivHbr, gives x* for ^bt htt Term of tiifc 
(Rodent, hf whidi I multiply die whttle Diirifbr, and the 
Produd tt + ax^^jt'j iviuch beiag ttken fttom the fe*. 
cond DiTiduai Icares nodiilig ; and tbe (^otient icqnifed 
is ii*— 4tf*'+jr^. 



Ofiifr Examples in Dioifitm may ie asfiBam: 
Divide a^+a^x — <i*jp*— 7<iV— 6^?* by «*—**. 

See the Work. 



kb^i 






— 6flV— ^jr*- 



Divide tf — i-*r i/TH- f V * "by i^ w^r- v'**.^ 
V^l — ^^) l^— *— r^ + r 47P(\^+ •* 



i«*aBBa>ia«MB.«B«M»i 






i.«-iHpM_^MMMM»M«a*iii*Ba«WB^l^tai_MMMrt«i«*«IBMMMM*i 






««i 



It may not be uhneceflary to elucidate tilts C^ration, 
as it confifts of both rational and &rd Quantities. 

Here (a) the firft Term of the Dividend, ben^ divided 

by •"^ fee firft Temi of the t)ivifor, gives y'tfl for Ihc 

firft 
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firft Term of the Quotient. For azza\ and \/'7^s: al 
and the Difference of thefe t\vo Exponents Is (i— | or) 

I ; therefore «' divided by tf , gives a. ^ a ^ s^'a^ 
as above. Or it may be confidered thus : Afk what Quan- 
tity being multiplied by \/ 7 will give Oj and the Anfwer 
is i/"^; then multiplying the Diviibr by \/^ the Pro- 
duS is ^— • ab\ but there being no Term in the Divi- 
dend that correfponds to -^ ^T'aJ^ th e fec ond Term of 

this Produft, therrfore I.fubtr^.^— \/ a ^Ifrom Of^b the 
two firft Terms of the Dividend, and changing the Sign 

of the Quantity -«-i/ « ^kbe Remaiiuler is + ^/T^--*; 

(See the lath: ExaiD{Je in Subtraction) Now + V^^ 

the firft Term of this j^emainder divided by -/^ the firft 

Term of the Divifor, gjves -^ •'Pfor the fecond Term 
of die Quotient by whiph I multiply, thc^ Divifor, and 

fubtra£ling the Produd, viit. + • a b^-^b from the afore- 
faid Remainder, not^ing^ iijsnaias ; then I bring down 

— r '/^+ c \/^ the two bft Terms of the Dividend, 

and — c v^tbc firft ofthfife Terips being divided by • 7> 
(the firft Term of the Divifor) gives — r for the laft Term 
of the Quotient \ then n^dlttptyiiig t|i€! Divifor by — r, and 
fubtra^ng the Produd from the two laft Terms of the 
Dividend, nothjng remains, and die wfaple Quotient \% 

Again, divide 2tf*— 32 by<?— 2. 

^—2) 2tf*— 32 (au7H4tf^-ir3^+x^* 

- 2^-1^4^^ 



t^m^f^mmmt^' 



+ 8tf*-r-32 






'^■'oimmmmmmmmmm^'Hmmi^^mm 
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Pivide «*+*» hja+x. 

> 

d^-^-ax 




+ax^^x^ 



Divide *^ + 3*V+3^*+/ fcy**+2«T+A 

x^ -{■ 2x^j -i- xy* 

o o o 



- '.vide tf^— 3iiV+4/7f*— -2<' by fl*-F-3Uir+f*if 



»— r» 



'-2^r-f^*) tf^— 3/7V+4/7f*^2r' (tf— f + 



■*"t 



</'— 2^V+ /7r* tf*— 2tff+c* 



— ^V-f 2^f^ — f' 



Remains + «f^— . ^^ 



Here it is obvious that the Divifion cannot terminate 
without a Remainder ; thenefere I write the Divifor un- 
der the Remainder, with a Line between them, and add 
the Fraftion to a^^c the other two Terms, which toge- 

th^r m^kc {a^c + ^ ) the whole Quotient, 

<!*— 2<7r+c* 

Put 
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' ^6ut yfhen the Dividend does not precifely contain the 
Divifor, then we generally exprefs the .whole Quotient 
ira^onwife, cafting away all fuch Letterr or Factors ^if . 
any fuch there be) as are found in every Term of the Nu- 
merator and Denominator of the Quotient. 

Thus a^bx + acx^ + ax^ diyided by W« +<?»*', 

a^bx + acx^ + ax^ ab-i^cx + x* 

Givies >■ ■ * ■ , or >', 

adx+anx d + n 

. a^bx'^acx^:+ax^ 

Here the Quotient — — — — , is reduced to 

adx + dnx 
fib+cx+x* 

' : I • ■ )' by dividing every Term of its Numerator 
d+n 
and Denominator hy a x, 

Laftly,-<i + ifff + d^ divided by a^-^a c + a^ ^\ glycs 



^*— ^7r4-flV 



». 



Here the Quotient cannot be reduced to lower Terms, 
becaufe the Factor a is not to be foupd in the Term a/* . 

But it is to be obferved, that, though a Fradion cannot 
be reduced to lower Terms by a fimple Divifor, yet it may 
fometin^es by a compound one \ as ihall be ibewn in the 
next SeAion, > ; 



■ I. ! ) ■ pi»iti r . m ^- 



SECTION VI. ' 
• . g A S £ I, 

7i reduce an Algebrgic Fraciion to its Ivufeft TermSn 

R U E E. 

Divide its Numerator and Denominator by their greateft 
common Divifor, 

F 4 Thut 
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• 

Thus, dividiiig both die NiidiefatDr and DcDMunater 

of the FnidiooD — — by 2i^ it is reduced tp'-^itelowcft 

Affc %c 

Terms j and divided in lite Manner by a* i, is re- 

ke 6a^b^i74ix 

duced to ; raoreovej:^ ' " divided W 6 tfy is 

a ba'x 

ab — 2;r 
reduced to ..» — ,and diyidingeveiy Termof theNumera* 

ax 
torandDenomuvitorofthefraaioii "'^"'T^^*"*tf ^^ 

by A^x\ it will be reduced to « — -^ . 

^ ^ ' r+5AJiy 

The fimple Divifors by which thcfe Fra^'ons are re^ 
duced, were had by InTpedion, and compound Divifors, by* 
which Fradions can fometimes be reduced ta their feaft 
Terms, may be found as*follow : 

, Firfl, divide that C^antity confifting of die Ugheft 
Powers by the odier, and the laft Divifor by the laft Re- 
mainder, and £> on continually till nothing remains, and 
the kft Divifor will be the greateft common Meafure, but 
obferve to divide die JUmainders that ari£t in the Opera* 
tion by their greateft fimple Divifors, or others^ that are 
prime to the Divifors from which the Remaind<irs arofe \ 
and always range the Terms of both Quantities according 
to the iJimenuQns of the Letter that has the higheft 
powers. 

For Example, reduce the Fraflion . ^ — : — , , 

%o its loweft Terms. Firft dividing the Quantity com-' 
pofed of the higbeft Powers of x by the other, the Work 
will ftand thus : 



x^ + 3^;^*— ^ V — '^a^x 



■•«i 



^nd the Remainder is 7,ax^ — 2<?';^, which being 

dividled by 2axy its greateft fimpfe Diyifor, gives x^'^a^ 
then 
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4f^— <r*)**+3J*^— <iV— 3ff^(;r+3tf, the acwDcno- 
x^ — tf*jr miiuitor. 



mmm 



+ 3ax^ . —3^ 



o O 

Attd ;r*— ii*) ;r'+5i7^— /yV*— 5flV (**+5fiy, the new Nu- 
*' — tf*x* mefator. 






Therefore jr'*-^* is the greateft commoa Meafurc, and 
hence the Fraifiion propofed is reduced to — ^its low- 

eft TcrmSp 

In this Example it appears diat ^e Remainder, namdy 
2Ar^-^2tfV) is too great by %ax' Times to meafure ^r^-t 
3^*^— tf**" — 3»*, the Divifor and Dividend x^ + s^vr*— ^V 
— '5<?Vi therefore if each of thefe Terms be multiplied 
b^ 2ax^ the Remainder (without being reduced) will di-» 
vide them, and the Quotients will come out exa6Uy the 
iame ; and if it happens that the firft TenQ of the Divi* 
for does not exa£lly meafure diat of die Dividend^ the^ 
whole Dividend or Divifor, or both, may be firft of all ei-' 
ther middplied or divided by any Quantity that will make 
the Operation fucceed. The Ground of this Redu£tion 
is, diat any Quantity which meafures the Divilbr and Di- 
vidend, muft aBa meafure the Remainder (if there is any) 
for lihe Diviibr being multiplied into the Quotient, the Pro- 
dud will precifdy contain the common Meafure a certain 
Nutasber of Times, and is therefore a Multiple of it, which 
being taken from the Dividend (if it is not equal to \t\* 
muft evidently leave a Remainder, in which the common 
Pivjfor wiH be always included. But if by proceeding as 
»l>QVe dir^d^ die^e happens to be a Remainder of one 

Term 



I 
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Term onl}v then we may conclude^ that the Fraction pro* 
pofed is already in its loWeft Terms, or that it does not 
admit of a compound Divifor, which will divide both its 
Numerator and Denominator without a Remainder. 

The preceding Directions extend to Fractions compofed 
of two different Letters only ; but fometimes Divifors 
, can be found, by which FraSions confifting of more Let- 
ters may be reduced. This is done by putting the Nume- 
rator or Denominator (in which ever a common Meafurc 
can be beft difcovered) mto two Parts, and finding a Di- 
vifor which will meafure each of thofe Parts ; for that Di- 
vifor will evidently meafure the whole of that Quantity j 
by the fame Divifor the other Quantity is to be tried, and 
if it will divide it, tEen the Fradion may be reduced to 
-tower Terms. 

For inftanCe, let it be required to reduce the Fra<%ion 

J-- — J. ^ . . . 3 ■ to Its leaft Terms, 

Firft, I divide the Denominator into two Parts, .viz;, 
ax^ + 2xyznd 2^^xy^+6ay^ ; here it is obvious that ax-\-2y 

16 a Divifor to both the Parts ; for ax^-^ixy = ax-i-iy x 

■ ^1 " 

Xy and ja^xy^'\'6ay^ = ax + 2y x 3<r/ ; the Sum of thefc 

two Parts maybe exprefled by ax-\-2y X x + ^^y^i hence 
it appears that the Fadtor x-]-^ay\ will likewife meafurc 
the Denominator : Now if the given Fraftion can be re- 
Aiced to lower Terms, one of thefe two Faftors muft di- 
vide its Numerator; and by trying with the former (namely 
4ix+2y) I find it fuccecd, and the Quotient i§ ^^y — ^a^xzy 



whence the Fraction propofed is reduced to 



x'^y-rr^^^xx 



and is in its loweft Terms. In this Example the coriimon 
Meafure might have been found by dividing the two Parts 
above fpecifiedby (jir, and 3d[y*) their refpeflbivefimple Di- 
vjfors, and alfo by dividing the firft two Terms of the Nu-. 
lOerator by x^ y^ their greateft fimple Divifor. 

CASE 
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_ CASE n. 

yi re^iuce FraSfions of different Denominators to fra&<m ^f 
equal Value that Jhall have m common Denominator, 

RULE. 

. Multiply each Numerator, fcparatdy taken, into all the 
penominators but its own, and the Produ&s fliail give the 
new Numerators. Then multiply all the Denominators 
into one another, and the Produo: ihall be the common 
Denominator* 

Thus let it be required fo reduce — ^and— tothefiunc 

^ c a 

Denominator^ Acnaxc^zac^ is the common Denomina^ 
ior, and axi^cxx:;=:aby cxj are the new N umerators, ^n• 
der each of which write (ac) the common Denominator, 

ai ex 

apd you will have ■'■' and — - for the Fra^ons rc- 

' a e ac 

quired. 

a c 
In the fame Manner die Fra£Kons — — , > , and 

b d 

n adi bcs bdn 

If the given Denominators admit of acommonDivifor, 
divide them by it, then multiply each Numerator by ail 
the other Fra^ions' Denominators fo divided (except its 
own) for new Numerators, and multiply all the Quotients 
into the Divifor for a common Denominator. 

b n 

Thus, reduce , and , to the iame Denomi- 

I a^ ' ad 

nator ^ here dividing the given Denominators by a^ we 
have Id and^ » for the new Numerators, and axcxd^ 
ox acd for the common Denominator, hence the Frsic- 

bd en 

tipns arc reduced to , and '^ — -. 

M a^d acd 

^ la 
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c a 

In like Manner the Fractions — — and ", KrilI 

7x+cb*d ax 

be reduced to ■ and ' . Here the 

^x+2Pd 4he-k-2Pd 

greateft common >Divtfor of die given Denominators is 
%b. 

If the ghreiv Denominators had not beenpreviodlydi- 
irlded^ the Fra^ons would have been^ of the lame Value, 
tat in higher Terms-; thus. in the firft of thefe Examples^ 
Ae Frafibons after ReduAion without dividing their Deno- 

abd atn 

SMUtQi^ vx>lUd have been ■ " ^ " ^ and y which are 

a\d a\d 

U en 

tttft^^arAj equnl to ' and ,, but as it is alwavs 

0cd acd 

beft to reduce the Fra£lioA» at once to the leaft Terms 
d^at die Cafe vnll' admit of^ therefore divide the given De- 
nominators at firft where it is convenient^ or conceive 
them to be divided, by negle£ting the common Fa£lors in 
]^r iyiind» and wo^k with the $.^ as bcfor^s* 

CASE UL 

Tq ndu^ an Integer to an equtvaliiU FrafUm tf^aghnf 

Denminatar* 

RULE, 

Multiply the Integer by the given Denominator, and 
imder the Produ^ write the fame DejQPQiuutor. 

Thus, let a have the Denominator jr, then >or— — 

|3 tfa^l^xa^n j^^uired : Agaw, kt a^tyb h^ve the DcAO* 

adJ^bd 

minator d^ then ' y is the Fra&ion fought. 

# 

CA%E 
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<: A ^ J BVT. 

To reduce a mixed ^ mn^ty to mi if f ^r e p t r * f ration. 

R u ;l E. 

Multiply the Part that is an Integer by the Denominator 
of the fraaional Part, an3 to^e rro'duS add the Nume* 
lator, under their Sum write the former Denominator. 

Thus a + » reduced to an improper Fradion, gives 
ax+b X n tufr-^+n a^- 

; alfo tf— iJir+— — ~ —*———•• fl<— ^-j-— — 
X d d » 

J and flH-x + 



■• 



X ' X a-^x 



C A s E y. 

Te reduce an in^tptr FraSim U a whoU or mxtd Umier. 

R U L £• 

Divide' tfie Numerator by its Dftipminator) as (ar as 
you On, and- the Quotient ftaU give the integral Part, 
then write the Denominator of the given Fra^on under 
the RefHAinder for the fractional Part. 

\ax^b ax t ^ i 

Thus s: — — + .— ^ 3: d+ *— - ; «£aicif 

XXX X 

reduce i m ■> to i,ts proper Quantity. 
«+» 

^ 41 + X 
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4** 



» '« 






-^^ 



^-•*«iaii«>*-MMta 



— tf;r+3x* 



»* 



Mamii. 






CASE yi. 

5ri ^^i andJiibtraSi FraHions^ 

2 U L t. 



Reduce them to su common Denominatoi^, and add or 
fubtra£fc the hew Numerators \ the Sum or DIfFererice fet 
over the Common Denominator, is the Sum or Remainder 
required. ' / " ; - - 

a b ax be ax+bc 
Thus, add — to —— , then " ■■ ' ■>■ "4- = 



c X ex ex ex 



b X n . , Sbcd 
the Sums add — — , — — and - — together, then + 

, + . 2s , ■ 3 the Sum. 

l^acd l^acd i^acd 

a i , ax be ax^^c . 

From -*— take — — , then — — — — » s: ■ " • ■ ^ the 
c X ex ex ex 

* * * • ' 

ns .f— i. . mm . 

Difference ; from — take , then ■ mm 

d m >dtn 

bd'-^d ' mnf+bd'^d 

^ -.. ; ^ the Difference. 

dm dm 

' C A S E 



«^BM 
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C A S E* Vll. 

Ta multiply a FraElim by a an InUger^r whole ^antity» 

RULE. 

Multiply the Numcfrator of the Fra£lIon by the given 

Multiplier. 

... c cxx 

.Thus* theJPxoduA oiF —— multiplied by Xy is, " * , or 

cx 3^ ' 6cM 



a 



t-j^that-bf ^^•-J-;e»l multiplied by a «>is j^d^+x^^' 



thatoF ^ " ' multiplied * by 3^, is ' 5 and 



that of y^"*"^ multiplied by \/<r^is ' — 



€+Xy a wh<Je Quantity ; for here the Multiplier is equ4 
to the Denominator of the Fraflioh. 

G A S E VIIL 

To mukiply one Fra£iion by another^ 

RULE. 

Multiply dieir Numerators together for a new Nume- 
rator, and the Denominators together for a new Denomi- 
nator. . 



a 


b 

X 

the Produft; 


ab 

CX 

and 


- Produft 

X 


a+b 

;' X- 

c 

d ad 


« 


c 


d 

ac 


~ cd ' 

th» Product. 


—ds 

• 



CASE 
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C iV S E IX, 

Ta (Evtde a Fronton Ij an Integer. 

RULE. 

Divide the Numerator of die Fraftion by the Inte|cr, 
if the Numerator is a Multiple of it 5 if it is not multiply 
the Denominator by the Integer* 



ex cx-r-x c ' ^^» 



Thus —^divided byjr, gives y iH" '""J y' «*+*:* 



3* 



divided by My gives ^ti»+x*U *n3 rr* divided by* 3, 

X a 

the Quotient is — — - j divide — — by ^ die Qiotient is 

a an an n 



divided by tf.^, gives ■ ■ » or 






C A S E X. 

R U L E. 

MuIdiJy the Numerator of die Dividend by die Deno- 
punator of the Divifor, dxeir Produft fliall give the Nu- 
merator of the Quotient. Then multiply the Denomi- 
nator of the Dividend by the Numerator of the Divifor, 
and die Produd. fliall give the Denominator. 

Thus J-) —fJf. die Quotient J alfo -,/ \ 
f=± ff!=!±»£, dieQuorienti and ^)^-^ 
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■i* ■ I fc 



«/— ^ X •,«7» "^ fl— *x X i^^c\ d^ac\ acd 

Here the Qj^otieot comes out .^f and is tke Mul^ 

d 

tiplier in the laft Example of multiplying FradUons, which 
proves the Truth of that Rule- And tho Term ^ ^ 



^^^ 



in this OpersDdori, was reduced to f^ ^■i' , or ^!~1\ b? 

multiplying both its Numerator and Denominator.by ^^Tct 
Whence it appears, that multiplying the Numerator and 
Denominatpr of a Fradion by the fame Qjiantity docs not 
alter its Value, if it did, the Quotient here brought out 

could not have been ( .^^ y a Proof to the preceding 

Rule, as we find it is, therefore reducing Fra^ons to a 
common Denominator, cannot alter their refpe^ve Va<^ 
lues ; fmce the Numerator and , Denominator of each 
Fra£Kon (feparately taken) are multiplied by the fame 

Quantity} thi|s the Fradions.«« and — ^ when brought 

to a common Denominator will be ^.m^ and ->.««, where it 

ex ex 

is obvious that the Numerator and Denominator of the 
jirft Fraction are multiplied by x ; the fecond Fraftion t9 
multiplied in the fame Manner by r ^ and it is [Jain that 

thefe Fni£lions — -• and — «^ are refpeiStvely equ^ to — 

ex QX c 

h 
and — : Hence it is evident dutt the Sum and Difference 

X 

of the nAw Numerators^ divided by their common DeBomi<'* 
ttator, moft be refpe£Uvely equal to the Sum and Differ* 

G ence 



iz ELEMENTS or ALGEBRA. 

ence of thoCe Fra£lions divided fq)arately, both before ani 
after fuch a Reduftipn, for the. Sum of the Whole, divid- 
ed by the common Denominator, muft be equal to the 
Sum of all the Parts divided by the fame Divifor, and tht 
Difference of thofe Fractions after Redudion is the fame 
as before. 

To illuftrate this by Numbers, let ^=3, f=4, bzzij 

ind ;r=:2 ; then the Sum of thofe Fraflions will be s, 

c 

b ah 
= J + f = I J, and their Difference -— — -7-=! 

ax be ax+bc 3 x2+1 x4 

So likewile — ^ + — — = ' =: , ^^ " — = 

ex ex ex 4x2 

6 + 4 10 5 ax — be 

*— g — = "-^ =: — ^ I ii their Sum, and - 



ex 



^ 6—4 21.. 

— — TT— = -rr- ~ — , their Difference, tht very fame 

as before. 

. Tbe Rule for dividing a Fra£):ion by an Integer, by 
multiplying its Denominator into the Integer (when it is 
liot contained in its Numerator), is founded on this ob- 
vious Principle, that any Quantity being divided, and the 
Quotient thence arifuig being divided by another Divifor, 
&c'. the laft Quotient (hall be always equal to the Quotient 
of the fame Quantity, divided at once by the Produd of 
all thofe Divifors : For Inftance, if any Number were di- 
vided by 4, and if the Quotient thenc^ arifing were di- 
vided by 6, it is evident that the laft Quotient would be" 
equal to the Quotient of the fame Number divided by 24^ 
tiie Pf odudl of the two Divifors, and fo of others. 

C A S E XL 

A whole Quantity (a b) divided by a Fra£bion, thus 
ab 
e-ix 5 (^y niulttplying (ab) its Numerator by^) may 

i» I I ■ ■■ 
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«5 



ahd 



C'\'X 



be reduced to this Form ■ J^ , and is the Quotient of ab 

~ — * ' ' ' I 

divided by —V- $ fo that to divide a tvh61e Quantity by a 

Fraftion, vou multiply the v^^hole Quantity by the Deno- 
minator of the Fraftion, and write the -Numerator of the 
given FraSion under the Product. 



C A S E 



XIL 



If it is required to reduce a given Fraftion to a Fraftioa 
equal to it that ihall haVe a given Denominator, you mufl: 
multiply the Numerator by the given- Denominator, and 
under the propofed Fraction, fo multiplied, write the given 

Denominator: Thus if it were required to reduce —-to 

a 

nn equal Fraflion whofe Denominator fhall be r, then 
■ ■ * ■■■ ■ , is the Fraction requited. 



a 



€n 



you will have for the Frac- 



Or putting n = 

tion fought. 

N. B. Writing one equal Quantitv inftead of another 
(as above) is called Subftitution, it is fometimes ufed to 
facilitate the Refolution of Equations, and is highly ne- 
ceflary in many Cafes. 



si 



-AS E xm. 



Fraftions connedled together by the Word of, whert 
one Fra<^ion ejcpreOTes a given part of another, are reduc- 
ed to fimple Fraftipns, by multiplying their Numerator^ 
together for a new Numerator, and the Denominators to- 
gether for a new Denominator. 



Thus 



of 






1 

4 
ab 

Id 



of 



%a 

: 5 



is 



6a 



■, or 

20 10 



and the 



a 



part 



G 2 
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SECTION vn. 



O F INFINITE SERIES. 

When it faaf^ns in Pivifioo that the Divifor is not 
€xs£&y contained in die Dividend^ the Operation may be 
continued without End -, and the Qvotient will in that 
Cafe be an infinite Series of Temu. 

Thus if it ^0vere required to divide I by i — 4r, you will 
find the Quotient to be l+4f+«^+jf'+**+, &c» 

The Operation is dius: 

I 









• 



; ^% 



mmmmw 



+*S &c, 



Here h,is eafy to fee in what Order the fuccceding 
Terms of the Quotient will ariiie i this is called difcpvor- 
ihg the Law «f die ^ries, by which Means, without any 
more Diviiion^ the Quotient may be continued a$ &r 
as you pleaie. 

By 
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By proceeding in the ytry bmt Mariner ypu will fitil 

rr I— ;ip+;ir*-.*^+**— Ac. . 



1+^ 

Here the £xpenefit of x aFo tncreafes continaally hy 
Ufiity thvn the fecond Term of the Quotient ^ but the 
Signs of thefe Terms are alternately + and<»« 

Let it be required toiiTi4e c by a+^» 

See Ae Ojperatioo. 

a+xj c I -..ii^p—- •+— — — -^+&cs:-^ 
■ ^ 4x^a a* a^ «♦ ^ijr 

^+— — 






a tf* 



^ m i .M . III iw<pi 



ex* ex* 



+ 






Cjf^ 









4. ^, &c, 

G 2 Her^ 
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•Here, I divide c by a (the fiift Term .of the Dirifoi) 
and the Quotient is — y by which I multiply a^^x .the 



oc ex ex 
tirfiole Divifor, and the Produd is + — r or c + 

^ich fubtra£led from the Dividend r, there jvmains — ' 

ex 

, this Remainder being divided by tf (the firft Term of 



a 

ex 

.2 



the Divifor) gives — — ^, for the. fecond Term of the 

Quotient, by. which I alfo multiply ^ + ;r the Divifor, and 
the Produa is -r- --3-, or — r, which 



ex ex* 



being taken from , leaves + 



_ X • 



The Reft of the Quotient is found in the fame Manner, 
and having obtained four Terms thei'eOf, )as above, the 
Law of Continuation becomes obvious ; but a few of the 
firft Terms of the Series are generally near enough the 
Truth for moft Purpofes 5 and in order to have a true Se- 
ries, the greateft Term of the Divifor (and of the Divi- 
dend if it confifts of more than one Term) muft always 
ftand firft. Thus in the laft Example j. ifx is greater than 
fiy then X muft be the firft Term of the Divifor, and the 



ac a* e a^e 



Quotient will be = — -^ — — ^ 4^— — ■ 4-^ 

X-\-a X X^ X^ AT* 

&c. the true Series; but if x is lefs thanV, then this Se- 
ries is falfe, and the further it is continued, the more it 
will diverge from the trut;h : 

For let ^=2, czzij and xzzi j then if the Divifion be 
performed with tf,. as the firft Term of the Divifor, you 

c I I I I I 

will have — — = ■ ■ = — — — — + 



a-^^x 2+1 2 4 8 * 16 

* 

I 

+ &c. — • 



1 



But 
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«7 



But if X be placed firft in the Divifor, then will 

r , I % I 

[=—1.1 = =: I— 2+4— 8+i6— ^ &c. 

^+a ^ 3 ' 1 + 2 

Now it is obvious, that the firft Series continually con<- 
verges to the Trudi, for the firft Term thereof, viz. f , 
exceeds the Tnithby (i — J-, or) ~~ 



■^ ; two Terms arc de- 



ficient by T^ ; three Terms exceed it by ^ ; four Terms 
are deficient by ^; five Terms will exceed the Truth by 
^ &c. So that each fuccceding Term of the Series 
Brings the Quotient continually nearer and nearer to the 
Truth by one Half of its laft preceding Difference ; and 
' confequently the Series will approximate to the Truth 
nearer than any affigned Number or Quantity whatever ; 
and it will converge fo much the fwifter as the Divifor is 
greater than the Divideiid. 

But the fecond Series perpetually diverges from the 
Truth J for the firft Term of the Quotient exceeds the 
Truth by i— j^ ^^t* two Terms thereof are deficient 
by '4: ; three Terms exceed it by ^ ; four Terms are de- 
ficient by '^ ; five Terms exceed the Truth by y , &c. 
which fhews the Abfurdity of this Series. For the fame 
Reafon x muft be lefs than Unity in the fecond Example ; 
* if *• were there equal to Unity, then the Quotient would be 
alternately i, and nothing, ihftead of f ; and it is evi- 
-dcnt that x is lefs than Unity in the firft Example, other- 
. wife the Quotient could not have been affirmative, for if 
X be greater than Unity ; Aen i— ;r, the Divifor is nega- 
tive, and unlike Signs in Divifion give negative Quoti- 
ents. From the Whole of which it appears that the 
greateft Terin of the Divifor muft always ftand firft. 



^4 



SECTION 
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SECTION VIIL 
Of involution. 

C A S E !• 

riyOLUTION is a contiaual Mukiplicatioii of % 
Quantity into itfelf, ^id the ProdutSs chenqe arifing 
>re called the Powers of that Qiiantity, and the Quantity 
itfelf is called the Jloot; thus as ^ K ^s;:^^, is the iecond 
power of the Root a^ to ^hKob^aabhy is the fecond, atid 
ai >^ab}<ab^aaakbby is the third Power of the Root o^, 

9 

C A 8 E IL 

If the Quantities have Co-efficients, they maft be in- 
volved with the Quantities ; thus 2xx%xx.2x'::ss^ixxx^ is 
the third Power of 2Xy 3jry x Z^y X '^xy x 3a> ;= 8 ixxxxyyyjy 
is the fourth Power of jAry, &c. 

But Quantities may oe involved by multiplying their 
Exponents by that of the Pow^r required (as has been 
(hewn in Notation.) Thys the third Power of x'^ is ;r*><', 
or x^ ', the fourth Power of za^^ is z^Xa^*b\or 14?'*^* ; 

(he m^^ Power of c^b isa'^i^ ', ^^ fecond Power of ^i 
is Vx\^ 9 Of Tj?^, that is, ^^, die n^^ Power of oat » 

-is- a x^ , or tf y, and the m^^ Power of <7* + ;f ^ i» is 



flt/l 8 



a* 



4.y*l3«, or?l-*^3 5 namely the n'** Pqtwer of the 
Cube RoQt Qi flH^% 

CASE III. 

All ^e odd Powers raiied from a negative Root are ne<« 
gative, and all the even Powers are pofitivc j thus the fe* 

cop4 
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cond Power of — « is — iix--^=-l-tf* (by the Ruk for 
the Signs in Multiplibation) the third Power of ^— « is -f 
fl* X — a=-^-tf', die fourth rower is — ^' x —as; -1- 11% the 
fifth Power of— ^fjs +«*X— «=:—«', &c,&c. 



C A S E IV. 

A Fradion is imrolved by railing both its NumeiatQr 
and Denominator to the Power propofed ; thus the fe« 

cond Pow«r of — is JL-s the third Power of JL is i 

c c* a IF 

the fourth Power of --7- is — — — .and the fifth Power 

a + x^ a+jd 
«f — , is • 

C A S E V. 

Negative Powers, as well a3 pofitive, are multiplied by 
adding, and divided by fubtrading dieir Exponents y thus 
the Produft of jp— » multiplied by ;r-», ^s ;if— *— i =: jr—S 



I f 

25:-3, ajfo iT-s X AT* =: r-5+4 = jr*i ;= — ^ and ** 

xx"^ s: ;ca— » == X® =:i ; for here the pofitivc and nega- 
tive Powers deftroy one another, and produce only x^y of 
Unity, in the Produfk, which is no Power of x at all. 

Moreover it has been proved in Divifion that thcf ac* 
tor jr-* is equal to — r^ fo that 'the negative Powers of jr 

* X 

ue pditive Powers of — t*> and — r> multiplied by x\ 

I Xjp* X* 

gives — r~ = — T" 2= h ^c verylamc as before ; henco 

X X 

it appears that if anv pofitive Power of x be multiplie4 by 
a negative Power 01 ;y of an equal £^ponQiit| the Produot 
will be Unity, * 

Now 
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Now It will be eafy to perceive how any Quantity placed 
in the Denominator •fa Ffadionmaybe tranfpofed tothe 
Numerator, if the Sign of its Exponent be changed* 

I b b 

For fince x^Z =: — r-j it is evident that — r =: — x 

1 b bxx^i ^jT-S b 



jr =: — - X *-^ = =: — — — , and _ 

— r; = 7x7 =2I = 'V"- (Sec Cafe IL in Re- 

Af* X^ X^ 

AiSdon of Fradlions . ) 



Id the fame Manner 



X - "7| T^-»-ii 






*T •" 'a^+x\ 



a*+x' 



£!* + * * 



b 



in like Manner •. J^^ fe c X ^ — ** V^ J^H^' 



s:iXtf*+>* 






CASE VI. 



Quantities compounded of feveral Terms, are involved 
by an adual Multiplication of all their Parts i *thus the 
Powers of any Binomial a-^b are found by a. continual 
Multiplication of it by itfelf, as follows : 



a+t 
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4f+by the Root, or firft Power. 
xa+b 



ft 



a*+ab 
+ab+b* 



a^+2ab+b\ the fccond Power. 
Xa+b 



+ a''b+2ab*+b^ 

tf3 + 3a**+3tf**+*% the third Power. 
Xtf+ b 






. ^ jj^ j^'^h + 6^*** + 4^4' 4^ *♦ the fourth Power. 



.■ 



a^+z^b-h^a^b^+j^a^b^-^ak* 

a*b+4aH'^+6a''P+^b^+b^ 



t^mammim 



u5+5fl*A+io<?'**+io^**HS<7**+A% tl^c fifth Power^ 

&c. ' 



The Powers of a—b are railed in the fame Manner, tc. 
gard being had to the Signs. r-See the Operation, 

a'^b • ' ^ - 

Xa-^b 



. ■ — 



^» — ab ' 
T'ab+b* 



m^ 



a^-^iab+b^ the fecond Power 
Xa -^ b 



*»i 



• • . *• 



pV* 



J I 
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^m. 



a»— 3^*4+ 3a**— A* the diird PoMtrer 






«♦— 4fl^3+6a*^*— 4<7*H^* the fourth fcnrtii^ 






^jj—ja^i + ioa'A*— I0tf**' + 5^A*— ^' the fifth Powefr, &c. 

Here yoiji. niaf obif n^^ ^ac die jfeveral Powers of this 
Einomial ^— -^ confift of die fame Terins te thoie of thz 
foregoing one a-i-bi the Difffrenre beings only in the Signs 
of thofe Terms in which the Exponent or h is an odd 
Number^ as b^ b\ b\ Uc^ thefe are all negative^ but all 
the even Powers of ^ as 2^% b\ &c» are poiltLve. And 
it is to.be obferved, that in the hc& and \st&, Terms of any 
Flower of a ^^, die Qua,ntides a and b will eacb have 
Unity for dieir Co-efficients^ and each of their Exponents 
will be equal to that of the Power required.. 

"The Quantity b commences, in its firft Pdwer, in the 
fecond Term of any Power cf a^b^ and its £xpo« 
nent increafes by Unity in each fucceeding Term, as diat 
of a decreafes ; lo that the Sum of their Exponents is rrer 
the iame, and is always equal to the Exponent (rf the 
Power propofed. 

Thus in the fifth Powers of the preceding ExarmfJcs the 
Exponent of a decreafes in this order, 5, 4, j, a, r, a, 
and thofe of ^ increafes in the contrary ordor o, r, 2, 3^ 4^ 5) 
and the Sum of their Exponents in any Term is 5. 

For the Exponent of tf' the firft Term of dirfe Puv fe is 
i»»-j|» the Sum of the Exponents of ^ and ^ in $0% th€ 

fecond 
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fecond Term, is 441359 ia ^ dttid Tenth H^i\ 
their Suixii^ j-h2=:5> &Cy &c« 

CASE vn. 

Tojmdthe Ca-tfficwa ef atif fropifed Term^thtA tfitt preetdhtg 

■Term being knawn, 

RULE. 

• » « 

Add Unitir to the Exponent of ii in die Term pmpofe^ 
divide that Sum bv the Exponent of j in the&mel>n9i| 
^nd multiply the Quotient by the Co-efiicient of the pre- 
ceding Term ; thus to find the Co-efficients of ifat 
Terms of the fifth Power o£ a+L 

The Co-eftcient of a^ the firft Term being Uni^ 
that of the fecond Term (by the RuleJ will, be i x 

•lill^ or 44- 1, CH* 5, diat of ^e third Term wil) b^ 



SxiiL, or 5 x-t=io, that ofthe fourth Term wJllbc 




ipx— TJLssio; the Reft of the Co-efficients wiU be 

3 

found in the fame Manner to be 5. t« and fince the Expo- 
nents hdve fuch a Relation to the Coefficients^ it-witi. be 
eafy to perceive how the Powers of a Binomial in^y bf 
exprefied in a general Manner, without the Tf^uble oi 
thoic tedious^ Multiplications required in the fofegou^ 
Operations, which is thus : 

Let n denote any Number at pleafare i then, tbo firft 
Term of the ffi" Power of « 4-^, will be reprefented by ii», 
zni becaufe the Exponent of a decreafes continually fay 
Unity in every following Term of the. Series^ ther^re 
1$ifi fecond Term will te denoted by if-^^by the riurd. 
Term by «*-**% the fourth Term by <i"— ' b\ &c, fo that 
the Terms of the general Theorem without their Co-ef^ 
ficients will ftand thus, ^,+^—'A+fl"— *i*+^— ' b\ &c. 
continued till the Exponent of b becomes equal to », for 

ttea 
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dieB die Series muft end, becaafe di^ Exponent of d wiL^ 
in diatCafe, be nodiing, as ihall be (hewn further on. 

The Co-efficient of die firft Term being Unity, and that 
of die fecond Term beinf always equal to (» ) the Expo* 
nent of the Power, the Reft of the Co-efficients may be 
lOKiily found by th& preceding 

RULE. 

Thus, by adding Unity to »— 2 the Exponent of a in 
die third Term, then dividing »— 2+ 1, or n^ t, the Sum, 
by 2, the Exponent of b in the fame Term, and multi- 

plying ■ the Quotient by )f,-the Co-efficient of the 

lecond Teim, gives n x — ,; — j for the Co-efficient of 

die third Term : The Exponent of Oj more i, in the 
fourth Term, divided, by 3, the Exponent of b in the 

, »— 3 + I n — 2 

»me Term, gives , or •— r — ^ thismultipli- 

cd by » X — —y the Co-efficient of the third Term, gives 

n — 1 n — 2 " 

n X •"-;: — X — z — i for the Co-efficient of the fourth 

Term ; hence the Law of Continuation is evident, and 
die Co-efficients exprefled in a genera] Manner will ftand 

n — I n — I «— 2 »— I 

thus, I, n^ nx j— , n X— j— x — j-, « x -j- 

«— 2 n — 3 n — I «— 2 «— 3 «— 4 

Sec. continued till you have one Co-efficient more than 
there are Units in n^ be^aufe the Terms in any Power of 
a+by arc always one more than the Units in the Expo- 
nent. 

And 
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And the Terms of the general Theorem with their Co- 

efficients will become fl"+7ifl"-**.^+«x—: — ^fl"— V+JfX 

2 

— ^ — ^ tf**-' i^ &c. Therefore «+« =«"+ jwf— • 

A +» X ^~^ tf"— * i* + « X -—7^ «!"— '*», &€• whi€ii. 

is the general Theorem for raifing a Quantity confiftinj; 
of two Terms to any Power «• 

And the «*•* Power of ^ — b will be exprefled in the very 
fame Manner, only the Signs of the fecond, fourth^ fixtfa, 
&c. Terms where the odd Ponfers of i are involved, muft 
be negative. 

To Ihew'the Ufe of this Theorem, let it be required to 
raife ^-f^ to the third Power. Here 77, the Exponent of 
the propofed Power being. 3, the firft Term n", of the 
Theprepi, will become «% Ae fecond Term ««"— * i^ wiD 



be 3^^— ' by or 3^**, the third Term n x 4"—* t\ 

3 — I 
will be 3 X -r—— fl'— * i*, or 3 X ^/i\ h\ that b, 3^% 

St 

«— I «— a 

the. fourth Term, vi^, n x — r — x — -— «"— ' b% will 

3 

3 — I 3-^2 

become 3 x — — X -^- — a '— ^ i' = 3X JX| fi"" i' 

In this Term you fee the Co-efficient is equal to Unity,' 
the poiitive and negative Powers of a dcftroy each other, 
and the Exponent of b is become equal to 3, die Units in 
Ji, which ihews that the Series is ended. 

Hence the third Power of ^ + ^, is found to be ^r' + y^h 

+ 3^7^*+^'. 

Again, let it be required to raife ^ + i to the fixth Power, 
in which Cafe the Exponent «, being 6, the firft Term.rf* 
of the general Theorem is equal to a^^ the fecond Term ' 

na^^ bziea^y the third Term nx ^~^" «^*i* =: 6 X 

z 

6—1 



M I 
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. <8*-**»i=:i5tf*A% the fourth Term nx -^^ x 

(f*-'*i'=dx|X|«'A'«20tfV; proceeding on ia 

3 ^ 

diis Manner, youwIU find the o ther three Terms to be 

iSii***, 6ab\ b\ therefore Ti^* « a^ + 6tf*i + i5ii*A» + 

By thefe and the preceding Operations, you may obferve 
that the Go-efficients increafe to half the Number of 
Terms in the odd Powers of «+*, and to the middle Term 
in the even Powers of tf +A ; and then they decreafe again 
in the feme Order, therefore you need not find the Co< effi- 
cients in this Manner, further than thofc Terms, fincc 
from thofe the Reft will be given. 

By the foregoing Theorem you will find^ — if+'s: 



r-*l 



•— — 4*'*— » b\ +, &c. 

^- ■ 

Here you fee the Exponent of the Power is greater by 
Xy than tjie Units in r ; and if you write n inftead of r+ 1, 
the Exponents and Co-efficients of the Terms will be ex-. 
preflTed the feme as before. Regard being had to the Signs 
of thoie Terms in which the odd Powers of* are involved, 
as above. 

If a Trinomial, as a^b^c^ be involved, you will find 
the fccond Power to be tf* + 2tf*+**+2tff +aAf +^*; and 
^ third Power a^ + ^a^b + 3/?** + i^ + 3«V + (>ab€ + 3*V + 
3tfr*+3if?+r'. Now it is obvious, that the Sum of the 
firft three Terms in the fecond Power of a+i+f, is the 
Square ^of ^ +i ; and th e three laft Term s are eq ual to 

2cX a+b +f*i therefore i'+^+rf* == /+A^* +^^X a^b 
+r*Sfl*4.2tfA+**+a«:+«*^+c*. Again, it is pkiin, 
that t he firft four Terms of the third Power are equal to 
a 4- ^3^ the next three fi)!lowing Terms are equal to 3£X 
Aif ii% and the three 1^ Ternw are equal to 3ic*x«+* 

^c\ and conftq^^ntly <?+>+4' = J+^H 3^ x7+P*. + 



4 if* x74l + f ' 12:^* + 3«f ** + jfl** + i' + 3^*r 4 6rfr + 3*c* 

4- 32^^*4-3*^'+^'- . .... 

Hience you may dbfervej that the Terms of theJS^iare 
and Cube of any TTrhomM may \St kaawn Utom tbofb 
of a Binomial^ without ai^al Involution. 

And by proceeding on in this Manner )rou may find 
Theorems for involving QUantilies tonfifting of more 
Termsj in Which Theorems^ the feVehd Terms of Ae 
Powers may be bad by Ihfpedioo, Is ih dlo(a above. 



SECTION it, 



Of evolution. 



CASE 1. 

EVOtUTlGN is the Revetfe of Involutibri, and con-^; 
fitts ih refolving Powers into their Roots, whicll' 
Operation is likewife called £xtra£li6n ; and as the Invo- 
lution of Quantities was performed by multiplying their 
Exponents, fo theii: Roots may be extracted (as has been 
(heWii in Notation) by dividito their Exponents By the 
Number that denotninat^s t&e Root required^ 

Thus the fquare Root of a* is a^f or a^ the Square 
Root of i7*iV is d^P^^ the fquate Root of ,^3?"^ is axi^ 

i J^ 

and the fqiiare Root of '^ * « is axi*' . In the firft 
three Quantities yoU fee the Exp4)nents are each divided 
by a i biit in the laft the Denochinatoi' '>f the Exponent 
is multiplied by 2, agreeable to the Rule^ already demon- 
nfatea, for dividing a Fnflioh by multipIyHlg^ife Denomi-^ 
nator by the Divifor, when it is not contained in the Nu* 
merator. 

H Moreover! 
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Moreover, the Cube Root of a^ is a^^ or a^ the Cube 
Root of 8 a^b^ is 2tfi*, the Biquadratic Root of ax\^isaid^ 

or «*" , and the «** Root of «*+**»• is ?+3?«. 

C A S E II. 

From what has been faid with refpe^l to the Signs in 
Involution (Cafe IIL) it appears^ that any Power which 
has an affirmative Sign may have an affirmative or negative 
Rooty when the Exponent of that Root is an eve^i Num- 
ber. Thus the fquare Root of + a* may be +<?, or— <7, 
becaufe +a x + ^ =: +«% and alfo— ^ X — tf = +«*. From 
thence it iikewife follows, that no Root whofe Exponent is 
an even Number can be found for a Power with a negative 
Sign. 

Thus the fquare Root cannot be extrafted from — ^*, 
becaufe there is no Root, pofitive.or negative, which will 
when multiplied into itfelf, produce '— ^7% and therefore 
fuch Roots of negative Quantities are termed impdffible 
ot imaginary, and yet they will fometimes come into Ufe. 

But if the Power to be extracted be denominated by an 
odd Number, then the Sign of the Root will be the lame 
as that of the Power. 

Thus tile Cube Root .of —a' is — « ; of + 47^ it is + 

«7 ; and the furfolid Root of -r-^* is — ^. 

CASE III. 

y<? ^rtd the Root of a Fraction. 

.RULE, 

Extract the Root of its Numerator and Denominator : 






Thus the Sg^ire Root of*— is — ^,tbe Cube Root of 



€"- c 
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a^ a 



— , the Biquadratic Root 6^—— is ——add 



the farfolid Root of —r--r: is ■■■..^ t 



I • 



H 



e A S 1 IV; 

EvoRaioh %f ien^iad ^uantitia a ftrformed by thifiUaa^ 

RULE; 

Firftj i-ange tKcir iiveral Terms according to the Di- 
inenfions of the Letters in them^ as in Divifion, aiid by 
birice the Root of the firft Term divide the fecond Term 
^f the, given Quantitj, or by three Times its Square^ or 
four Tinies its Cube, &c. according as the Root to be 
hxXtziktA is a Square, Cube, or Biquadratic one, &c. and 
the Quotient which arifes by that fimple DiviJTor ihall be 
the fecond Term of the Root ; then fubtra£l the fquare^ 
cube, or fourth Powerj &c. of thofe two Terms in the 
Root from the given Quantity^ according as the Root to 
be fubtra£ied is a Square, Cube, or Biquadratic one, &c; 
and if there be a Remainder divide its . firft Term by the 
ikhie fimple Divifor that you divided tlse fecond Term ot 
the given Quantity byj and the Quotient flball be the third 
Term of the Root^ &€; 

"Thefilkwihg Exan^Us iviB itaktitns very et^i 

EXAMPLE ii 
Let it be required to extra£b the Square Root of cP'^^^i 

. Here dividing -^i^x the fetond Tetttij by 2<r, twice' 
the Square Root of <?% the firft Term, gives -^24? for 
ihe fecond Term of the Ro'ot, ^hen firbtra£ting the Square 
if n-^ayr (the two firft Terms of the Root) from the 
^iven Quantity, the Remainder is ^ay^^^^ +y*, aiid di- 
tiding iofi die firft Term of this Remainder^ by 2<7, twice 

H 0^ &fll 
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the firft Term of die Root^ gives y for the third Term 
of the Root, and by fubtra£ting the Square of u — 2jr+/ 
(which is /2* — ^4^*'+4Jf*+2/gF— ^4Ji7+jr*) from the given 
Quantity, there remains nothing, and therefore a — ix-^-y 
is the Square Root required. 

But befides the foregoing general Rule for extraAing 
the Roots of all Powers,' there is another by which the 
Square Root of a Quantity may be more readily ob- 
tained ; which is thus : Fina the oquare Root * of the firft 
Term n*, which gives a for the firft Term of the Root, 
then fubtraft the Square of 4, the firft Term of the Root 
from the propofed Qiiantity, and divide the firft Term of 
the Remainder — ^4^jr+4jr*+2iiy — ^4-37 +y*, by'atf, twice 
the firft Term of the Root, and the Quotient — 2a' is 
the fecond Term of the Root; add tiiis Ibcbnd Term to 
the double of the firft, and multiply their Sum ^a — %x 
by the fecond Term — 2X ; fubtra;^ the Produd — ^ax-^ 
4^* from the aforefaid Remainder, and divide the firft 
Term of this Remainder 7.ay — ^4^7+7* by 2<7, twice the 
firft Term of the Root, and add the Quotient y, to the 
double of the two firft Terms of the Root for the next 
compound Divifor, &c. See the Operation at large. 

n**— 4i7x+4Jr*+2i7y— 4jiiry+y* (<7— 2*'+y Root. 

17* 



tiP-zx \ — 4i7Ar + 4;r* + 2^— 4jry .4- jf» 

X — 2 jry — 4^*- + 4Jif* 

III! I I ■ l< 

. 2tf— 4Jf+y \+^ay—/^+y^ 
XyJ lay-^^'^.y* 



In the lame Manner the Root of a Surd may be ex- 
tracted, and expreiled by an infinite Series : Thus you 



*■* 



will find the Square Root of «*+**, to be « +..:--jl-a 
- — J. — *- ^ &c. - 

For 
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For here the Square Root of the firft Term ^% is a^ 
the firft Ttxvs^ of the Root, which being fqu^red and t^- 
ken from the given Surd tf*+^v% leaves x\ this .Re- 
mainder divided by %a^ twice the firii Term of the Roo^ 



x" 



gives — for the fecond Term of the Root, which added 
to 2<7, gives 2<7+ -— for the firft compound Divifor, 



x"- 



which being multiplied by — -, and the Produ£^ (*•*+ 
^ x^ 



— •) taken from the firft Jlemainder x\ leaves — ^ 

x^ 

this Remainder divided by za^ gives — ^ for the third 



Term of the Root, which muft be added to the double of 

ta+ \ the two firft Terms of the Root for the next 

'2a 

compound Divifor, &c.^^See the Work. 
a^+x^ / x^ x^ x^ 



X^ ^7. 






4^ 

> \ ■ 1 . 1 



, ;t* X* \ x^ 

a Saf / ^ 



X^ X^ . X* 



4^* 8^* 64i7* 



H 3 Here 
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Here dividing + -«--^ the firft Term of this Remaindei? 



*• 



f)y Zffj gives H — r~r ^^^ i^^ fourth Term of tthc Roqt, ancf 

T 

thus you may continue the Series on as &r 2^ y«u pjeaie. 



** 



In like Manner yoif will fyd y'fl^-r**) =: a— , 
** *^ 

Note. In order to have a true Scries, the greateft T^ri^ 
of the propofed Surd muft be alwap placed firft, as has 
been demonftrated in Se£Uon VII, fo that a^ is here 
fuppofed to be gi eater than x\ 

But thefe Surds may be more e^peditioufly extrafted by 
the Binomial Theorem ; for to extrad any lioot of a 
given Quantity is the fame thing as to raife that Quantity 
to a Power whofe Exponent is a Fradion ; the Numera- 
tor of the Exponent inews the Power^ and its Denomi- 
nator exprelles what kind of a Root is to be extra£led. 

Thus %o extrad the Square Root of a*+x\ is to raifc 
«*+** to a Pov^er whofe Exponent is f, therefore if we 

put «=f, then by the Theorem we fliallhave^HK*^' ^ 

2 2 "2 

X-f ^' ;r^ &c. = ^+ JL - ^ + -i!-, &c. 

the very (an>e ^s before. In the fecond Term | <r-* x^ of 
this Series, the FaSor ^r-" = -L. (by Cafe V. of Invo^ 



jution) hence f <r-' ^*=:| x JL x ** s: 



IX* X* 



a 2a^ "^ 2a ^ 
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as before ; The third Term «K-2Zi. «*"-♦ ;r* = | x 






2 2 



A 



Here you fee this Term comes out negative, the fame z% 
by aftuaj ]fy*-'a6tion ; but the Co-efficient of the fourth 
Term is | x — Jx— j=:+-iV affirmative, tberefore the 
fourth Term is affirmative. Hence you may obferve, that 
in the Extraftion of Roots this Theorem brings out the 
Terms of the Series with their proper Signs, 

Again, let it be required to extract the Cube Root of 
^5 — 6d^x+ i2ax* — %x\ and the Work will ftand thus : 

^'— 6flV +i2^Ar*— 8*' (<7—2*, the Root required. 
3/7*) — bd^x (— 2y 

tf^— 6flV+ 12^;^*— 8;r% the Cube of a^zx. 



^mmmm^'^f^^mmmmm 



o o 



Here you fee the fecond Term — 6t7V of the given 
Quantity is divided by 3<?% three Times the Square of ^, ' | 

the firft Term of the Root, agreeable to the preceding 
Rule, and the Quotient gives — 2;ir, for the fecond Term 
of the Root* 

Laftly, let it be propofed to extraft the furfolid Root of 

tf-fxl^ by an infinite Series, Put w^y, then will tf+P-y 



^a + ;r'* s: «**+»«*— *;if +71 X — — tf"— * x + n y^ 



, n X ' •'(J"^^ Jf^+> &c, z;: a^ + ^a jr +, 



2 

3, 3...« 

— ^ ^ , , ^^. ^ j^ + ^a X +* 

5^ 3 

X— 4.«^*x*+ I X — 4 X-^TT «^"'' ^'+J ^'C* = «^ 
^x 3** 7^:' 

4^ .. ■ *-^ — — — . + ■ — , Uc, The Root re« 

5^^ 25^"^ 125^^ 
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REDUCTION OF RADICAL QUANTITIES, 

CASE I,. 

7« r*JH(* Surtb to their mofifim^ Terms, 

RULE, 

Divide the Quantity under the radixral Sign by its greateft 
fquare CHbe,Biquadrate, &c. anfwering tp the given Surd -^ 
prefix the Root of the Divifor to the ^radical Sign, and 
place the Quotient ur^der it. 

Thus v^i2 is reduced to • 4 X -/ 3=2 v" 3^ •SJIs; 

Vgxy^ zz^ 9 X \/ 7^=3 V^'t' and y^^Vlmay be reduc-s 
^d to x^a"^ x^ X sT^, which, by extrafking the Square 
Root of <?* ;if*3, becomes axt/lc?\ 

In like Manne?- i8tf*+9i2V=:3^v/2+Af3nd>/66f*-J-4tf**^ 

This kind of Reduftion is alfo ufeful in Addition and 
Subtraftion of Surd Quantities, where the Quotients (un- 
4er the radical Sign) ih each Quantity are the fame. 

Thusjhe Sum of yx yT^f^and 2^ yi + ^lis T^a j^ x-^-A 

+ 2tf \/ 2+a1 =: 5^7 v' 2 HH? ; and their Difference is 3^ ^ 2+J? 

Again, i/tf^M zzab'/a^ ^', and y^^^A**"! = <7xy;fM 

In all thefc Surds you fee the Root of the Divifor isprer 
nxed to the radical Sign, and the Quotient of the Divir 
fion is placed under it ; thus the greateft ^ube Divifor of 
i?' b^ is a^ Py whofe Cube Root apy is prefixed to the radi-r 
<:al Sign, and the Quotient a^b is placed under it. In lil^c 
Manner a* x* divides a^ x^\ and the Quotient ;*•* is placed 

^nder 



< 
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iinderthe l»dical Sign, and the ?^^ Root of if x^y which is 
fx, is prefaced to the radical Sign : And in the firft Surd 
you (ec that 12, the Quantity .under the radical Si^n, i$ 
ijmded by 4, the greateft fquare Number-that would di^ 
Vide it vvithout a Remainder, and the Square Root 2 is 
prefii^ed tp th^ radical Sign, and the Quotient 3 is place4 
wndef it, ... 

C A S E II, 

A ratioBa} Quantity may be reduced to the Form of any 
-given Surd, by railing the Quantity to the Power that is 
denominated by the Name of the Surd, and.&en iettii;g 
^e radical Sign over it : 

* 3 - 4 » n 

Thus, azii/^-rLi/a^ 1=^/^ =:\/7^ =^.ii, and % 
p: ^4? zz */ V zn v^ i6» =: -v/32^=: V2»J =2«. 

In like Manjjer ^ <iJrl=: y'p]?! =: tf^«^l*, andv^"Sl 

This Sort of Reduftion is ufeful in multiplying and di- 
'Viding Surds under diferent radical Signs. 

Thus v'^j or fl^lr^* multiplied by\/'7\ or ? gives 

X X ^x ^x 

•V Jf^*^ X 3^^* or S^T^ , and the Quotient olicPx^ dU 

X ^x 

vided by ^ ' gives ax^y" 

But if the given Surds are of the fame Quantity, and 

ligve different radical Signs, bring their Exponents to a 

pommon Denominator, then the Sum and Difference of 

the Exponents fo reduced, fhall be the. Exponent of their 

frodudt and Quotient refpedively. 

Thus the Surds J?T and ^ITlT, when the Exponents 

^e t'royglit to a pommonPenominator, will become ^^ 

and 



axi — 

CI 
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and J?J7, tb^n their Produ<9: is (tf^-iT X ^T = / ^ #• 

ms 

X ax^cs :=:a^ a } and their ^Quotient is 

ax)cs -^•7^ ;= tf V*Ti * 

It is evident that reducing Exponents to a common De- 
nominator does not alter their refpeiftive Values, and there- 
fore the Values of the Surds cannot be afFefted by fuch a 
jRedudion of their Exponents, but muft remain intvarja- 
bly the fame ; therefore the Sum and Difference of the 
Exponents of Surds, mu^ necelTarily give the Exponents 
of their Produft and Qjotiei^t rfefpci^velyi the very fame 
^ thofe of ratiqnal Quantities. 

CASE III, 

, Any Binomial Suri being given, to find theMulti^Ser which JhaH 

produce a rational Produ£f^ 

RULE, 

Firft, if tfie Terms of th? Binomial have n^t the &mc 
Indexes, reduce their Exponents to a common Dcnomi* 
Jiator, or to the fame radical Sign ; change the Sign of 
one Term of the propofed Surd, and raife the two Quan- 

,|ltie5 under the radical Sign tp a Power whofe Exponent 
IS lefs by i, than the Units in the Denominator of the 
Exponent of the given Surd : Prefix the comn^on radical 
Sign to each Terni of the Power j but rejeft the Co^effi- 

^dents, fo (hall the two Quantities thus involved, be the 
Multiplier, which will produce a rational Produfi, 

Here fpllows a general Theorem, which anfwcrs exaijlly 
to the Rule, ^ 

Binomial J a^.^^ V "^ 

Multiplier J 7^^ + l/l^^;^ + ^J (t^H^ 






+ &C, 



H, B, la 
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N. B. In this Theorem you are to obferve, that^ flT botl| 
Terms pf the given Binomial are poiltive, then the iecond, 
fourth, fixth, &c. Terms of the Multiplier muft be negar 
tiye ; but if one Term of the Binomial Surd is negative 
then all ^he Terms of the Multiplier muft be affirmadve ; 
and the Number of Terms in t^e MuluDlier will be aiv 
ways equal (o the Units in n, 

EXAMPLE I, 

Let it be requirpd tp find the Surd, which multiplied by 

V^+ 1/ ^ , will give a Rational ProduS:. 
Here we (LtU want only the firil three T^rms of the ' 

general Series, ^nd here niz^* Therefore -/<!•— *1 + 

y^— **l + ^/(i*—^fi =; vT^ — /TP + yP, is Ac 

Multiplier, but, for Conveniency, }ihall ipalce it the Mul« 
^pUcand.<<*-See the Operation, 

3 f - 3 



I ■ 

3 . — ^ 3 



TfeePr^dua a ♦ ♦ + *• 

EXAMPLE n. 

Find the Surd, which multiplied by •?> + / ^ 

gives a ratioml Produft. 

> - '^ 

Here «=:4, and •tf^"— '1 + Va^"— »A3] 4. y^pCIaJ??)^ 

^^sesjS)-- v''^—vr^^+V7i«)—v'l^i8 the Surf 
f«quircd.— See the Work. 
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4 



^ ^ • 

The Produa fl» ♦ ♦ « — ^. 



Here all the Terms of the Produd deftroy one another, 

except \^a^ and — \/^^, and thcfc Terms are refpcc- 
threly equal to a^ and — ^, tberefbce the Produd; i$ d^^b\ 
lational. 

EXAMPLE DL 

Let it be required to find the Surd, which multijJied by 
V ^ — V A', or ^ a^\ ^ ^ ^%I &all give a rational 



t 3 

Produa. 



Here «i:;6, and ^<?^"— '1 + i/cF^^^ + Va-***— ^^^ + 

n - « — « 6 ^ « 

6 6 6 6 

+ »y^Fy^ + i/?l^ + V^^ + V^ , is the Surd 
required.— See the Multijrfication* 

6 ^ 



^••i 



V?^+v/^^ + ^^?^ + ^^^+ v'«*?+ ./P^ 

• B-ikI ~ 6 " 

V ^ *- * *. *— v^ 

* ' ' ■ ■ I ■ I . , ■ . J ^ 

Hei« 
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HeretheProdua^is V^^ — ^/^ =2 tf^— i*, and is • 
rational as requrr^d. . . 

By this Reduftion a Fra£Mon which has a Binomial 
Surd for its Denomirtator^ may be reduced to a more fim- 
ple Form, by multiplying both its Numerator and Deno* 
minator by that Surd, which multiplied into its Denomi* 
nator will give a rational Produft. 

Thus the Fra<EHon by multiplying its Nu- 

• 7 — V fl 

merator and Denominator by v* 7 + • 3, become^ 

4V 21 + 12 ^^ 



S E e T I O N XL 

ReduSion iff Equations^ which involve onty one 

unknown ^qntity. 

AN Equation is a Propofitionafl^rting the Equality of 
two Quantities differently exprefled : Thus x'rzai^ 
is an Equation which (hews tiiat » is equal to the Produ3: 
of a and b multiplied together. 

Equations are the Means by which we come at fuch Con% 
cluiions as anfwcr the Conditions of jProblcms« * 

^ C A S £ I. . 

Any Quantity may be tranfpofed or moved from one 
Side of an Equation to the other, if its Sign.be irhangcd 5 
this is nothing more in Effcft than to add the %i^ Quan- 
tity 
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tity with a contrary Sigii on each fide of the Equation j 
and it is evident, that if equal Quantities are added td 
dqiial Quantifies their Sums mtift be equal; 

Therefore tranfpofe all the known Quantities to one 
Side of .the EqUatioh and all the tinknown ones to the other 
£ide^ fo (hall the Value of the unknown Quantity be de^ 
termined (where after Tranfpofition its (tJo-efficient i^ 
Unity) as in the following 

EXAMPLES. 

Thus If *>-i6a::ioy then by tranfpofin^ *^y i/^ith the 
contrary Sign, to tht Other fide of Equation, we have ji^rs 
io + 6=i6: 

If 3iV=2x-f 20, theii by tranfpofing iily rkt hate 3^^-^ 
ixdzio, or 4f=:26. 

If 5*- -f- 20 zz^ +30,* here by tranfpofirig 26 aftd 4^", Vft 
have 5;r'^4*'=:?30— 20, hente x^fo. 

If jx — a+bzzbjf-j-c} here by tranfpofing — ^i7+* ancJ 
6xj our Equation becomes^ Jx — bxSLa-^^Cy hence x^ 
S'^b+c. 

C A S E II. 

Any Quantity by which the unknown Quantity is mul- 
tiplied may be taken away, if you divide tverj Term om 
both Sides of the Equation by it. For it is evident, that 
if equal Quantities are divided by equal Quaiitititl^ their 
Quotients muft be equal i 

Thus if 4Jrzi24 ; here dividing fcoth fides of the Equa-^ 
tidnby 4, we get x±:6y and the Equation axt^dby divid* 
td in the fame Manner by <7, gives x::zb. 

If aJcStby tiienr dividing both Sides by a^ W9get4r=; 

a* - *" J 

If 5*+8Sjp+io, diett trarifpofinjg 8 and ^, by Rule I; 

we. have s^ — ^^^ =20-^8; hence 4a'=:i2> and by Rule II; 

12 
wc get jf3:— -= 3» 

. b^e 

AgJiin,.if ^xsi+r^ then xzz—j^ 

a 
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I 

If 2ax+6aizzy\ then tranfpoiing + iabj we have 

7Xfxz:y*'^6aby Ais Equation divided by 2tf, gives *=:— — 

-3*. . ■ ' 

Sometimes the unknoVn Quantity is multiplied by dif« 
ferent Co-efficients, feme numeral and fome literal, in 
which Cafe its Value may be found, by dividing both 
Sides pf the Equation by the Sum of all the Co-efficientSj 
conneded together with their proper Signs. 

Thus fuppofe the Equation after Tranfpofition, &c. to 
be ax-j'2^^^'i'^j then dividing both Sidesthereof bytf +3 
(the Sum of the Co**efficients of the unknown Quantity ;r) 

gives ^r:-^. 

In like Manner the Equation ax+x^zc+d^hQing divide 

ed by 17+ 1, gives ^=^'j:^- 

If ax-^xzz <+i then *•= 

If ax'^oix'i'Cxzzdr — n^ here dividing both Sides of this 

dr-^ 
Equation by 0— -a^+r, gives x^ ♦ 

CASE m. 

If the unknown Quantity is divided by any Quantity, 

ihat Quantity may be taken away if you multiply all th^ 
Terms of the Equation by it. 

Thus if — ==i+2, then multiplying every Term of thf 

Equation by «, we have JffL sz ab+ia^ or x^ai+2a. 

Jf all the Terms of an Equation are divided by the fame 
Qiantity^ let the common Divifor be caft away, 

Thus 
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Thus if —^ = — — ^ tjie,^ |jy cafting away the corii^ 

tnon Denominator a<^ the Equation ..^ =: — become^ 
' a a 

In the fiimfe Maimct tile Equation — ^ ^ ^^ — "^ — » 
win be reduced to x:na — ^ and fo of odi^s* 

C A S E IV* 

Tf the unknown Quantity be divided by Afferent Divi* 
fors, let every Term of the Equation be multiplied by the 
Produft of m thofe Divifors or Denominators, fo (hall the 
unknown Quantity be cleared of Fractions, as before* 

^ ^ X X 

Thus if + r: h^ then multiplying all the 

c a 

Terms of the Equation by a Cy the Produft of {a and c) 

acx acx 

the Denominators, we have m + _ — ^ =£ abc^ or ax 

c . . a ahc ' 

'i-cxi^abci hence dividing by tf+f, we get jfts 



If Ar+_ = -— ^ + 7 i here by multiplying every 
Tcrfti by 2 X 3, o!r 6, ttie Pf odua of the Dttiofninatdrsj 

we have 6xH sr +42, or 6ep+ 3*522*4-4*, «* gir 

23 

rr 1^+42 J hence by Rule r, 9*— fltArsr4^, or 7*£s|;25 

42 
and by Rule II, we get * = *-rr =6* 

ir + .^ gj.^ This Equation being inttf* 

a b 'c • " 

ttp^eilby abcj the Produdt of the Denominators, becomes 
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ftjr-f 5^x— 'tf^ 3=/73ir^ heace bf Rule IL we j^t xes, 
abed 

C A S E V. 

If the Unknown Quantity be contained in a Surd Root^ 
let aU the other Terms be trahfpofed to the contrary 
Side of the Equatiota, by Rule I. and then if bolh Sides 
be involved to the Power denominated by the Surd^ an 
Equation wiU arife free from radical Quantities; unlefs 
there happen to be more than one Surd containing the un-^ 
known Quantity, in which Cafe the Operation muft be 
repeated. 

Thus, if i/ax+bi =3^ ; here, by fquaring bodi Sides, 

we have «jf +i*=:9A% and by tranfpofing b\ we have aX 

8i* 
rigi*— i*=:8i% hence, dividing by tf, we get ttzz ■ ^ 

\ Let '/x+A s=f — A/jr+3; this Equation, by fquaring 
each Side, becomes ^ + <7s:c*-*-ar */x-^b\ +*+^, hence 

by Tranfpofition, we have jf — * + 2^ -v/*"+^sc*+^ 
— •^, of let/ x + b\ ssf*+i— <7, and dividing by 2 c we get 

- c ^— tf 

$/x^\^cz •— - + ""T^ — ) and by fquaring again j we have 
c b — tfi , ^ e ^— tfl* 



Suppofe l/ax — ex\ n a; here by cubing each Side, we 
have this Equation ax^^opczza^ which, being divided by 



a' ^ 



', gives Jfs-rir. 



CASE VL 

If that Side of an Equation which contains the unknown 
Quand^ be a conipleat Square, Cube, or other Power, 
then win the Value of the unknown Quantity be obtained 
by extrading the proper Root from both Sides of the Equa-^ 

I tion; 
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tion; for tf two Q^ntide».are eqUal theit Roote iftuft 

neceiTarily be equal. 

Suppofe x^zz2Sy then will xzz's/^ Tz 5. For the 
Square Root of x* is Xy and the Square Root of 25 is 5* 
* Let x^+2ax'ha^^by here, by extrading the Square 

' Root on each Side, we have x+azi^'d^dLnd by tranf- 

pofing a^ we get x zz^^^'^a. 

If x^tza-hpy then will xsil/'a^b*] 

If A'+flV =r J then by extrafting the n*^ Root, we 
have A" +^r: •'^j and thcrefprcA-r: \F^ — ^. 

CASE VII. 

If the unknown Quantity be contained in the Term> 
of an Analogy, its V alue may be found by multiplying 
Extremes and Means together for an Equation* 

For if four Numbers are proportionable, the Produft of 
the extreme Terms multiplied together, will be always 
equal to the Produ6): pf the two middle Terms fo mul- 
tiplied. 

Thus fuppofe X : 16— a* :: 3 : 5. Then will the Pro- 
duA of the firft and fourth Terms be 5;^, and the Pro-» 
duft of (16 — ;«• and 3) the two middle Terms, will be 

16 — xX2j or 48— 3Ar, and by ptitting thefe two Produfts 
equal to each odier, we have this Equation 5^^=48 — 3*^, 
hereJjy tranfpofing — .3 jr, we haYe,5*+3*'^48, or 8* 

5:48 y hence ^^"^ = ^- 

Agam, a x: a :: b : c; then by multiplying Extremes 
and Means, we have c xziab^ and confequently x a 
ab 



CASE VIII. 

If the fame Quantitv be found on both Sides of an 
Equation, or multiplied' into all the Tewns, it may be 
ftr uck out of the Equation^. Thus> if ;r 4- ^ s;2>7 4- r } here 

thi 
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^e Q|uuitity tr, having tiiie bfiit Sign on both Sides of 
the £qilado% I therefore tqcA it) and fb xtstzay and it 
b evident tdut r #ould Have been dtftroyed by Tranfpoii- 
tion. 

Again, it ax^^^^b+at'yhcrt dividing every Term of 
the Equation' bjr tf, we have xiz^b+c. 

The Rules hitherto delivered relate to Angle Equations^ 
which contain •nly one Unknown Quantity, but when two^ 
three^ •r more unknown Quantities are concerned in a 
Problem^ then there mufl: be as many Equations, which 
tnay Be reduced to an Equation involving only One tm- 
known Qjiahtity, by tiie following Rules^ 

RULE I. 

Obferve Which of all vour unknown Quantities is th6 
leaft involved) and let the V alue of that Quantity be found 
in each Equation, by the Methods already explained, 
looking upon all the Rtft as known ; let the Values 
thus found be put equal to each other (for they are equal) 
becaufe they all exprefs the fame Thing ; whence ne\^ 
Equations will arife^ out of which that Quantity will be 
Wholly excluded ; with thefe new Equations the Operation 
may be repeated y and the unknown Quantities extermi-- 
nated one by one, till at laft you come to an Equation 
containing Only one unknown Quantity, which may b^ 
then folved by die preceding Rules* 

Thus, let the given Equations be jr-fysg, and yc+Sf 
ttiJi to find X and y. 

Here by tranfpofing x in the firfl:, and 3;!^ in the fecondi 
Equation, we have yt=i9*-*;ifj SLndsy^ZJ — yc^ hence ysS 

■ , ■■ •^ ■' : Now thefe two Quantities, namely P^^"^ , ^ 

and 9-^x', are each found dqual to y, ^nd Qiiantities 
that are equal to one and the (ame Thing are evidently 



equal to one another, theref#re ^ i ' ■ ^ =: o-**' ; this 

5 

Equation multiplied by 5, becomes 37—3*3145—5*, hence 

by Tranfpofitioh we get livzi:8, therefore ;ir2«t=:4 j and 

ysc9-.;r=:>-+=5. 

I » R U L It 



1 
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I 

Or let the Value of the unknown Quantity, which 
you would firft exterminate, be found in that Equation 
wherein it is the leaft involved, confidering all the other 
Quantities as known ; and let this Value and its Powers, 
be fubftituted for that Quantity and its refpeftive Powers 
in the other Equations ; and with the new Equations 
thence arifing repeat the Operation, till you have an Equa- 
tion containing but one unknown Quantity. 

Thus, let there be given the Equations Jir4- 3^2:9, and 
2 X *+ 7y=20 i then from the firft Equation we fhaU have 
Ar=9— 3y, and by writing 9— 3y for *• in the fecond Equa- 
tion there will arife 2x9 — 3y + Tyssio, or 18— 6y4-7y 
=20; hence j^=c20— 18=2, and dxercforc ;r==9— 3)^=9 

-6=3. 

RULE III. 

Or, laftly, let the given Equations be multiplied or dir 
vided by fuch Numbers or Quantities, whether known or 
unknown, that the Fa<2or which involves the higheft 
Power of the unknown Quantity to be exterminated, may 
be the fame in each Equation, and then, by adding or 
fubtrading the Equations, as Occafion may require, that 
Term fhall be deftroyed, and a new Equation will arife, 
wherein the NumVer of Dimenfions, (if not the Number 
of unknown Quantities) will be diminiflied. 

In folving the following Equatioris, I (hall occafionaDy 
ufe the fecond and third of thefe three Rules, as thefe are 
generally ;norp eafy and expeditious than the firft. * 

E X A M P L E I. 

Given I ^l^HS f j ^^ find fe and y. 
Add thefe two Equations together, and you will havt 
JLxzzd+s^ hence xzz, — ; and by fubtraAing the fecond 

given Equation from the firft, we get 2y=rf — rfj therc- 

s^d- 

fore y= 

-. 2 • ... 

' EXAMPLE 



VJ< 1 



ELEMENTS of ALGEBRA, . ii; 
EXAMPLE It. 

Given I /i^Z.B I 

• From five Times the firft Equation take the fccond, 
and you will have 14^=70, hence ^=:-i-— =:5,' and firom 

tliree Times die fecond given Equation take the firft, and 

there will remain i4jr=:28o, whence x:^ — -*•— =: 20. 

14 

E X AM P L E IIL 
Given S ^*'t*-''=S I to find *• and v. 

• * 

From i 'X\ait% the firft Equation take h Times the fe- 
cond, and there will remain aex — bix'TLce-^hf \ hence xz=l 

ct bf 

— —TT • Again from a Times the fecond Equation take 

d Times the firft, and you will have aey — dbyzzaf-^f^ 

, af — dc 

whence y=— ^ — r- . 
•^ ae — db 

E X A M P L E IV. 

buppo c J X \ y\\ ax by hence bx^ay^y this Equation 

being taken from b Times the firfl^ leaves by=:bs — ^y, 

bs bs 

hcno^ ay +byz:zbsy therefore y =: r , : Now write "^ t ^ 

inftead of y in the fecond Equation, namely in bxzzay^ 

stnd you wifl have bx::z, — -r, or x = — -r- 
' a-^-b a+b 

EXAMPLE V. 

f 2Jr+ y-f2Z=40^ 

Suppdfe ^ 3^ + 3y— z = 48 i 

1 3 Take 
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Take twice the third Equation from the firft, and there 

40 
will remain ;? 2: 40— 4y, or 5ys;;40, therefore jrs -^sti 

write 8 for>' in the Sum of the fecond ind third Equations, 
^nd there will i^rife /^r^^z>^S:?il^+^>{9%<vc 4*:^jfi i 

40 
whence ;*•=:— —" = 10 5 andbyiHnriting 10 for x andS for jp 

in the diird given Equatipn, you wiU bav^ |0+2==2^x8| 

EXAMPLE VL 



j x^z=b > 



Suppofe 

From the Sum of the (irft and fecpnd Equationi, take 
the third, and there wiU remain 2x:s:a+brT^^ therefore 

^:rz ".. ' " i' '. ■: Again from the Sum of the ftrft and thir4 

Equations take the fetond, and you will have 2j=tf +c— i-, 

^hdj?= < ■ ■ - ; Lafily, from the Sum of the fecond 

^ ^nd third Equations fubtraA the iirft, and there :will re-* 

s^«i^— -^^ III I'll * 



piain 2z=:i+fr-tf, hence z s: 

EX A M P L E VU. 



Given , 



ir ' b i:? to find Jr, jp and z« 



To the fecond Equation, multiplied by hcy^ ^dd th^ 
thjrd Equation multiplied by ay^ fr0m the Sum, (namely 
^'7+3^/+0'^*=^0'+^^<6') iubtrafl: the firft Equatioi^. 
and you will have aey-^-hcdyr^s-szx^^ox agy+kdfzs^si an4 

^^^' a€r{rt ' ca ' ^^^ ^^^^^^ Eqi^tipn multiplied by ic^ be* 

CQn^es 



Qooies 2h — f»*=if4 in diis "Equation write — ■• s » for 

— ir^ Hc*^^^ **= , , *w " ^^ a^d confequcntly zr: 

— Iif — - — iifl; and by writiiig — .^ ^ . *■■ U^ for 
. 2% in the tihird given Equation, there will arife A'-f 



6^x 2;^^^ , 2bid 

. = ^, whence x zze + 



a^e+abcd a 

(>bs 



a*e+abcd 



In this Solution the Signs of the Terms of the Equa- 

tion — . , ■ , — cz^zzbcdj were all changed, in the next 

Step, in order to bring z* out pofitive fo that its Square 
Root might be fubtra£ted. 

The Signs of all the Terms of any Equation may be 
changed, and the Equality will ftill be retained 5 thus, if 
m^xszb—Oy then will xzza'-^b, 

Obferve always to bring out the unknown Quantities 
widi the fame Sign and rower in each Equation, when 
you equate their Values, .as in the firft of thefe three 
Rules, on Pagp 115. 



■T^ 



SECTION XII. 

/ 

Of ARITHMETICAL PROGRESSION. 

ARITHMETICAL Proportion, or Progreffion, is. 
when a Rank or a Series of Numbers or Quanti- 
ties increafe or decreafe by a common Difference, or by 
;9i continual adding or fubtra^ng fome equal Number or 
Quantity, 

I 4 As 
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A« I ,V T?' a V t '5' '?* } Here tho com. 
nion Difference i& ?, 

C A S E L 

If the firft Term of a Series pf Quantities be a^ an9 
If the common Difference by which each fucceeding 
Term increafes, or decreafes, be denoted by dj then w^ 
the fecond Term be a+d, the third a-^idy the fourth 
^+34 &c:« in an incre^fing Series ; if ;i: be the firft Term 
of a decreafing Series, then will the fecond Term be x — dy 
the third ;ir— 2^ the fourth J^— r3^ &c. andthefe Serief^ 
exprefTed in a general Manner will ftand thus : 

C Increafing, a^ a+d, a+2dja+2dya'\-^ a+^dyScc* 
X Decreafing, Jir, jir— ^ x — idj x — 3^ Jir— 4^ *— " 5^ &c. 



The Sum of the firft Series continued to fix Terms, is 
6a+ isd=^3 X 2a+s^ 21^^ the Sum of the firft ; fo Terms 
pf the fecond Scries is bx^r^isd^i^XJx^^s^* 

Add the firft Term a^ in the firft Series, to the fixth 
Terni ^?-J-S//> ^^^ y^^ wiH li?ive 2/7+5^ for the Sum of 
the Extremes of fix Terms of that Series 5 and the firft 
Term x in the fecond Series added to x — jd the fixth 
Term thereof, gives ix-^sd; fo that the Sum of the Ex- 
tremes in each Series being multi plied b y 3, half t he Num* 

ber of Terms, gives 3 X 2^+ 5^ and 3 x 2*^— s^i^ the Sum 
of all the T^rms in each Series refpeitively, the very 
fame as before, 

^ And fince this will ever be the Cafe, let the Numfer 
of Terms be what it will, it is plain that the Sum of 
any Series of Terms in Arithmetical Progreffion is equal 
to the Sum of the firft and laft Terms multiplied by half 
the Number pf Terips, "^ 

Put jz;: the Sum of 4II the Series, and «^= the Number 
of Terms, then fince d daes not cornmence till the fe- 
cond Term, it is evident that the Co-efficient of d in the 
laft Term will be n — 1 5 therefore the laft Term will be 

f^i-?iTTri^d^ or a+nd-^dy which added to die firft Terq;! 

4^,^ gives 



jiy gives 2a+na—dy for the Sum of >the Extremes, which 

being multiplied by — , gives -» r, or fl+ 

X«i for Ac iSum of the whok. Series. • 

HendB irsg+ x «. To give an Inftance of 

: . ^ ; ... .... 

this, general Theorem, let it.be required to find the Sum of 
the Series 3 + 6+9+i2+i5,&c. continued (o an Hundl«d 
and Fifty Terms. 

Here<7=:3, ^/=3^ nzzi$o i and /;=<?+- — p— x«S 



;t 



V 



4,50 — 9 
3+ ^ >< 150=33975- , 

N. B. The. Sum of this Series is the Anfwer to the 
third Qucftion in Mr. G. Dyer's Arithmetical Progreffipn, 
in his School's Affiftant, Page 86, ,firft Edition, where 
•his Anfwer is 22725 Yards, or 12 Miles, 7 Furlongs, 6^ 
Yards ; inftead of 33975 Yards, or 19 Miles, 2 Furlong*, 
and 95 Yards, as it ought to.have been. 

C A. S E n. ■ .- .: 

If the firft Term of the Scries be (o)\ z Cypher, ch' 
nothing, then fhall the Sum of the Series be equal to the 

laft Term a-^nd-^dy multiplied by ~, half the Number 

pf Terms. 

*."-■.'•. , • ' 

For Example, the Sum of the Series o + 1+2+3+ < 
'+ 6+ 7 + 8 + 9=9 X -^ =7+^3-77 ~ 

2 2 ♦ - 

For here axzo^ dzzi^ and ii=:roj therefore in th*is 

r>k r t '■ ^ J 10 

Cafe WP have s;;znd^dK ^9X ^9X5^^5* 

2 2 



••V 
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CASE in. 

Any three Quantities in Arithmetical Progrcffion, fbe 
ibttble of the middle Qjpntity^ is equal to the Sum d[ dKt 
£xtremes« 

Tbus in die tiu«e Te^ns iz^ a+d^ 4i-f 2^4 k is evi- 
dent by InTpedion, that the Sum of (a and a+%i) the 
£xtrem«8» is {z^+Td) ecptal to twice a+d the mean or 
jBiddle Ttjna. 



■M* 
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SECTION xni. 

Of Geometrical Proportion or FrogreJJim. 

WHEN a Series of Quantities increafe by a conftaht 
Multiplier, or decreafe by a conftant Divifor, thcy^ 
^st {aid to be in Geometrical Proportion ; and the faid 
MoldpUer or Divifor is called the Ratio of the Series* 

C A S' E L 

As z« %. 4, 8* i6. 32. 64* Here the common Multi^' 
|Iier, or Ratio, is 2. 

Alfo 72^9. 243. 8z. xj. 9, 3. 1. Here the commonDi* 
vifi>r, or Katio, is 3. 

And, in general, if the firft Term of die Series be de» 
noted by tf, and the Ratio by r, then will the Series, if it 
be an increafing onc^ft and dius, « +<?r+<?f*+^^+<w^+ 
tf ^ « 
«r% «c. If it be decreafiiig> tbus ^ + — + -7- + ■Tr + 

a a 

C A S E II. 

. In any Series of Geometrical Proportionals, the Pro-^ 
dud of die firft and laft Terms is equal to the Produft of 
9ny two^otherS| ec^ually diftaat from diem \ and the Square 

i of 



^ELEMENTS M AtGEBRA. i%$ 

•r dieimdaie Term if the Number of Tenii3 bt i9dd» it 
leifml to tbe Prbd^ of tHe Extrsmest 

Thus, if we take fix Terms wip ibai} ht^Vt axof^^^^ 

Or, if we take h^t hnt TtfTms^. we fliall have ay^ar* 
^ar)^ar*'^a^r^. If we ^afce three Terms, then will tf x- 
fif^ssarHar. If We take five Tcnns^^hen will #>C«t^S3 

C A S E lit 

Put js the Sum of all the Terms, and «•£ the Iffum* 
ber of Terms ; then fince the Exponent of r begins firotii 
the fecond Term, it is evident that the Exponent of r \H 
the laft Term will be «•*-!, and therefore the Jaft Term 
will be tfr"-*' (in any increaifing Oepmetrical Series) the 
laft Term but one will be^r"— *, the laft but two af^'^j 

HencJe we have s';=ia^ar^ar^ +air' . . , • + ar*'^ -I* 



Here the fifth X^^^^ (fizmtXyar^ and 4'*""') in eacjr 
Equation are equal to one another, though difFefendy ^« ' 
preiTed, and by taking the fecond Equation from r Times 

(he lirft, you will have rs-^sszar^'^ay whence ssz • 

Or by making the Equations dilFerent only in the Exprtef-* 
lions of their Taft Terms, (which may always be done, let 
the Number of Terms be what it will) we have s^a-^ 
^r^ifr*4- ar*-*^, and sssa +itr+ar*+ar^i From r Turibs 
the firft of thefe two Equations take the fecoiid, andyouwill 

have rsT^ssxar* -igpa^ and szz' f^ as before,---See'tbe 

' r— I 

Solution to the 85 prpmifcuous Queftion i but diis gcaeral 

Theorem may be differently exprelTed : 

And this Rule is frequently ufed by Arithmeticians iQ 
fciding the Sutti'of ^ the Terms in a Series of NumbcrSi 
in C6din6trie:al l^rbgrcffidn ; is^hich in Words is thus : 
F(g^ the laft Term take ^e firft, divide the Reauuider 
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b^dieRadoldsohe, and'to tbat Qaodent add die laflo 
Term, gives the Sunt required.— See my 84 promifcuous > 
QueftioAsiti Aritfametic. 

< 

C A S E IV. 

-The Square of the greater Mean of ^ ^ ar\ ar^j four . 
Numbers in Geom. Prog, divided by the lefs Mean, gives ., 
die greater Extreme, and the Square of the lefs Mean di- 

vidcd by die greater, gives the lefe Extreme, thus — — 

C A S E V. 

The Ratio of two homogeneous Quantities may be j 
dc^rmined without the Intervention of a third, by di- 
viding the Antecedent by the Coniequent. 

Thus the Rado of 6 to 3 is |. =4=2, or double^ the, 

a 

Ratio of tf to ^ i^ "T~, and the Ratio of ^ r to r is V. . 

CASE VL 

To find the Sum of a dccreafing Series ofGeonutrlcalsPro*^ 

porticmak. 

Let x=rtf+— + -~+— , and JSa +-7- + -;r 

a 
+ 7=^.. 

This -Equation fubtraScd from r ' Times' die firft, 

. * -a ^ 

, q ' ' a TT' w«— » 

leaves rj— j=gr-i- ,_v> whence, we havens: - ' '- -^ 

^ r— I 

for theSum of a finitedecreafing Series ; to illuftrate this, bt-^ 

n (or the Number of Terms) ;=6, €tzz1^^ and r=3, then 

.. '\, ' • . . . we 
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729 



we (hall have siz a 



' — r ^, 2187— 



«■ 
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CASE VII. 

♦ * 

But if the Number of Terms in fuch a Series is fuppofed 
to be infinite, then' fince. the ' Value of each fiicceeding 
Term perpetually decreafes, it.is evident that the laft 

a 

Term-p^r =0, for a finite Qnantity {a) divided by (r"— 'J 
• ■ • ■ 

ar 
an infinite one is nothing ; and therefore we have jss *■ ■ t ' 

for. the Sum of an infinite decreafing Series. .. ^ 

To exemplify this, let it be propofed to find how far a 
Body would move at this Rate, namely, in the firft Mo- 
ment 10 Miles, in the fecond 9 Miles, in the third ^-x-^ 
and fo on eternally, as 10 to 9. ' ~: 

Here is given j=:io, and r'=z^ ; whence we have siz 
ar lOX-V^ 100^9 . 

■ =5 xa. r " ' = ^ . ^ = 100 Miles. 

So that if a moving. Body were to continue its Modop 
eternally, in the givexl Ratio, it would only run out 106 
Miles, or more than any Thing that is lefe th^ 100 
-Miles. ' 

CASE vm. 

. The Sum of the Extremes of j^ ^ r, ar\ ar\ four Num- 
bers in Geom. Prog, multiplied by their Product, is equsd 

to&e Sum of the Cubes of the two Means, thus a-^nir* 

CASE IX. ' 

The Square of the fecond Term divided by the firft, 
gives the third Term, thus ■'=; « r*. 

SECTION 
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SECTION XIV* 

Of Barmufc, of Mtt/kal PreporttgHt 

CASE L 

rr^lUEE Tdrms are faid to be hantiQpka&jr{ttt^p<ir« 
X tional^ when the Difference of tl^ &rfl and fecond 
}s to the DifFerence of the (econd and third, as the fir^ 
is to die third* 

Xhus 2| 3, 6, are harmonically proportional : For 
^ : 3 :: a :6; fo that if two Terms oif an Harmonic Pro- 
portion be given, the third may be readily found : Thus 
if ay b^ Xy be harmonically proportional, dien It will be 
«>— ^ : A-^jr ::<?:*, hence by multiplying Extremes and 
Means, #e get ax'^^x^ab-^axi iience tve have tax^^bx 

ab 

C A S E IL 

When four Terms are harmonically proportional^ thd^ 
jtKfference of the firft and fecond is to the DifFerence 
cf the diird and fourth, as the firft is to the fourth* 

^hus . 10|_i6, 24^ 60, are Harmonic Proportipnals t 
For here the l}iiFerence between the firft and fecond Term 
Is 6, the Difierenee between the third and fourth is 36, 
and as 6 : 36 :: 10 : 6o» / 

Whence if three Terms of fuch Harmonic Proportion 
•nals, are given, a fourth is eaiily found. 

For if tf, by f, ;cy are Harmonic Proportionals, theft 
arn^b : c^x ::a:x'y hence ax*--bx::ZMCr^eXy and auw.-^ 

txtacaci therefore k- 



ac 



%a^b 
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S E C T I O W XV. 

Of Algebraic Problems^ or the Sobitton £f 
^ejiions producing Jimpk Equations. 

SIMPLE Equations are tbofe wherein ijnit unknown 
Qi^antity is only of oneDimenfion. 
When a Problem is propofed to be ibived algebraically, 
its due Signification ought, in the fait place, to^be per- 
fe£Uy underftood, and if the Number of Quantities, given 
from the Conditions of tfaeQueftion,beequal tollie Num^ 
ber of Quantities fought, then the Queftion is truly )i« 
mited ; but if the Number of Quantities required exceeds 
thofe given, dien the (^flion frequently admits of many 
Anfwers, and is therefore called luilimited. 

DIRECTION. 

In the Solution of Problems, having put Letters for the 
Numbers required, you muft add to, or fubtrad froni 
them any Qiiantity as the Queftion diredb, and alfo mid« 
tiply or divide tiiem by any Number, and make the Sum^ 
Difference, Product, or Quotient, &c. in each Cafe equal 
to their refpe£tive given Numbers; and then folve At 
Equations by the preceding Rules, 

Butiince Examples improve more than any Pxecf^ti 
that can be given, 1 ihall dierefore proceed to 

Q^U E S T I O N L 

Wherein let it be required to find a Number, uriiich bet- 
ing midtiplied by 3, and having 7 added to the F^odu^ 
the Sum ihall be 100. 

Put 9f for the Number fought, then multiplying ;c by 3^ 
and adding 7 to the Produft 3Ar,the Sum is 3^^+?, whi<di» 
by the Queftion, is equal to 100, ivhence we have thii 
Equation 3**+ 7= 100, hence Vfe get 3*25:100—7=893, 

aad;rs:;-^=:3i, 

Q.UESTION 




lis gifcMEVfTS OF ALGEBRA* 
. Q^U E S T I O N 11. 

• What Number is that, which being divided by 4, and 
having 9 fubtrafted from the Quotient, the Remaindet 
ihall be ao. 

Put X for the Number required, then dividing x by 4> 

and fubtra£ling 9 from the Quotient — ^ die Remainder 

4 

is — —9, and is, by the Queftion, equal to 20^ whence 
4 

•1— —qs*:20i hence — — = 29, and multiplying b/ 4, we 
get x=: I ID. 

Q.U E S T I O N III. 

• 

A Gentleman diftributing fome Money among Chit« 
dren on Valentine's Day, wanted Eight-pence to give 
them Three-pence a- piece ; he therefore gave to each 
Two-pence, and had Sixpence remaining : How many 
Children were there ? 

Put X for the Number of Children, then the Gentleman 
wanted Eight-pence to give 3^ Pence among them ; 
he had therefore 3;^— 8 Fence, at firft, out of thefe he 
gave 2x Pence, and the remaining Pence 3A' — 8— 2x, or 
jr— 8 are equal to 6, by the Queftion, hence we have 
jr— 8=6, and;ir=:i4, the Number of Children required, 

au E S T I O N IV* 

, To find two Numbers whofe. Sum (hall be equal -to 
the Difference of their Squares, and five Times the greater 
added to three Times the lefs, fliall make 45. 
^ Put X for the greater and y for lefs Number ; then per 
Queftion we have ;«•*— j»*=:a'+j^, and 5J«' + 3y=45« Di- 
vi3e the firft Equation by x+yj and you will have *— ^y 
zz I, 'hence x=)' + 1, now write ;^ -J- 1, for x in the fecond 
Equation, and there will arife 5^ + 5-^3^=45, whence 8y 

=40, and y^^^g- =5> therefore xzzy+ 1=5 + 1 =6. 
■ ■ ' By 
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^ By this Solution it appears that when the Sum of two 
Kumbers is equad to the DiiFerence of their Squares, that^ 
(he Difference of the Numbers themfelves is ^qual to it 

Q:u E S T 1 .0 N V; . 

Two Perfons, A and B were talking of theit Ages t 
Bays A to B, feven Years ago I was thrice as old as you 
at that Time j and feven Years hence I fliall be jiift twice 
as old as y©ii Will be t I demand fheir prdfelit Ages ? 

Let the prefent Age of A be denoted by Xy and that of 
B by j^ ; then their Ages 7 Yeari ^go were x^y and y-^-^y^ 
and 7 Years henCe they will be ;r-f 7 and y-hy i hence 

per Queftion we hav6 x-^yzzy—yx^j and a- + 7 ==7+7 
X 2 : From the fiifl: Equation we get ;r-=:?y— 14, and 
from the fecond xszzy+y^ therefore 3;— f|=:2y+7^ 
h^nce;^~2r, and jr=ay^+.7=42 + 7=^49. 

Q.U E s T I o N yi. 

. Aft unknown Sum of Mon6y. i^ to be divided equally 
jimong an uiiknown Number of Men: Now if there 
were three Men lefe, each Man would have 150!; more ; 
but if there vrttt fix Men more, then each Man would 
have laoL lefs, I demand the Sum of Money and the 
Number ©f Men ? 

Put X for the Money that each Man muft receive, and 
y for thennimber of IVlen fought; then A-y is the Sum re* 
quired j whidi, being- divided by the Numh«!|- of Men lefs 

xy 
3, the Quotient -2:^, mufl by the Nature of the Quel*- 

' y 'S 

tign be equal to ^•+150, each Man's Share more 150, 

xy 
hence we have " ^ ^:J ^X'fiS0y and, by the fame way of 

xy 

Rcaforiiftg, 'rrT-=:A'-^iaoj here multiplying the firft 

Equation byy — 3, we have xyrzxy^ I50y-**3;K'— '4S0,heiiice 

«'2=50y-^i5Di and multiplying the fecond Equation by 

^^+6, we get Ay— *y— i2oy+6*'*-»720, whence xrzzoy 

+ lao^ therefore soy — 150=20^+ i3to, hence we get j'=:9, 



% 
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the Number of Men, therefore jr£rlqy^i2orri8o+'nor 
r:30oL and xy^'icfo X 9=:a70oU the. Sum to b^ diiridecL 

Q^U E S T I O N VIL 

Required that vulgar Fra^on whofe Numerator leflened 
by I, fhall be 4.; but the Deoomiiiafiorbeing leaned by 
S, fhaH make the ^d Fra^oa ^ 

X 

Let ''— - be the Frac^oa foug^t^ then per Qif^ftioa, 

- ^ ■ .as |. and — — - = 4 ; Mul&jrfying-tbeiiirft Equa- 
tion by 3; and the fecond by y— j X 7, we have 3JP— 3= 



3jr— 3 TfT+iS: 

ay and 7^^ =S;f— S» whence y= ^ and >== c "^^ 

Aerefere ' ^ ■ =s ' ■> hence we get x=:2Sy and 

3^—3 75—3 ^. ^ . A^r^fi^JL - -^ 
y=2 — ^ =s — - — 3365^ and therefore-j- =a -^> 

the Fra£Uon required. 

Or thus^ from the firft£<{iiatzo»mitItipIied by ifjfy take 

the fecond multiplied by y— i x I4y and you wilt have 
X — 15=10, hence;if=255 write 25 inftead of* in the 

24 2 

firft Equatiooy and there will arife -= -^, ^htnor 

2y=s72, znd y::z26 as before.. 

dU E S T I O N Vm, 

There is a certain Number confifting of 2 Figttres^anci 
it is eqi^l.to four. Time$ die Sam of it& Digits (nmnely 
ihe Sum of the two Figures) and if you^ add eiehteenr 
to the Number, the Digits wULbe inverted, that is> the- 
firft Figure will ftand laft^ and the laft firft : I demand 
the Number^ 

Put jr for the Figure in the ten's Mace, and y for thaf 
in. the Place ©f Unit$, then will lOx+y be the Nttmbef 

fought, whence per QpcftioH lOx+yzzx+yX^ and -in- 
•rdejr lo invert the Figure y from the Units t9 the ten's 

f Uce^ 



Plac^ multipljr it by lo, anB jfou will^ 6y the Queftioii, 
have iQy+jf=:io;if-f j+lS': From the firft Equation we 
gttytz2Xj and from the fecond /rsx-f* $ ; therefore 2x:=i 
x+2y hence xsr2, and>'ss2A'i=4 ; and therefore lOx-t-y 
2:20+ 42:24^ the Number required* 

CtU E S T I O N IX. 

A Lady being aiked how old fh6 was^ replieid thus i 
My Agcy if multiplied by three, and if two Sevenths' of 
that Product be tripled, the Square Root of t^ Ninths 
of this will be fdur ; Qjiere the Lady's Age ? 

Put jir* for th^ Lady's Age in Years, then three Time$ 
her A^e will be jzijr*, and ^ of ai*^*, the Product is 6x% 
tKis tripled becomes i^x\ ah<f |. of i8;ir* is 4^*, whofe 
fquare Root a**, is equal to 4 by.|he Queftian, hence ^,v 
=14, therefore xhi2j and confequehtly at* is 4, therefore 
yx*zz2i YearS) the Age required. 

Q.U E S T I O N X. 

Divllle 100 twice in two Parts, fo that th€ majof PafJ 
icif thd firft DiVifibri may be three Times the minor Part 
of the fecond Divifion, and the major Part: cf the fecond 
4»wy ba dbllMef the itiinor Part of the Jirft^^ 

,Fut 3;if for the major Part of the firft' Divifion, theii will 
lO(>-^3ir be the iiimor Fart; and x will be the minor 
Part of the feciond Divifion^ therefore ibO'^x is the ma- 
jor Part, \ithich is, by the Queftion, equal to twice lOO*— 
3*^, the minprPart of^ the firft Divifion, wlitnce 100— x 

100 , . _^ 

,s:aQ0*-^6*, he^oe we get xiiz-—- tt 16, the mnior Part 

of the fecond Divifion, and 100— 20=: 80 is the major 
Part: Again,. 3?f 5?: 3x20^ 6py is the major of the firft 
JjiVifion, and therefore 100—60 £=40 is the minor Part. 

:♦ - "duVsT I 6-N XL ' 

A Greyhound feeing a Hare at the Diftaritc of 30 «f 
his own Leaps, purfues her full Speed, making- 3 fer every 
i^ of the Hare's, and paffing over as mugh Ground in 2, 

Kz Leaps 



tji ELEMENTS OF ALGEBRA. 

Leaps as the Hare dii in 3 : 1 demand how many Leapt 
each made durine the whokCourfc. ^ 

Put 3* for the Dog*s Leaps, then will ttic Hare s be 4Ar ; 
and 3;r— 50 : 4^ :: 2 : 3, hence g^r— 150=8*, and ^= 
150, therefore 3Jf=450 Leaps of the Dog s, and 4^^=660 
Leaps, that Ae Hare made. 

Q^UE STION XIL 

Dividfe 144 into four Parts, in fuch a Manner Aat if 
to the firft you add 5, from the fecond fubtra<ft 5, multi- 
ply the third by 5, and divide the fourth by 5, th^ Sum, 
Difference, Produ^, and Quotient (hall be all equal. 

Put ;f for the firft Part, then it is evident that jr-fio 

X 

will be the fecond, —4- i> the third, and 5*+5^S» *P 

X 

fourth Part : The Sum of thcfe Parts is 7^1? + -T- + 3Py 

» 

X 

and is equal to I446y t&e Quefllon, hence 7^+—-+ 36 

^ 144, this Equation folv^, g^v^ a* ;=^ 15 ; the other three 
Parts are 15, 4 and 100. 

Or more generally thus,, pot azzs^ and ja: 144, thca 

win r+;r+iitf-^ ^rX+<7Ar+<2*=:x, hence multiplying 



a 



by <7, we get ii*jr+2tfJf+*+«' + a<?*+tfs:i7j, therefore 

720 — 125 — 50 — 5 ^ 54^ _ ,- t> •-.• 
25+Jo+i .36 ^ ^ * 



-^^^ — r ■ ■ for ;e^ ift ^ fecond Part (x+zk} it 

as-^a^ — 2«* — a . <?x+<»'+2tf*+tf ^^ 

becomes — ^-v- »• ■ ■ + %a^ or ■■■ ' a , ^ . . ' • •• 

^00 
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In like Manner the third Part — — 4- i, becomes 



- — .- J_ 144 t 

the fourdi Part ax -i- a* will be transformed to 
tf *J— ^— %i^ — a* a^s 3600 

200* 

Q.U E S T I O N Xni- 

Find three Numbers, fo that the firft and half the Re- 
mainder, the Second and one third of the Remainder, the 
Third and one fourth of the Remainder, may always make 

85- 
Put ar:85, and let x^ y and z denote the three required 

Numbers} then per Queftion, 



*+ 



y+« 




2 


=^ 


x+z 






'zza^ 


i 




x-hy 


ammyt • 



J+ 



'+ 4 - 

J'rom three Times the fecond Equation take twice the 
firft, and you will have 2y— jr^^, or xzziy — a; again, 
from fix Times the fecond Equation take twice ihe firft, 
and therie will repiain 5y+2S4i7, whence %;z4/7— 5^; 
Now write 2y— tf for jr, and 4ii-i-5y for a, in four Times, 
the third Equation, and there will arife isa^iyy:zj^a^ 

iia / 935 \ 
hence ys:-~r^ — "Tt^J =55, therefore* (say-^ir) 

^ 22a Ja J , . 

^a^ — -• = ^$i and % (»4^— sy) =4^~ 



- 17 17 

■ sis * ■ . ' 'S 05. 
17 17 -^ 



K 3 QJJ E S T I O N 



CtUE S TlOa XIV. ^ ^ 

« A G^eneral' ranging bis Army in a fqi^ace BzU^Vy^y fiiids 
he has 284 Soldiers to fbare ; 'but increafing the iSide ol' 
the Square widi one Man, he, ifaats 2S,XP ^ i^ ti^* 
Square : How many Soldiers had he ? 

Put X for the Men in rank ^d fil^^^henwlll the Square, 
of thefe be x\ and having 484 Men to fparcj he had x* 
•jf 284 ; but increafing rank and file by I Man, the Side i» 
x+ 1, wbofe Square ;«•*+ f.x+ ijeis ns^p^nfii by the Quef- 
tion be equal to x^ + 284>hence x* + 2x+ 1-^25 =*•* + 284, 

308 • . 

24000, the ^Number of Men fought. 

q^^ EST I o ^p xv» 

To find that Number, which being divided into four 
equal Parts, the Produft of thofe ?airts (hall be equal to 
the Prodiid of five equal Parts of ^e fai^e Number mul- 
tiplied together. 

Put X for the required Nqmter, jfchcn will -7- be ono 

X 

fourth and -^ one fifth Part thf rcof^ hei^ce per Queftion 

)c X x X X X X y X 

we have -7- X -7 X — X -7 X -r 5s -r x *— >* T" *< "7^ 
' 5 S 5 5 5. 4. T . .4 4 

*•• X* , r . 31*5*^ , 3125 

Q,UES Ti,OK xyi. - 

A Waterman rowed in the River DrwclJ from Ipfwich 
to Harwich and back again (without Jntermiffion) in five 
Hoqrs i and in coming from Harwich, meeting an cqu^ 
Tide, with an uniform ftroke, finds he can row B Mil€« 
with ^hc yide to | i^il^% againil it ; Npw if the Diftaiy? 

betweea 
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.faftwew Ii^wicb aiul Harwich be 10 Mflcss, ^ what Rate 
mi Hour did the Tide move ? 

Put aecio, *=3^ ^=8, ^1=5, foar Ae Vdockjr of Ihe 
Tide pear How in Miles, and *= the ^ole Time in 
-which he rawed with die Tide, then will t^-^x fae tiie 

Time he rowed ag^unft it, and ;r : a :: i : — his Velo- 

i;ity per fibur widi the Tide, and /— x : a :: i : — 

■^ . /— jp 

liis Celerity per Hour agaiaft it, and by the Solution to 



a 



the 30 Mifcdlaneous Queftbns, we (hall have v = — -*- 



-^ and becattfe his Velocity with the Tide \iifa8 

to that aj^ainft it as'S to 3, it is evident his Time of row- 
ing with the Tide was to that againft it as 3 to 8, there- 
fore it wdl be X ; f-p*-* :: i : 'f, hence we get cx^bt^tx^ 

hi . Bt 

and x^ ^ . ^ ' , and by ^writing - ^ ■ ^ ■ , for •*•, in the Equa- 



<iQli^«-^-~:^weh*ve.;(==~^ 



2it 



) 



ajf+ae 



i+c 



2< — 



nb'i-ac 7 

r: z -r— Miles per Hour, the re- 
24 "^ 



quired Velocity of the Tide* 



Q^UE S T I O N XVII. 

A Gentleman havii^ two Daughters, gave to one of 
diem a round Piece of Land, and to the other a fquare 
Piece.; theie X^ands were each valued at fifteen Pounds 

{er Acre ; and it was found by Menfuration, that the 
nches which cooipailed each Piece were equd in Num- 
ber to the Shillings that paid for it : Quere, which of thefe 
Ladies had the beft Fortune i 

Firft, 15L : 6:^72640 (the fquare Inches in an Acre) 
: : IS. : 20908,8, the fquare Inches that one Shilling will 

K4 pay 
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psLj fori and becaufe the Inches diat cooipstis each 
are reTpe&vely equal in Number to the Shillings tbat 
paid for it , th<;refore the Perimeter ef the Square and 
the Ctrcumfeience of the Circle are each to their re- 
fpe&ive Are^^ as i to 20908,8 : Put a:se20^SySj ctst 

};,I4I59265, and zxxx the Diameter of the Circle, in 
nches, then will lex be its Circumference, and its Area 
will be cx"^ (for Half the Circumference multiplied by 
half the Dia^neter, gives the Area) and by what has 
been premifcd, it will be 2cx : ex* :: I : ^, heucec;r*^ 
Zacx^ or cxsaiac^ and confcqucntly2r;r=4i2^= 262747,7296 
-f Shillings, or 13137U 7s. 8|d. the Lady's Fortune thuit 
had the circular Eilate : Put y for the Side of the Squares' 
then wjU 4y be its Perimeter and y* will be its Area ; and 
4y : y* :: I : a, hence we get y^^j^ay^ thereiFore ^ysii6a 
8=334540,8 Shillings, or 167271, 0$. 9|^. the Fortune of 
the amiable Fair ch^t had tl^e Square, which excee^^ 
the other Lady's Fprtupe by 3589I.. 13^ Q^- . 

Q.U E S T I O N XVin, 

Iji what Time will the fimple Intereft of 400I. be-t 
(rome equal to the Difcount of S2oi.~ ^.odi ^eing csdcu- 
lated at 5 per Cen^. per Annum ? * 

- Put 47=400, ^i=520, rrrioo, rzzSy the rate per Cent, 
and fezz the X™? required ia Years : .Tbch c : r.:: a : 
' ar arx 
*---, the Intercft of 400I. for one Year, and is its I^-, 

tereft for the Tipnic jr j and by the Rule of Difcount it 

' ' brx^ 
Will be <:+rjr : rx \:b: — — the Difc0unt of 520I. for 

the fame Time x ^ lyhich muft Ity ^he Queftjon be eqi^al 

HTX 

to the Intercft of 400I. for x Years ; yrhencp -^ =: 

br x a h 

' c^rx^ Pf ~^ c^tx^ *'^ Equation qiultiplied \fy 

fXc-ii-rxy becomes ^rA'-f-^r=i ^f J hence xz::.-^— 5 

ar ^ 

Years, 

•: . Question 
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<^ U E S T I N XIX. 

If 18 Oxen in 5 Weeks' will cat 6 Acres of Grids; and 
45 Oxen will eat a I Acres in 9 Weeks, how. many Oxea 
will eat 38 Acres^in 19 Weeks, the Gra(s being allowed 
to grow uniformly ? 

Let Unity denote the Grafs eaten by an Ox i|i a Week : 
Put aiiiiSy ^=5, ^=:6,rfr:4S, fffx:2i, «==9, rss38, 
JIZ19, x:=: the Number of Oxen fought, wzz the Grafs 
on an Acre at firft, 2= the Increafe of the- Grafs upon 
an Acre per Week (after the firft 5 Weeks), j>;£:4, the 
fxcefs ot 9 Weeks above .5, and./=:i4, the Difieience be- 
tween 19 Weeks and 5 : Then will rtZy be the Increafe on 
38 Acres in 14 Weeks, and rw is the Grafs upon 38 
Acres at firft ; the Sum. of thefe muft by the Queftion be 
equal to what x Oxen eat ia 19 Weeks, hence sx:=:rw + 
rtz : Again, mpz is the Increafe on 21 Aci^s ih 4 Weeks, 
^nd mw is the grafs upon 21 Acres at firft, thefe tdgether 
are equal to es&f ; for if an Ox eats a Quantity of Grafs in 
a Wjeek, denoted by Unify, then d Oxen in « Weeks 
will ezt'dn Times as; much, therefore rniv-^j^ipzssubij and 
avj the Grafs upon fix Acres at firft, is equal to ab^ what 
1 8 Oxen^atin 5 Wi^eks, whence ai;;^ai i therefore «/r= 

_— . ^Q the foregoing Equation jjrcrfw+r^ multiplied 

fay i;^,addthe Equationmzi; 4- m^zsTi^ multiplied hyr#,and 
you will have n^sx+mrtw+mprtz^dnt^-^if^rvf+v^friz^ 

ah 
or mpsx^Jnrt+ffiprwr^rnrtw^ wrije -' — for t^^, and jrou 

, abtnpr i^hmrt 

will have mpsxtzdnrt^ •« — ^'»^— ^.^ — — ^, or c mp s x 

^cdnrt + abmpr-r^abmrty and confequently x 3: 
cdnrt + abmpr — abmrt f ^ S74S6o \ ^ , 
cmps \^ 9576 / "^ 

By this Theorem, my 6eth Mifcellanepus Queftion ih 
fie Arithmetic may be reaaily folved 

Here follow Queftions, in the Solution of which the 
Values of the unki^own Quantities are found by extra<ft^ 
fng dieir proper Roots, 

QUESTION 



QJJ e 8 T 1 O Iff X%. 

FM ti^ Numbers, fuch that the Square of their Pro« 

4ii^ ^ded lo their fourth Powers, (hall make 34046, and 

* the ^um of 'their Squares, added to their Frodu& fiiall be 

304- 

t'ut de mid y -for the two required Numbers, then per 

<^ftian -weihave jr*'4-**y*+/;=34048, and x^+^-k-y* 
=2:304 ; hiding the fvA Equation by the fecond, we get 
jK*^jry4.^3sii2, which, taken froai the fecond Equa- 
tion, leaves 2473:192, or itysz^ thi« being added to 
^e Second Equation, and fiitrad^d ^^om the ^ird, we 
have ^+ tiry +;>*=400, and ;r*--2*y+)'*3:i6; whe nce 

hj cjftrafting the Square Root, we get x-i-yz:: i/\o6\ =: 

' ag^ 3Jii 4r— >3sv^7o^ sr4 ; this Equation added to^ and 
fcbtr^^dfrgBti;r+;';^20^ gives Zxszz^ or x;s:iZy aiid 

dV E S T I O N XXI. 

^iatiby Th^uiand SokBcis mae pkocd two Yasds and 
liipep i^acters afunder xxi a Plain« in the Form of a ^g 
Squacc, iriiofe Breadth to its Length is as a to 3. How 
il^any Men were there in rank and in filc^ and on how 
many Aeres of Land did tiiej Aand i 

■Put 2^ tor the X^englh, ih^ wifl 2f be the Brea^itdi, and 
by the Queftion we h^ 3^! x^jirssj^oooo, or 6jir'3ss6oooo, 
therefore Af*= 1 0000, hence xzz */ loocol =100, therefore 
'^'^%Qfi Men in rank, and o^saoo Men in fle : 

Now it is evident that the Intervals or Spaces among 
rt^e Mei;i in xank and file are I cfs by on e Aan the Num- 
ber of Men in each, th erefor e 300—1 X 2,75 = 822,25 

Yardk the Length, and 200-^ X 2,75=547^25 Yards the 
Breadth; then 822,25x547,25=449976,3125 the Area 
in Souare Yards, which being divided by 4040, the Square 
Yards in^n Acre, gives 92^70312, or 02 Acres, 3 Roods 
and 35,24992 Perches, fox the Ground which they ftood 
Hpo». 

<tm: 5 T I O N 



I 



Ef^^pL^nrS ^j XlsG^^JHM AH 



^jSuppafe the PJate ipf ii Lac^ing-g^sis ^£ Jnchos bj 
lOt^ Aivl is to 4>e &ame4 avjth ^ ^ic»me of oqual Width, 
U'lhor^ ArBa4sJp>he eqital.tQ^st^f t^Gt^f^, 4ie Widtb 
49f the Fjram^ is jrequif ed ? 

Put A-+^=:A -C the 



jBIL' 



ID'- 



.s 



IS 



- -^ 



30 



Li^ngth of Jiis :Qla& aijd 
Frame, then will x^^^ 
s=AB, tjiw BjeadtJij 
novsr the Area gf the 
Frame and the Glafs 
together,, mwfl: by li),e 
Qy^ftion be equal to 
twice' i8 X 12, the ,Are^ 

"We.have x+ 3 X *'-^35S 
j8xi2X2> or ;r*— 9=5 
432,, ' hence 4f* r= 4+1, 

therefore jf5= v^44^ s* 21 ; and *• + 3 r= 24 Inches, the 
fjeng^ of ilie Giafe fOid twice the Breadth of Jthe Frame, 

thf^rffore tlje BrcadA of ulie Fr^me is| ' > <>0 

3 Inches^ 

A Oend^aii has a iGrar<ieA 100 Feet Ipng, and ftobco^ 
m whi4:h he woq}d make a Waik of an equal Wid^d) haif 
round Cas per ^Figure) the Area of the WaHc is to be 
equal t^ half that 9?^^ whidl$ Gaird^ ; Que^pihe Bcea^th 
pftheW^k? 
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Siflce dK Leagth and Breadth of ifae Garden are eqnallf 
jmitDiflied bv the Walk (KaCcDd) therefore AC^ 
CD^ac-^d fpio) ; put tfsrio, half the Difl&rence of 
the Sides, A BrzSosr, A Cs=ioo=i, x+nzzacj then 
Witt x^nz:^ By and (A B-*tf B =) A a^nr+n^x^ and 
hy the Queftion, the Area of the ParaUelogram acdK, 
auift be equal to half (r s) the Area of the whole Garden 

A B C D» vbeoce we have x+n x x— « = — -, or x*-^ 

I 2 

•• 31 '»— , hence x* =3 -^^ + »% therefore x = 
2 ' 2 



V ""T" + »» = 64^3124, and confequently A tf (sf^ 

/■^^^ ^^ 

+»-^) = r-FJr^ V IT + if*'"^ *5>96876 Feet, die 

lequired Breadth of the Walk* 

Q^U E S T I O N XXIV. 

What two Numbers are thde^ ^iriiofe Sum is 40^ and 
iBit Sum of their Cubes 19000 I 

Pat ^=^19000, 4=20 half the Sun^ and xrrhalf the 
PiflFer^nce of the required Numbers, then will the Num* 
Ixrs tfaemfelves be .denoted b y x-f j a nd j— 'jr, and the 

Sum of their Cubes will be x+i^ + i— xl*, or 6jjr*+ 
'sf*, which is, by the Quezon, equal to ^, hence 6jx*4. 
2r^rar, therefore 6ix^:=r— 2^^, and confequendy x^a^ 



^5> ^e greater Number, and x— ;i;=?j— / jse 

15, die lefs. 

QUESTION XXV. 

« 

The Difference, and the Difference of the Cubes of two 
^umbers b^ipg given refpe^vely ^qual to 8 and 2528 1 
to find the Numbers. 

Put 
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Put ^3=2528, ^=4 half the DiiFereace of the Numbetv 
ibught, and xss half their Sum, then will x+d be ihc 
grater, and * — rf the lefs Number; and per Qucftioii 

wc have x+7\^ — at— rfP sz r, or6dx*+2d^czc^ hence;r= 
^ ^Z^ ■ J — 10, therefore *'+i= /JT"^^^ 



:=:I4> and;r— rf=: /- 



6i 



^d 



^d-6. 



bd 

QJ3 E S T I O N XXVL 

Find a Number, from the Cube of which, if dJ«5 
Times its Square be fubtr^xaed, the Remainder Ie& i^ 
fliall be equal to three Times the Number fought. 

Put X for the Number required, then per Queftion x* 
r^l^Vri' ^^^j or ^'=34r*+34r+ 1 ; here by adding jr» t(» 
both Sides of the Equation, and cxtraiUng the Cube Roo^ 
wc have ^/D x jr=x+ 1, or {/3 x *— Jf= j, and «r 



Q^U E S T I O N XXVIL 

Find two Numbers whofe Produfl: fhall be 107564^^ 
and the Surfolid Root of the greater to the Cube Root <d 
the lefs, as 3^ to 2. 

Put.Af« for the greater and f for the Ie6 Number, ihm 
it will be ^ : ^ :: 3f : a, hence %xzi'iify or ^^jy^ there* 

J^^rc j^=: •— -, and /='TJT 5 »«<! PW' Queftion W5 hav^ 

1075648 64jr' 

;f«>«2:io75648, or/ss—-^ , therefore -^ = 

* 343 

1075648 ^ ^ 

'■ " ^k "> hence *'ss57648oi ; and ;rst|/57648oi]s= 

64*-' 
7, the^rfbre;r« (2:7^) ^^ 16807^ afld;^'(£:~^j sr64. 

Q^U Ei« T I O N 
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<2^u E s T I o N xxvm- 

^ A Cdmpany of Men put 13691. into the Lottery, eacB 
Man contributed as many Pounds as* diere wertf M^ hi 
die Company : How much did each contribate t 

Put X for the Pounds that each Man c6ntri)nited, which 
Were by the Queftion equal to the Number of Men in 
Company, then fay, if i Man pay 'x Pounds, what will x 
Men pay ? An^er x*' PQuiids, hence pcjf Q6dlidii **== 

1369, and xrz^/l^ =37. 

<lU E S T I O N XXI5L 

Required four Numbers in continued Proportion, fuch 
Aa€ the Sum of the firft and fourth fliail be 11 a, and thq 
Produft of the other two 432, 

Put Af and y for the Extreme^i then x+yzzitz^ and^by 
Geometrical Progrcffion- (Cafe II.) the Frbduft of the 
two Means is eqiral to tbit'of the Exfreriievtherefore we 
haw Ayc:43« by the Queftion : ' ift-om th'fe Sqittre of th6 
lirft Equation take four Times the fecond, and there will 
remain ;«■*— 2jr7+;r*=io8i6; here, by extraftirfg die 
Square Root, we have x — ;y=:i04, this Equation added 
to, and fubtrafled front x*\^y^it^ gives 7^zz2i6j or 
jir=:io8, andy=:4. 

In any Geometrical Progrefflon the Sq'uarfe of the fe- 
cond Term divided by die .firft, gives the thh*d Terrti ; 
and it is plain, that the Product of the tWo Means dividi 
ed by thie fecond Term, alio gives die third Term ; put 



z for the (ec6nd Term, and you will have — - = "^^i 

4 * 

or z^ =r 1728, andzt= (/TtISI =: li ; heAce dfT diifd 

Term —^ becomes - ^ j , or 36, therefore the required 

Numbers are 4, 12, 36, and 108. 
, Or by mak&ig die gfeifer ex&6me-the*fiMtTefl(5 we 

havq ig--^ ^^ %=:(/4^ =36, and 4^;:= . 
rSb==i%tl|eJWi» Means as before. 
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Hence w^ haipe this eafy Kute for finding tiUfO mean 
Proportienak between two given Nlimters; 

Multiply the greater Extreme b^ the Square of the Lefs, 
the Cube Koot of the Produft gives the lefs Mean, by 
ivhich, dividing the Produft; of the two Extremes, the 
Quotient is the greater Mean« 

Q^U E S T I O N XXX. 

Given the Produft, and the Sum of the fourth Pbii^rfrS- 
of two Numbers refpedively. equai^to 40 M^)J^^il ; to 
find the Numbers* 

Put X for the greater and y for the lels Number reooiired i 
then per Queftion Ary=40, znd x^+y^s^jzi ; add twice 
the Square of the firft Equation tOy and lubtradl it from . 
the fecond Equation, then extract the Square Root of the 
Sum and Difference, and you wiU have x^+y^isSg^ and 
X* — y*^Z9j the Sum of thefe two Equations gives ;r^=i 64^ 

or A-s? s and by the firft Equation, we havey== *^— ^ zsr 
40 

<^U E S T I O N XXXI. 

Find two Ntimbers whofe Produft ihall be p (120), and ' 
the Jbiffet^nde o^their Squares ^ (44'). 

Put jf and kf for thfe required Numbers, then «y=rA, and " 
^*-- /s=^: Add 4 Times the Squarfe of the firft' TEqujr- 
tion to the Square- of iiak i ecohd^ an d tbeSt^usdtt Root of' 

the Sum will be x*+y*zi •' 1*+4J>H this Equaftitm adA^; 

to the fecond, gives 2x*:z: */ ^*+4^*\ + d 5 hehce x s 

/i^5^T4pl+frfl=: I2> andy (=:-^).= lO. 

QlUE S TION X^tt 

If thfe right Line A B be divided into tw* Parift dfiy 
bov^an D^ ai^dif tlie &Ui9:o£4be: Segmem^ (AD-f DB)^ 

be 
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be muldplied by the wfaok Line A B, die Piodua flia^l 
be3422500 ; Quere, the Length of the Line A B ? 

D 
A -I B 

Put ^=93422500, ABsjr, and DBcajs ^«> ^B 
A Dzzx^^j hence per Queftion we have A B x AD +DB 

^a^oTxxx — jr+jf=rxX*—x*=i^ therefore xzz^'a^ 

= »850- 

By this Opera tion itappears^ that ABxAD+DB 

(:=:xxx—y+y zzx*) =AB* the Square of AB 5 Aat is, 
the Re Aangle under a right Line, and die Sum of its Seg- 
ments is equal to die Square of the whole Line, which is 
▼ery evident; for t!^ Sum of the Segments AD+DB is 
equal to the whole l^ine AB, and any Line or Number 
multipfied into iticlf, muft neceflarily produce the Square 
of itfelf. 

Hence the 47th Propofition in the firft Book of Euclid 
may be very readily demonikated ; for let A B C be a 
Triangle rignt angled at C ; from which let faU the Per^ 
pendicular C D, then (b^ £uc. 8. 6.) die Triangles ADC 
BDC and ABC are fimilar i therefore 
AB: AC::AC:AD/. „^^ 
AB:BC::BC:DB*^^°^^ 

AC*=ABxAD\ ,,. 
BC»=ABxDBP^^'"S 

theie two Equations together^ 
weJiaycAC*+BC*=:AB X 

AD+DB (=:ABxAB)= A 

A B* the Square of the Hypothenufe A B, equal to the 

Sum of the Squares, of the other two Sides. Q. £. D. 

Q^U E S T I O N XXin. 

Given the Area of-a RighUangled Triangle equal to a, 
to find the Sides in Arithmetical Progreffion. 

Put zx for the greater Leg, y for the common Difler- 
ence> then inrill 2«— ;, 2;r aivi 2x7 -fy be the Sides of the 

Triangle 




> > 
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Trian rie, he nce per Queftie n ix^ — J7=<!'> and per^Euc; 

4.7. I. 2x+^*==2J?*+2jf^l% hence 4** 1=8 Ay, or ap*=; 
i^y, this Equation^ taken from twice the firlt, leaves 3*-* 

2=2^, and j frrV/ fgl; but x^-zz.ixy^ therefore *:=:2y, and 

^=:f ;r=:f V^^l^i conlequently the required Sides of the 

Triangle arc 24/y3— f vftfl, 2 i/|fl^ and %s/\a]+ I 

V pi- 

Q^U E S T I O N XXXIV. 

Given the Difi&rence between thfc Diagonal and Side of 
a Square, to find its Area. 

* Put^/fdr tbfe given Difference, x^d for the Side of 
the Square, then tvil l x+ td be its DiagonslI, and per Euc. 

47. 1. wb have 2XJr+51*=T+2il*, or x'^'md\ there- 
fore xzzd i^^ hence d y^T^ -f ^* is the Aifea required; 

CtU E S t I d N XXXVi 

. A Ship failed from the Pott Sj artd fteered between the 
North and Weft till herDiftance failed exceeded her Dif- 
ference of Latitude by 46, and ber Departure by 8d 
Miles : Quere her DcpaltuTej Difference of Liatitude 
andDiftance failed? 

tn the Right*arigled Triangle, w 
S E W put x-Jf 40X ;p + a = E 
W then will ;v+2a= S E and 
A^3^=2S W an d p er Euc. 47. 

\ we have jTmI* + x + 2^1* =2 

^+3^1% hence ^*+4^% or ;r=2« 
==80 : hence the Eteparture x\a 
becomes 3^ = 120 Miles = E W 
the Difference of Latitude 4 <? rr 

i6o == S E and the Diftance failed <« = 20a Miles =: 
S; W 




h 
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(^U E S T I O N XXXVI. 

In the Trapezium A B C D, are given A C=28=ii]^ 
B 0=26=^ AD=24=^, DBzzii:=:dy and AB=30=<^ 
ta find' its Area. 

Make CE=A- and D 
F =)' each perpendicular 
to the Diagonal A B ; 
then per Euc. 47. r. we 
ha ve A E + E B = 

^g^ — y^)4- y Z>^ — A-1 

n ^^ or g — v^V-^;r'l = ^ 

t/h*^x']y and^ by fquar- 
ing bodi Sides e^ *— 2tf 

i» — ^;e* ; hence •«* — ^a*** 
a» + ^* — A^ 




2^ 



J put 



— JL .— ( = 16.8) =/«, then •tfsHPl =: «k or 

2^ ^ ^ 

a* — x^zzm\ 'and *= -Z^*— m^ ; and tlfe Area of the Tri- 
angle A B C=| ex-le •tf^^z— *) ='536. 

In like Manner you will find AF zz ^/c^r^fX = 



(=I9.2)=«, and y=\/<r*— «*^iand the Area of ABD=i 
tey^le >/ c^^uA = 216; hence \es/ a^ -^in^ + | e 

V'T^ZI^ = f tf Xv'V— »**! + •f'— w'^ = SSSt =: the 
Area of the Trapezium A BCD, as required. 

CtU E S T 1 O K XXXVII. 

Given the Bafe A B of a Triangular Field AB C, equal 
to 49.5 Chains, and its Area equal to 40.8375 Acres ; to 
find a Feint in the Bfife from which a right Line D £ being 

drawn 
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^"^ parallel to B Q the Triangle AD E ihall contain 
^i.6Acfes^ 

Make E F and C H 
{>«rpen4i<^ular to A B^ 
then dividing' the givexi 
Area4o8.375 (in Square 
Chains V by half the Safe 

'49* 5> ^"^ K^otient will 
he i6.5=CH=:/) ; put 



-a^nzib Square Chains A. 




P HD B 



the Area of ADEji AB =49.5=*^ andAD>=jp, 



2a 



Trian^^ 



AD : « F :i AB : CH, that is, A -^ : :i :A or^ 

i^Ji E S T I O N xxitvin. 

Gifen Oie Are» {a) and Bafe {b) of a TriangJe ABC| 
to divide it into tv^o equal Parts by a Line F G drawn pa* 
t^I to the Bafe A B. 

Ptit F GiS?*, and 
tnalce CD perpendt- 
xrular to A B, then 

^m C D = — ^^,and 

CEr:=*i*,and"-^^. 

* ::**?* : *, hence 4** 
p 

^^S therefore *=: r^rS^ i* i/TljandCE ( = — j 




2l!l 






L dt 
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au E S T I O N XXXIX. , 

There i& a hewn Tree 12 Feet long, which is in the 
Form of the Fniftum rf a Pyramid, the Side of Ac 
Square of its greater Bale is 21 Inches, and that ef its 
lefs is 3 Inches ; How hr muft I mcafure from the greater 
End, to cut off 5 folid Feet by a Plane parallel to the. 
Bafe. 

Let the Tree be denoted by A B H K, 
and complete the Pyramid ABC, tfien 
as 21—3, or 18 : 12 : : 21 : 14 Feet 
= 168 Inches = CDi hence 21 X2i 
X 168 -i- 3 = 24696 = the Solidity of 
the whols Pyramid ABC, and 24696 
<^i728x5 = i6o56= ibe Solidity of 
FGC: Putfl=i68=CD,j=24696, 
ti— 16056, and A^ = C £ $ then fince 
all Pyramids (of the fame BafeJ arc 
as the Cubes of their Altitudes,, it will 
be i : a' : : (/ : Jf% hence sx'=:a% or 

''=''l/-y\ = i4S-539°478, con- 

fequently, a — a V — 1=22.460952 
Inches = D E, the Length required. 




CLUE S TI O N XL. 

Given the Top and Bottom IMameters of the" Fruftum 
(ABHK) of a Con$ = 25-and 40 Inches, with its 
Height D 1=48 ; which is to be divided into-two equal 
Parts, bv a Plane parallel to its Eafo. 

Required the Diameter where cut off, Snd the I«iigtb 
•f each Part. 



iirft, 
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, as 40 — 25, or 15 : 4.8 : ; 




25:8o=CI; then 25 x^s X .7854 
x8o -^ 3 = 13090 = the Solidity of 
the Conic . Seflion H K C, and 
25X+0+ 25!" + 40I* X .7854 X 
45-^^=40526,64 == the Solidity of 
the Fniftum ABHK; the Half 
wlwreof added to 13090, gives 
33353-32 = the Solidity of F G C : 
Put tf=8o, f=i309o, J=333S3-32> 
and C E=*i then it will be c:a^ 

= 109.267195, and a 5/— — ii=:29,267i95 = EI, 
confequently, D E= 18.732805, and <* : 25 :r a l/— 1 

: 25 iy — I = 34- 1459984325=^0* the Diameter re- 
quired. 

Q_U E S T I O N XLI. 

Given the Top Diameter, the Depth and Diagonal rf 
a Tub equal to 96, 60 and 100 Inches refpeitively ; to 
find its Content in Ale Gallons. 

Let A B C D reprefent the Q 
Tub, whole Diagonal A D= *" 
100 Inches —if; from D, on 
A B produced, let fall the Per- 
pendicukr D A — C i7=:6o In- 
ches = p the Depth, and put 
Ai=*, then per Euc 47. r. 

we have J* +/!' — ./% or xzz 

•; /*— /iM; andf2A^— CD = ) ^ A B 

%-/d^~f\ — 96=64 Inches = AB the Bottom Diame- 

teri hence 96x64+96!' + 64* X .7854X20-;-282 = 
1083.74 the Content in Ale Gallonj. 

L3 CtUESTION 



t$h thtUtittS 6v AhGtlRR^ 




Q,UE STtON XLH, , 

Given ^ Sides of the Trian^e A B C, namely A vt 
s;is, BC c? 13, and A B::;; 14. » draw the LincEFMt*. 
ra!le] to B C, fo as to cut the Ferpendicular C D exa^jr 
in the Middle as at It Recjuired the Area of the Seg^ 
mcntFECfi, 

Firft, AB: A C+CB;: AC-*^ 
C B : 4^A D-p^DB, hence A D2;? 
9, andDB=:52:x; putting B C=; 
|3;;^a^ andCDzix, wchave*'' + j* 
zza^ (per E uc. 47«i) a nd x^ or CD 

g y^V-r j^^s;;!!, and v'Pw^ : j :: - - - - 

iV^*^j»l J f*=2i^BFsDF J alfo A ^ D T ^ 
A B : A F :: A C : 12 ^ ;;r A E, and A C : C D :; 
At ^.9! =^E^, a Perpendicular let fell on A B from t^ 
confequently, | A B x CD— | A F x E^ :;= 7 x 131 — 5 i ^ 
^2Z27^5=the Area pf FECBj a$ required. 

CtU E S T I Q N XLIII. 

In the Triangle ABC, CD being let fall from th^ 
flight Angle C, perpendicular to A B j there is given 
A C-r-B C»:5, and A B «. C 032:13 ; to determine th^ 
Triangle. 

Put a=: 5y ^= 13, then will 

C Dzr v'^^*— <7*^2=i2=:>, hence 
AB=^i2Tf i3=:25s;=^5andputT 
ting A C;=:Ar+ f ^, we have B C 
STA- — I J J and b : jitt)- f ^ :: ^ 
•f-f a : ^j therefore^^l ai* =: 

sr^/j, or y =:v/|g *rf ^/"j: hence A 

A C = vi^N^ +itf=:2o, and B C =/J^*f^ -* 

J3LUE STI ON XLIV, 

A Malfter has a Square Kiln whofe Area is 324 Feel, 
\>^V he intends to puJJ i^ dpwn a<id byilt ?i|V)ther of the 
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/%me Form whofe Area (ball be 2.95 Times as much : 
Quere the Length of its Side ? 

Put tf =324, ^=:2.25 5 and jf = the Side fought, then 

will x*"=zabj the Area of tba «iew Kiln, and x=i \/ ab^ 

ss 27 Feet, its ^ide, 

QJ} E b T I O N XLV. 

It is required to plant 242Q Trees on 12 Acres of Land, 
idle Trees are \z be fet at equal Diftances in Rows pa- 
rallel to one another, and the Width oi^ each Space be- 
tweien the Rows, is to be to the Diftance between Tree 
;and Tree in each Row, as 3 tq 2 : How far muft thefe 
Trees ftand afunder. 

Let ^35:58080 the Square Yards in 12 Acres, /r:2420, 
/ffiSB3, n^siX y put mx and nx for the required Diftances in 
Yards ; then will my X «*, or mnx* be the Area which 
one Tree takes, and mntx*' Is the Area which they all take ; 

Jience per Qyeftion, mntx^ssa^ and jr=:^/— — L hence 
mxy oxm ^ •^■^1 ^6 Yards, the Diftance between Row 



and Row, and n / — 1 | ^Yarc^s^ the Diftanc^ between 

Tree and Tree in each Row. 

Q^U E S T I O N XLVL 

It is required to find the Diameter of a Circle that fhaH 
contain a given Area, and to divide the Area into two 
equal Parts, by another Circle concentric with the iirft. 

Suppofe the Area be an Acre 
of Land, equal 1043560 fqyare 
Feet, for which put a^ let ^r: 

,7854; and a::;=AB the Dia- i^/ W\VL 

meter of the Circle contain-. A-rM; f \3l 

ing an Acre, then will r**;;:^, 

therefore *"==^-^l =235,504 

L 4 Feet 




^% ELEMENTS QF ALGEBRA. 

J'eet, and confequendy E F=^ 



^' = 166.526 Fcct^ 



2C 



the Diameter of the Circle containing half an Acre. 

dU E S T I O N XLVIL 

Find the Diameters (in the Proportion of 8 to 5^ of 
an EUipiis.that fhall contain a given Area. 

Put asi thp propofed Area, p 

<:=:,78S4 ; and the Tranfverfe 
Diameter A B = 8^, then will 
the Conjugate Diameter CD 
r= 5*- ; ancf 8^ X 5* X r, or ^j 
j^Ocx* zzaj therefore 8;f=:8 

yXl, and 5^=57-^ 

>f A.OC >f ±0C ' 



40r 




dU E S T I O N XLVIII. 

Find the Side of an O£tagon that fhall contain four 
Acres. 

Put ^=1 1 74240 the Square Fe^t 
in 4 Acre's, J =4,828427, and\v= 
the Side fou2:ht,^ then will sx^=a:y 

^^ ^^ sJ "— =^ 189.9639 Feet 
^63«32i3 Yards. 




dU E S T I O N XLIX. 

Find the Side of ah Equilateral Triangle that (hall coni- 
prize a given Area, ...•'- 

Put tfzz the givpn Area ; A C=:CE| 
crAB::::^, and make C D perpendicu- 
lar to A B ; then will C P :=.^/ x''—\x^\ 
^f'^'v^'s"^* this multiplied by half 
fhe Bafe ^gjvcs \ x^^/^zz a^ hence a 






2 jy/T) 

y ^' 



■J 




A 
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SECTION XVJ. 
Of AdfeSfed ^tfodratie Equations f 

N Equatioi^ that involves an unknowii Quantity; aii4 
at the fame Time the Square pf that Q^ndty i$ 
(:alle<| an Adfe^ed Quadratic : Of thefe Equations there 
are three forms, each ot whict^ contajns two different 
Roots or Values of the unknown Quantitv, which £qiia« 
tiQns xnay be prpdqced as foUqw : " 

CASE I, 

Siippofe ;rs:tf2sio, and xzzbziSi then will a^ — j=:o, 
^d X'T'bzzo: Multiply the Equations x^^azzOy and 'icrs 

hzzOy together, and you will have xr^a x x^^bzzOy or 

JC^^— tf:f ^ ^ x+abzzo,', a Quadratic Equation, contain-* 
ing two different Roots, in which it is p bvious t hat(g-f ^) 

the Co-efficient of the fecond Term -rra+b x x^ is the 
Sum of the two Roots {a and i| havjiig their Signs chang- 
ed, and the third Term a ^ \s the Prpdii£t of both the 
Roots multiplied togjsther. 

Put the Sum of the Roots a+b (=:i6) msy and Aeir 

Produft a b (=60) zzpj then will the Equation jt*— j+i 
^Cx+abtzOy become x^-r'^sx+p^pOy or;r*-!r-2fjf3:— ^, an 
Equatiqn of the iirft Form^ 

CASE II. 

If one Root be affirmative, asArr=^=io, and the other 
negative, jr =— ^2=:-:t-6 ; then will x-^azzOy and x+b^cu 
thefe tWP Equations n^ultiplied togedier, give x*'^ax+bx 
— ^Ar=0> or x* — ax-i-bxzzab. 

Put— 2^/=—<7-|-*(=: — 10+6) =•— 4» and/=:tf*, as 
before^ then will ** — ax-k^bxzzaby become ;p*— -aufcrr/^ 
«n Equation of the fecond Form. 

Here, becaufe a is greater than by therefore •— a+^ is 
(r-4) negative, and therefore the fecond Term (— 24r) 

^ " " " is 
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is negative j but if b had been greater than <t, it is evf- 
dent then that th« fecoifd Tcrip of th« laft E<}ttation would 
have been' ( + tJx) affirmative. 

CASE IIL 

If both the Roots are negative, namely x^ — ^^n— lo, 
iffA Vrs— tac— 6 ; theii wiU A'-J-^rro, and x+b::zo^ ^sA 
Ihefc two* Equations multiplied together, giv£ x^^ax-\-bH 
^abzzO^ qr x*+sx+pz:0^ ox jr*+*jr3:— /S an Equation 

cf the third Form* 

CASE IV.' 

Thefe Equations may be all folred by the following gc* 
neral 

RULE, 

Add to both Sides of the. Equation the Sqi;|tre of half 
the Co-efficient of the fecond Term, and the Sjde tha^ 
involves the Unknown Quantity will be a complete Square 5 
extraift the Square Root from both Sides of the Equation, 
which you will find, on one Side, always to be the un- 
known Quanti^ with half the forefaid Co-efficient con-r 
nefted to it ; lo that by tranfpofing this half you will ob- 
tain the Val^ of the u#iknown Quantity exprf fifd in 
known Terms, 

. Tiuia* let k be Fe^uired to £:^ye die £qf»atioA x^4-2sm 
;=:—/> : Here half the Co-efficient of the fecortd Term 
( — 2jx), is— J, whofe Square is i% which being added 
to both Sides of Ihe Eqn:ition ** — lsxi=: ^p^ it becomes 
**' — 2ijf+j*=:j^— ^, hence by extracting the Square Rpo( 

we have 4f— Jn/^*— /)lv't>4— 661 = A/4) «:2i therje, 

fcreA:^f+ v^j-^^1 (=8 4- 2) ?;:io, the greater Root, an4 

s — ^/?^} =8— 2;=6, is the lefs Root. 

Hence you may obferv-e, that the {$uin of the ^dical 
Quantity, and half the Coefficient of the fecond Tena 
is the greater Root a 5 and half that C^effi,cient minus 
pt radk:*) QjfSi^Uty is ^ ]cfs &OQtit, ^ theft Jtoot$ 

may 
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miybc cxprefled thi»S| ;ir=;j+ •/**-*/>,] where the upper 
Sign ( + ) gives the greater ^ and the Wer (-*•) the left 
itbOt of ifae Equation. 

N. B, Adding the Square ofialf the Cb-efllcient of 
tbe fecond Term to both Sides of the Equation, is called 
completing the Square. 

And the Equation ^j^--0&a:/»^ being folveid as that 

above, gives Mzzd± */d^^p\ saiSssio, qx to *-«6; 

Again, jfrom the Equation Jf*+ 2*^55'— j^ by complet- 
ing the Sq uare, cxtrading dve Rool^ &c. vpc get jrss —if 
iy^r-5li3=— 8+2s;— "10, and to •^6. Here becaufe 
,— J is negative, thereftMre tbi5 lower Sijgn ( '^) gives tlm 
greater Root* 

CASE V. 

When known Quantities are mixed wWi unknowa. 
ones, tranfpofc all the known Terms to one Siie, and thtt 
liiJcrv>wn ones to the odjcr Side of the Eqwition ; if the 
bigheft Power of the unknown Quantity be multiplied by 
any Co-efficient (except Unity), divide all the Terms by 
that Co-efficient, and if Ae Sign of the higheft Power be 
negative, change the Signs of all the Terms of the Equa- 
tion before you complete the Square, 

Thus, for Inftance, let it be requircd^to folvfe the Equate 
tion 3;f*+2iA'-3S=8^^— 19*— 275 J here, byTranfpo^ 
iition, we have — s;^*+40Jf;=:— 240, and dividing by 5, 
we get ^-^;e*+8x;= — 48, this Equation, by changmg the 
liigns, becomes x^—ixzz/^^ henpe by completing thf 
Square, we have *•*— 8jf+i6 ( = 16 + 48) =264, and ex-, 

l^aflang die Root, we get x-^^zz.Vtj^ =8, therefore 
;=:4+8=:i2, the other Value of a-, is 4»-8=-^4. 

And beoaufe every <^laidratic Equation contains twoi 
P.oots, therefore in the Solution of Problems, producing 
(jhuadraticfi, you muft obferve to take that Root which wiJi 
iml'wc^ the Conditions of the Queftidn, 

CASi 
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CASE VL 

When an Equation is prepared for completing die Square 
if the known Term be negative, and greater than the 
Square of half the Co-efficient of the fecond Term, tfaea 
the Roots will be imaginary or impollible : for 

E X A M P LE 1 

Suppoie jf*— 6^»z: — '1$^% ^en by completing the 
Square, we have x^-^-Gax-^-ga^z^ga* — 13^% or x* — 6ajc 
-\-Qa^'zz — ^4i»*: and by extracting the R oo^ we get *— 
3/7i=+\/—4ijM therefore jriz 3^7+ \/ — 4^^: wiiere the two 
Values of X are imaginary or impoffible, becaufe there is no 
Quantity either a£&mative or negative, which will, when 
multiplied into itfelf, produce —4/7% and therefore the 
Square Root of —4^^ cannot be aiiigned. And though 
imaginary Roots may fometimes come into Ufe, yet when 
derived from the Solution of Problems, they generally 
denote that the I'hing propofed is impoffible. 

The Roots of Quadratic Equations are always either 
both poiBble, or both impoffible together. 

CASE- VIL 

All Equations, whatever, in which there are only two 
different Dimenfions pf the unknown Quantity, if the 
Exponent of one be juft twice that of the other, may be 
folved by completing the Square, &c. as thofe above. 1 

Thus, let it be propofed to folve the Equation **"— tf;r« 

zzb : Here half the Co-efficientof the fecond Term is ^-^ 

2 

whofe Square — r-, being added to both Sides of die 

4 

a" a' 



Equation, it becomes ;p*"-Htfy + -^ =: -— - +*•; whence 

44 

a 

by cxtrafting the Square Root we have y-^— -2= + 

y'-^ -f> ^, apd therefore *» ;s -y" + V"4~'*" *'• 

hence 
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hence by extra£ling the tf^ Root we get x s 

We follows a CoUe^ion of ^e/llons with their Solutions^ 
which will further tUuftratethe Rsdefor J^adratic £fua^ 
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CLU E S T I O N I. 



Find that Number to which if you add 12, and multi-' 
ply the Sum by the Number required, the Produd fkaH 
h& 589. 
^- Pu t X for the Number fought, then per Queftion, we 

'^J; have ;p+i2 Xxzzs^gj or ;if*+ia;r=58f ; and by com- 

^' pleting the Square, we have x^ + i2x + 36 = 625, hence, 

by ^trading the Root, we get ;if + 6= \/625l =25, there- 
fore ;r=25— 6=19. 



Q^U E S T I O N II. 

V A and B fet out from the fame Place, and both travel 
the fame Way, A goes one Mile the firft Day, two the fe- 
cond, three the third, &c. in Arithmetical Progreffioa^ 
Bfetsout five days after A, and travels twelve Miles every 
Day ; how long and how far will A travel before he is 
overtaken by B. 

It is evident when the firft Term and common Difier* 
ence are both Unity, that the Units in the laft or greateft 
Term will be equal to the Number of Terms : Put x for 
the Number of Terms or Days travelled by A, then will 
*— 5 denote the Days B travelled, which at twelve Miles 
a Day, gives I2x— 60, for the Miles traveUed by B : 
Again, x-fi, is the Sum of the Extremes, or Miles tra- 
velled in the firft and laft Day by A, which bebg mid* 



tiplied by JL, half the Number of Terms, gives f-ii 

Miles, for the Diftance A traveUed before he was over- 

takea 



"^ 
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taken by B : And fince they both fet out from the &xM 
place, it Is plain when B overtook A, that they had each 
travelled the fame Number of MileSj whence we bavi 

this Equation — -—^z:2i2x-^6oi hence we get x*—a23;f 

1^—1 acH her« by completing the Square and .extracting 
the Root, we have x-^i 1,5 21 + v^ 12,25^, therefore « M 
i i>S± ^^ 1 3t,25 =8JDays 5 and tne Diftance travelled is i%st 
— 60=36 Miles. 

du E 3 T I O N Hi* 

There are four Numbers in Harmonic Proportion^ wkoAl 
Sum is 55, and if die fecond Term be tajien fron^ twips 
the firft, the Remainder will be 2 ; but if half the fourth 
Term be added to twice the iirft, the Sum will be 25 I 
Required thoTe Numbej^s ? 

Put tiyx^ y^ and % refpei^vely fot the Numbers fougfa^ 

t n+x-hy^zn^sSl 
Then per Qjjeftion < 2« — x:si2 V: 

i a«+fz=2sl 

. And by Harmonic Proportion, it will be n — x : y*-*K : : » 
: z, hence We have «a;— jfz-»/fy— «z, or «y32«z— -jr* i 
From the fecond Equation we get xtz2n^^2y and frca 
the third «:=:so— 4« 5 write 2«— 2 for at, and 50— 4» fdf 
Z) in the Equation ny^lnz'^xZy and you wiu havexyttt 

^ 100— 8« 

100— 8«, or^pse " ' — "z artd by writirtg 5^«-^f> 

loo,— 8« 
■**'^ — ^ ' ■ ■ and SO**- 4a, refpcclively for at, y^ and «i in 

100— 8» 

the firft Equation* diere will arife n -f 2»-^2 + "^^ — '\ ">' 

/I 

+ 50— 4K::t55, or K*+i5.»/r=ico ; whence by complete* 

ing the Squ are, and extratS^ing the Root) we get »*f 7,^ 

^ViS^i^sX ^mat ^2s • 15M5 1 '^ 7j5 =5 > therefore 

_ / 100 — Sn 
X {zz%n^2) zi^y\^x: " • =12, and % (is 50** 

4«) MJO* 

Q^U E S T I O N 



Q.UE S f I N IV. 

A Gentleman has a Garden- iit tht Form of a Right* 
fttigled Parallel(^rati(, whofe Lt:ilgth to its Breadth is as 6 
to I ) hilt findiifg it convenient^ intends to incloifd twict 
the Area with the fame Quantit)^ of walliiig : Quere thd 
Proportion of l^e.Sid^s of the Garden when its Area is fo 
iiicreafed ? . , 

It is plain^ that the Aearer the Length and Breadth o^ ^ 
Parallelogram approach to an Equality, the greater its Area 
ivill be, ainl becaufe the Perimeter m\ift, (by theQueftion) 
be the fame as when its Area was but halt as much, ther6-> 
fore it is evidem thM its Breadth muft be increafed ^idk fo 
much as its Length is decreafed : Let 6 — ^, and ^-f i re- 
prefehc the required I^atio, then the PrbduS of thefe tw6 
Quantities muft be equal to twice that of (6and i) tb^ 
two Numbers denoting the given Ratio, for thefe Produfis 
muft neceflaiily be in the fame Proportion to one another 

as the Areas, namely, as 2 to ;, hence we have 6 — x x 

jr+ ir=6 X I xa, or — **+6*'— x+6r:i2, therefore ;?*— 
— 5;ifzi:— 6, w hence, by completing the Square^ &c. we 

get iir=ri,5 «^-v' ,25!= 2 : therefore ^—jf =6 — izn^ and 
x+izzji fo ^at the Length to its Breadth, muft be as 4r 
is to 3. 

dU E S T I O N V. 

There are two Tquare Numbers- whofe Sum is 400, anef 
they are reciprc^caUy proportional to the fqilare Numbers^ 
64, and 576 : What are thofe Numbers ? 

Put tfrz: 64,^=15^6, 5=400 ; and xzz one of the fquare 
Na^nbera required, then will the athtr be r«i-^^ and hj 
the Queftioil it will ht a : h :: x : s-^Xy hence by recipro* 

cal Proportion, we get —-=j---jr, or tfi=u;jp--;^% there- 
fore X* — sxz^^^'^bj hefe, by compfeting the Square, and 



extradlihg the Root, we havfc a**- ' g4:^"~*-tf^» 



4 
thei^fore 
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therefore jrs:—^^-— — ^ a] = 256, or 144,- and 

tiiefe two Roots will anfwer the Conditions of the Que& 
tion^ for they are fquare Numbers^ their Sum is 406, and 
64 : 576 :: 256 : 144. 

The above Operation (with rfcfpe£l to Iquare Num- 
bers) is founded on this evident Principle, that if any 
fqilare Ntlmber be miiltiplled or divided bv a l^uare Num- 
ber, the ProduA and (Rodent will eacn of diem be a 
iquare Number ; thus the Produd a b^ being divided by 

ab 
tile afiiimed fquare Numbers, the Quotient —^1s a iquare 

'and therefore the fourth Number s^^x tnuft b^ a Square^ 
becaufe 3 S'^xi 

X 

CLtJ£STtOll VL 

Given two fquare Numbers, namely 25 and 144 ; to 
find two other Reciprocalsjwhofe DifFerence (ball be equal 
to a third given fquare Number,^ namely 64. 

Put ^=25, baii^ ditti^ and xrs^t left Ntimber 
fctight, then willjr+<^ be the greater, and per Qyicftion it 

_ A- 

will be recipi aibii x+d i jr, hence we get = x^ 

or x*+dxn:abj and by completing the Square, &c. we hav^ 



II 7 • r T, 



# -^--J ab^—^i therefore *=^tf 4+^]^ 

•^=36, and (;f+irr) ^ «*+--— j+ •^srioo^arc 
the two Numbers required^ 

CLU E S T I O N VII. 

Divide 506 into two fuch Parts, that the greater may W 
tqusd to the Square of ^ lefs. 

Pot 



j 
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Put ^==506,. and x=: thelefs Part required, then will 

-tt-i-jr be the greater Part, and per Queftibn we have ^*5= 

ti-^Xj or x^-^xrza-y here the Co-efficient of the fecbnd 

^ Term is Unity, the half whereof being fquared and added 

to both Sides of the Equation, if becomes x^+x+yl^zz 

g- f,25, h ence we get jir+,5=v^tf+,25\ tberfifor e xxz: 

-v/tf+>25) — ,S=:2:&) and a^x^ or « — ^oT^is) + ,5 
=484. 

t5 U E S T I O ^ Vi± 

• 

A Perfbn has now due to him 400I. and 7 Years hence 
360!. ijtiore will be. due to him from the fame Debtor, 
they agree to make but one Payment of the Whble^ and 
that without Lofs on either Side^ allowing fimple Intereft 
at five per Cent; per Annum : The Time of Pa3anent 
is required ? 

It is evident that the Debtor muft retain the 400I. im- 
mediately due, till its Intereft becomes equal td the Dif- 
count of 360I. for the Time it muft be paid before due. 
Put.<7=:ioo, ^=3360, csz2C^ the Intereft of 400I. for 
one Year, rri:5 the Rate, per Cent, tzzj Years, and xrz 
the Time fought, then will / — x be the Time that the 
360I. muft be. paid before it is due ; and 1 Year : c :: x 
: cx^ the Intereft of 400I. for the Time x-, again, i Year 
: r :: t-^x ; rt'^—rxj the tntcreft of lool. for the Time 
/ — X ; and by the Rule foi: Diicoiint it will be a-i-fi — fx : 

rt'^rxiii: ^r^— ^^^ the Difcount of 360L for the 

a-i- rt — rx 

Time t^-^x^ which muft be equal to <x the Intereft of 
400I. for the Time Xy hence we have this Equation cxzi: 

— r , which multiplied by a-^-rt^^-^rx^ it becomes 

acx-^ crtX'^crx'^rzbrf'^irxy whence by Tr^fppfition and 

a if bt 
dividing by r r, we get ;e*-^'r— a"— - — x^'-i-^txzz^^ > ox 

~ I ht a b 

*-- 7- + -7- + /X^= ~, put^r:— + — +/ 

M' ^ («45), 



% 



# 
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(=45), and yott will have ;f*— ^fjrs:— — -^ here by com* 

plating the Square, &c. we get ^="7" "^ J — — - 

:= 3 Years. 

QJJ E S T I O N IX. 

In what Time will a Rent of 8ol. per Annunr amount 
to 540I. at 5 per Cent, fimple Intereft ? 

Put 17=540, t^=8o, r=z,o5 the Intereft of il. per An- 
num, and /= the Time required ; then will tu be the 
Rent due in the Time /, and il. : r :: 1/ : m the Intereft 
due at the End of the fecond Year, and becaufe there will 
then be two Years Rent due, therefore the third Year's 
Intereft will be 2r« ; that of the fourth Year will be yu 
(the Irttereft of three Years Rent), the Intereft of the 
fifth Year will be j^Uy &c. here you fee that the common 
Difference of r, 2, 3, 4, &c. the Numeral Co-efficients 
of the Terms r«, arw, yu^ ^rUy &c. is Unity, and fince 
the Intereft does not commence till the fecond Pa)rment, 
therefore / — i is the Co-efficient of the laft Term, and 

confcquently / — i X ru is the laft Year's Intereft, and 
becaufe the firft Year's Intereft is o, t herefore (by Cafe 11, 

Arith. Prog.) the laft Term /— i x ru multiplied by 
(— ) half the Number of Terms, gives— -X/ — i Xri/, 

or — - — X ru for the Sum of all the Intereft, which be- 

ing added to /«, the whole Rent^ the Sum muft evident!/ 
be equal to Oy the Amotmt ^ hence we have this Equation 

— ^ — xru+tu=zay therefore r-^xr«+2/«=S2 J, and /* 

jLt 2<9 2 

^t+-j-=z-^i putf=~-i(=39),thenwin/»+ 

2a 
stz=——-y whence by completing tas Square) &c. we get 

/ + 
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'^^^/w^'^-^'^j—^i 



2 



Kote^ If ^ Pap;ici>ts are Half-yearly, put xtst half 
thfs Salar^^ Annuity;, &C. 9nd r:=: haif the Satereft of iL 
for 4 Ye^r ; if Quarterly^ put «= oflc fourth of the An- 
nuity, Sn'd rar one fourth of the Intereft of ih per An* 
num, 9Ad. / will be equal to the Number of thofe Half- 
yeaiiy, or Quarterly rayments. 

CLU E S T I 6 N X. 

JpQt Example, if an Annuity of 150I. per Annum, pay- 
aUe Half-yearly, amounts to 834>375l« at 5 per Cent, 
what Time was the Payment forborne ? 

150 ,05 

Here a^S^/^STSy «="""^== 7S> '"='"7^ =jOa5, 

andjir-^ — ii=:79, then/zr^y --;:^ + — j— ^s: 

/ 1668,75 ^ 6241^ 79 
V~i;8^'" + ~T~r "T'= 4935-3W = 10 
Half-years, or 5 Years^ the Time r^quked^ 

« 

<^UE ST I ON XT. 

Again, if a yearly Pe^fipn of iSoL payable Ojiarterly, 
amounts to 839,0625, at 5 per Cent, what was the Timp 
of Forbearance ? 

Hcretf=839>o625)«3--^ =: 37>5>>"=-^:^>oi2S, 

and J = — -vi=3:i59,hence /=^w2fL . ^J.^] ^ Sm 

^ ^ r« 4 I 2 



=y 



1678,125 25281 '' 

<M6875 "*■ . 4 



'59 ■ — s 

r- = v'99<^o,25| 



— 79,5^^10 Quarters, or 5 Years* 

Ma Q.UESTION 
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Q^U E S T I O N XIL 

What Time may a Pcnfion of 40!. per Annum be 
bought for 145I. at 4 per Cent ? 

Put ^^245, «=40, r^yOJ^^ and /^ die Time fought; 
then will rt be the Intereft of il. for the Time t^ and ih 
I rt :: p : rtpthc Intereft of the Principal pj for tlj^e fame 
Time tf but the Principal and Intereft added togedier, gives 
the Anlount, therefoie^-f-rt/ is the Amount ^ and bj the 

foregoing Operation, — X ru + tu alfo equals the 

Amount, and Quantities that are equal to one and die lame 
Thing, are evidendy equal to each odier, therefore ' " 

2/ ^tp 2p 

Xru+turzip-j-rtp^ hence f^^t+— "i~=";^5 

2 2p 

puti=:— — --^— I (=36,75; dien will t*+st zi 

2p 

', here, by completing die Square, &c. we get / = 



ru 



^ r« ^ 4 I 2 ' 

This and the preceding Theorcfm inay be frequendy 
found, with their Applications, in Aridimetical Books com- 
piled for die Ufe of Schools , therefore I ftiall purfue them 
no further here ; but as the Derivation^ and Demonftra- 
tions of thefe Theorems are generally omitted in jmofe 
Books, the above Solutions may therefore ferve-to coh- 
Tince thofe Arithmeticians into whofe Hands this may fall, 
how indifpenfably neceilary it is to be acquainted witn Al-< 
gebra, in order to underftand the Grounds of the Solu«- 
dons of thofe Problems, in which the Extraction of Roots 
is required. 

dUE S TIO N 
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Q.U E S T I 6 N XIII. 

' "A Gentleman hks a Re(^ngalar Garden whofe Area is 
I2IOO fquare 'Yards ; aud Its Breadth, Length, and EXi- 
agonai are in Geometrical Progreffion : Quere, thefe Di- 
menfions? 

Put X for the Breadth of the Garden, in Yards, and r 
for the Ratio of the Progreffion, then will r jf be the 
Length and t'^x the Diagonal j hence per Queftion rx^zn 



yZ2i00| ' r^ _^ 

■ ; and per Eu. 47. %• r* 



;^**=:;e* + rV% dividing by x\ we have r*=i +r% or r*— 
r^=;ty and by completing. the Square, &^« we get r*— f^ 

^ y 1^25!, therefore rsr /f +•1,25'! ^ i. 272019, 

hence *=r Z'^^-^^— |= 97>53i67, rirs: 124.06226 an# 
rV=i57.8o955. 

Q,U E S T I O N XIV. 

Two Ships failed from the Port C ; the firft of them 
in 60 Miles arrived at her intended Port A, which is in the 
fame Latitude with the Port B, to which ^he fecond Ship 
foiled i they find by Calculation, that their Diftances fail- 
ed are mean Proportionals betweep the Sum of their De- 
partures and the Difference of * their Latitude ; the lefs 
Mean pf xhis Progreffion being A C=:6o 5 the Reft of 
the Terms are required ? 

Make C D perpendicular 
to. A B, put A C =1 60 =^, 
and B C =Ar, the tvvo Means, 
riien th^ Extremes will be 

tf* X* 

C Drr-r--,., and AB-^,and 
X a ^ 

per Eucl. 47. i. we have 



Ai:)+DB 



^ 

=^/''-"$-| 




M 3 
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and bjr fquaring both Sides, jf*-»2a* x^ V^>z^±f ^^-^ 
^«r;^j^— tf^ hence x^-^a* ^ +a*r=aa*jrVV^^i bcrcr 
hy fqimring again> and tranfpofittg, we get .this Equation i 

x^^rria^x^ ^;^+2«V+tf*=o,' whofe fquare Root is X^ 

^^*^'L-j|4-:o, therefore ;e^-^«*Af*3£:<i^,h€!re, by complet- 

iiig the Square, kc. we hfl!ve x*^.l a*=i ^/'J^— f ^*v^ 

and x^za^/l-i-ix/^] =? 76,3^11697 Miles, the Pittance. 



x"- 



Med by the fecortd Ship : hence -^ s=97.o820i57> th^ 



tf* 



Sum 6f Aelr departures, and r-r- =3 47.1690883, theii; 

' x^ _ 

Difference of Latitu4e, as required. 

. . But fmce A B : B Q :: A Q : CD, it is well knowi^ 
that the Axigle A C B is a right <)ne, therefof e by Euc^' 

47. 1/ we have r-r-jr- =:** + /i*, or jf*— aV s^^x ^^ 
confequently ^=z«\^i+4^^5H> ^ before. 

Q^UE S T I O N XV. 

The continual f j:odu<ft of four Numbers in Arithmf * 
tical Progreflion is 1680, and th^ cpmrno^ DiiFerencc Is 
4 ; What are thofe Numbers I 

Let AT— 6,. ^-r2, AT +.2, and ^"+6, reprefent the re- 
quired Numbers, then per Queftion we have x,^ — 6 x 

x + 6 X ^ — 2 xV+2 =1680, or jf*r—40Jr*+, 144=1680, 
therefore x^— 40**231536, here by completing the Square 

and extrafling the Square Root, we get *■*— *20s= •1936I 
=544, hence x^z^io-^ 4/ 1936^ =64, and confequently *•=& 

\/20+v' 1936^1 —8, therefore the Nmnbers required; 
are 2> 6, io> anda4. 

. QLUESTION 
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Q U E S T I O N XVI. 

^ Ohrea the Sum of tw6 Numbers equal to 00, and the 
Sum of their fifth Powers equal to 281600, to find th& 
Numbers. 

Put tf =2281600, nszztOy and *':rr haJf the Difference of 
the two Numbers fought, then will;r+j be the greater, 
and f — X the l efs Nuqibcr, and per Queftion we haves 
J+B^ ^ J— y * :^ <7, or ioxjf*+20i*** + 2J*=:<?, here, 
by Tranfpofition and Divifion, our Equation becomes *<* 

4-%^^ x*zz:-^ — — —-p-^ whence by completing the Square 
JOi 5 / -^^ 



.^-^-^i- (s:i04),hencq*= 

^ V^ .Ji. 4- jL'll—^ m2y thcrefoe « and 8 ve th? 
^ lojr *^ 5 ' I 

required Numbers* 

Q^U E S T I O N XVII. 

Find a Number to which if you add its Biquadr»te,.and; 
from that Sum fubtradt twice its Cube, the Remamder 

fcallbe 1722. , ^T i_ A 

Put tfS=J722, and. Jf+o,5»_jhe Numbe r requi red ; 

then per Queftion we have A? + o,5l*--a XxToysY +, 
x+OyS-^i or y*-.i,S;f*+o,3i25s?<', hence **—i,5>^^=:tf 
~o,3i^S, and by completing the Squa re, &c. we have 

jP*,— 0,7558= W + 0,24, dicrefpre ^s=\/o,75+ •^4*0,251 
s:6,s> and confequently *+o^5=x/o,75+ •^+o,2"5l| + 
6,5^7. 

QUESTION XVm. 

Given die Sum of two Numbers equal to x, and their, 
Produd equal to j>,tqL find the Sum of their Squares, Cubes,. 
Biquadrates, &c/ 

Put X and y for the two Numbers, then per Queftiotv 
y+^'^iix, and xyz=:p : From the Square of the firft Equa- 
tion, take twice thefecond, and you will have x*+/ 5:1* 

M4 ' -^^i 



1 
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^2pj the Sum of their Squares, which multiply by the 
firft Equation, and from the Produ£b *''+Ay*+*'^+jr3c= 
^^^isp^ iiibtrad that of the firft and fecond Equatkxis 
multiplied together, and there will remain x^+y^:ns^ — yp^ 
the Sura of their Cubes, which multiply likewife by the 
^rft Equation, and from the Prodw6k jr*-|-Aj'+;r'jf+y*s^ 
s^-^y^py fubtradi the Sum of ^e Squares multiplied by 
the fecond Equation, and you will have ;v^+j^z=j^— 4^)^ 
+ 2p\ ^e Sum of^the Biquadrates ; and thus by multi- 
plying the Sum of the Powers laft found by j, and fubtrac- 
ing from' the Produft the Sum oif the next preceding ones 
multiplied by ^, you may obtain the Sum of any Powers 
propofed -, and the Sum-of the-«^* Powers wifi be y +/•= 

£'^m'^*p+nx — --^Xf-^p^T-n X '-^ X ^ 

^ ^ 3 

r . 3 4 



If«=5, then will y +y = ;r5+/ — j5— 555-:*^ + ^ X 
■ ^""^ ■ X i'— ♦ /*=i5— ^J^/) + S^p*y if «=6, then will 

Q^U E S T I O N XIX. 

There are four 'Numbers in Geometrical Progreffioit 
whofe Sum is 45, and the Sum of their Squares is 765 ; 
Quere thofe Numbers ? 

JPuttf=:45, hz^L'jbs^ /== the Produft of the two Means 
or Extremes ; for thofe Produd:s are equal to each other ; 
agd Jet s-^ the^Sirm of the Means, then wiH /7— ^ be the 
Sum of the Extremes, and by the laft Proble m, the Sum 

of the Squares of the Extremes will be a — j.1* — 2^^and 

that of the Mpns J*— ^/», hence per Queftion j*+tf — s^^ 
—-4^=;;^ 9 moreover, s^^jisp is the Suto of the Cubes of 
tKe Means, which, by 8 Geonietrical Progreffion, is equal 
ti> the Sum of the Extremes multiplied by their Produd, 

this 

a^2s 

Valurf 



whence p x « 7-^=^^ V3^/> ^^*^P Y^^ ?^^ ^^ 
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V;abie being wrote for. p in the fgjregoing Equation x* + 




b fP" h 

b^ or i?'-r-3U7x*=afo+«i, hence ;*+ f n- ^ here 

half the Co-efScient of the fecond Term is — -, which be- 
ing fquared and added to both Sides of the Equation and 

the Root extra£led, we have J+rTT"^^^ ' /— — +— — 1 

therefore s^ /-^-— — I — 1 1 — = 183 and ^=s 

V . ,t '= 72.' 
i? + 2x ' 



r 

Having thus found the Sum of the Means 18, and their 
Produft 72, the Means themfelves will, by Problem 29, 
lye readily found to be 6 and 12 ; then 12 ; 6 : : 6 : 3, the 
Ijcfs Extreme, and therefore the greater Extreme is 2^4, ib 
diat the required Numbers ^re 3, 6, 12, and ^4^ 

dU E'S TI O N XX. 

Find three Numbers in Geometrical Progreffion whole 
Produft is 216, ^nd the Sum of their Cubes 1009. 

Let X, xy and xy^ be the required Numbers, then per 
Queftion jf' j'^:?=2i6, and x^ -^-x^y^ + x^y^ = 1009 ; from 

216 216 

the firft Equation we get j^'= — j— , and by writing — 5- 

X ' ' X 

for/, in the fecond Equation, we have jr'+2i6 + ^t — L« 



jc* 



;5si009, hence x^-^yg'^x^zi^^tbiS^ here by compleating 
the Square, &c. we have x^ — 396,5 = + •110556,25), con- 

fcquentlyA- =: V^396,5±v'ii55^25]j = 4 : But/=:?^ 
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fequently the Numbers (ought are 4, 6, and 9, 

Lemma. Any Equation which contains fevcra! Terms 
snd the Square of their Sum^ may be folded by complet-* 
ing the Square, &c. .provided the unknown Qiancity be 
comprized only in th^t Power and Root j and tbe Co- 
efficient of the faid Root or fecond Term muft be confix 
dered to be Unity, except it be multiplied by a givea 
Quantity, though the {Loot may be compofcd of many 
Terms both known and unknown. For want of this Ob- 
leryatioa, fome Authors have fubftituteci other unknown 
Quantities, inftead of thofe tjiey firft affumed, in order 
to avoid high' Equations, which might have been folved 
as readily with their original miknown Quapiities, as by 
any Subftitution whatever* 

Q^U E S T I O N XXI. 

A Man playing at Hazard or Dice, won the firft Throw 
jnft fo much Money as he had in his Pocket } the fecond 
throw he won the Square Root of what he then had, atid^ 
five Shillings more ; the third Throw be won the Squarp^ 
of ail he then had ;. after which his whole Sum was 112K 
l6s» What Money had he when he began to play i 

Pat X for the Money he had when he began to play, then 

txzz his Sum after the firft Throw, and V Z^^ + S = the 

Winnings at his fecond throw, therefore 2x ^ ^/ 2x) + ^ 
^his Money alter the fecond Throw, which, being adde4 
to the Square of itfelf, the Sum mtift by the Queltion be 

equal to ^256 Shillings, benee ajr + • 2 *) + 51 ' + 2x+' 

y^'aTt + 5=2256 i here by completing the Square, &c« 

we have %x^ ^/T? +5,5 = v^ 2256,25^ =47j5j or 'Z^- 
pill — X, hence i xzn/^^i — ^2x+x\ therefore **— 42, 

5^=: — 44i>whencex:;=2i, 25 — ^^ 10,5625! =; 18 Shil* 
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^his Solution may he performed with fewer Figures bjF^ 
completing the Square at the Equation x+^ fx]:=:2ij 

by vsrhich Means you will have ^ + • T^ + ^ss2 i|:z:— j— 

cr jrj +^-L| = y|=r, lience vTJi = 12, and Sxzz 
944^ therefore ;fr:i8. \ 

dU EST to N XXII, 

What two Numbers are thote, whofe Sum, when added 
together, is equal to their ProdnSt when multiplied toge- 
ther ; and this Sum or Produ£i^ when added to the Suot 
pf their Squares, makes twelve ? 

Let ^ be' 1 2, and put x and y for the two Numbers 
fought, then per Queftion *'+y=:jiry, znix+y-^-x^+f'zza j: 
from the fecond Equation take twice the iirft, and you 



will have Af*+y**— x'— yiiitf — 2jry, - or jf -f ^]* — *• — -yrs^; 
whence by completing the Square, &c. we get x-^-yzz 

0^5 + v^tf + Ojasl =e 4 ; therefore *y==4 ; from the Square 
pf the Equation ;ir+y= 4 take four Times ^y=4, and you 
will have ijir*— a4y+y*sro j whofe Square Root jr— ^'rrc, 
^erefore jmy, confequently x and f are each equal to 2. 

CLU E S T I O N XXIIL 

What two Numbers are thofe, whofe Sum, added to tha 
Produdi of their Multiplication, makes Thirty-four, and 
the fame Sum fubt|:a£t?d from_the Sum of tlieir Squares, 
leaves Forty-two, 

Put ^=34, is:42, X2Z the greater and yss the Icf^ 
Number fought, then per Queftion x-^-y-^xyz^a^ and x*-^ 
y* — AT— yr:^ ; add th^ fecond of theie Kqiiations to twice 
i^he firft^ and you will have x*'{-2xy'\-y*+X'^yzz2a+bi 
hence by completing the Square, &c. , we get jr+ys^ 

y 2^+^+0,251 — 0,5=10, this Equation taken from x+ 
y-^xfzzia (=?=34)j leaves Ary=:24i now from the Equations 

x+jt 
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jc-f jfr^io, and xyz^ZJ^ you will, by procedtng as in dift 
lail Queftion> find x^z6y and;r=4. See Problem 29. 

Q^U E 8 T I O N XXIV. 

Given at'— 7jf^=:8, to find the Value of ;r, 

Tranfpofe x\ and fquare both Sides of the Equation, and 
you will have 49 r' = 64— i6^M-Ar% or x* — 65*' = + 64; 
hence jf* — 32,5=:^io5b,25— 64^, and confequently x=:; 

^"320+ ^1056,25— .b4l|= 4. 

Or thus, by completing the Square at the given Equa^ 



3 3 



&)» we have *'— 7*^ + 12,25= 20,25 ; therefore x^ -* 
3,535 •20^251 = 4,5^ hence x^ ^Sy orx '=64, and therc-^ 
fere jif=^'64^ =: 4, 



dU E S T I O N XXV- 

There are three fuch Numbers, that if you add the 
third to twice the firft, and from the Sum fubtrad the fer. 
cond, the Remainder will be 70 ; and the Product of the 
firft aiui third, added to the Square of the ^cond is 800. 

Moreover, if the Square of their Sum. be added to 
twice the fecond Number, minus the firft, die Remain* 
der will be 4906 : Qucre, thqfe NMi^b^i'S ? 

Let the Numbers required be denoted by x^ y, and z. 



J- 2x^y+z=jOy 
Then pey Qucftion J xz^y^ssioo^ 

I jr+y+zl ^ -r ;if + 2y =r4900. 

Addingthe firft Equation to the third, we haveT+y+z^* 
4 Jf+y+ 2=4970, here by completing the Square, &c. 

* -f y + z +0,5 = ^^4970,251 =z 70,5, hence x +y + z=5 70, 
this Equation taken from the firft, leaves ;^— 2y=:o, there- 
fore x:=^2yj this, rubtracled from jf+y + z=70,' leaves y-|^ 
=170— ay, or 2=70— 3y: Now write 2y for Xy and 70 
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*— 3y for g, in the fecond Equation, and there will arife 
Q^yycyo — 2y + /=8oo, or>p*— 28^=: — 160, whence ys: 
14 + •'351 = 20, therefore x (=2y) s 40, and z (=70 

CLU E S T I O N XXVL 

It is required to find the Value of x in this Equation 
x'^-i-tfjr— ^*" + ;f* + ^x*-^fr = J. Here by compleating 
the Square, and extrafting the Square Root x^-^-ax — bc\*, 

_ # 

+^ 0,5 = • s + 0,25], therefore x* + ax — i c z= 
^/v'i +0,25! —0,51, or x^+ax:=z « / ^^ + 0,25! — OjS] 

+ it ; hence we get x= */ Vj+a 



get x= Y^i+Qj25) —0,5] +— +Ai| 



dU E S T I O N XXVIL 

Quere, the Area of a Right-Anglcd Triangle, whofc 
Hjrpothenufe is. x^% and the two Legs x^* and ;ir'. 

By Euclid's l. 47. In any Right-angled Triangle, the 
Square of the Hypothenufe is equal "to the Sum of the 
Squares of the other two Sides, whence, and per Quef- 
tion, we have jr**rs:jir**H-;if**, hence x^* — x^x'rzx^'' -, this 
Equation divided by x*% gives ***—*•**=: i ; here by 
completing the Square, &c. we get je**=55H- a/ 1,25) = 
J ,6 1 803398 = the greaterLeg,therefore x'r: ^ .7+^^25!^ 

=1,27201964= the lefsLeg ; confcquemly the Hypothe- 
nufe ;tf'* ( = Vy*' + ;e*'l)=\/ 1,61803395! +1,2720196.^1^ 

=12,0581709: And multiplying the greater Leg by half 
the lefs, gives 1,029085 +> for the Area required. ^ 

Q^UESTION 
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Q,U E S T I O N XrvUl* 

Given j ^v:i^^^^=A >, to find * and jr. 

By fquaring the firfl: Equation, we get x^-^y^zza^ of 
x^z^a^-^y^ ; and by writing tf*— y* for ;t% in the fecond 

Equation, we have y^tf*— 2y*' z::^, ow*y*— r2y*=:^%there- 

/ 4 "' ^ *• /^^ T'^ 






Q^U E S T I O N XXIX. 

Suppofe «*"— 2*** +>:"=:«, Quere *. 

The given Equation may be exprefled dius, *■*'— Jf"l* 
— **"+x"=fl; here by compkting the Square, and ex .. 

tra<9:ing the Square Root, we get **"—*" = f +v'<'+il ' 
and, confcquently, *= f + "/ i i *^<»^i^| . 

CLU E S T I O N XXX. 

Given { '•?*T^"^'^'^=^ti=l], tofind;.andy. 

From the (econd Equation we gctym " u^ " ■ — ^ this 
Value of y being written in the Sum of the given Equa- 
tions we nave ■ . ■ ■ ==^1— » — r SE^r+^zsj; 

hence ty completing the Square, &c, — ^ --— = t + 

V^+il =», or iA'=:«;f*— WAT +«, and ;c*— — — 4. i X^=: 



—I, therefore '=^ + * +>/— + i I — *'=& «»«» 

Q_U E S T I O N XXXL 

Given | ^ ^iy =^ | , to find jf and ;f. 

p 
By the fccond Equation ^^rr: -^ — ^, this Value of jr, fidn: 

llituted in tivc firft Equation gives x^ +-7:r = ^> ^^ **" "^ 
5;^"= — ^% hence by completing the Square, &c. y— fi 

= ± V i ^*— /'"I, and atS^i + V t j^*— />"lj7, whcacc/s 

Q.U E S T I O N XXXni. 

In the fame Manner, if there be given :f—f^dy and 

gyizipi you will fmd *'= id+</ id*+f^i and jr = 
. P 



Q.U E s T I o N xxxnr. 

Given *^'— &i;^=:3s84, to find y^, where n denotes a 
given Number. 

By completing the Sq uare, and e xtraflin g the Root^ 
we have *"'— 4=^36oo| , or y = • j6oo| + 4 j there- 

fimr Jr*r= Vv'.3^o]+4J = "T^j as required. 

Hcfv 
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Here die Root x may be readily touiid by Logaridim^ 
be n what it will, as fluU be ihown Airther on. 

Ifa=3, then it is plain jir=:2, for then will *'r=Af*=r 
y/Z^ =(/64'="8l^andfincemAi$Cafe;r*rrFl^ 
therefore jif=:"8^=2. 



Q^U E S T I O N XXXIV. 

Given X*— i2Ar^+44y*— 48;K'=9o69=ff^' to find */ 
It is plain that the propofed Equation may be exprefied 
• Aus, x-^-^x\''\-% x;r*— 6J=:fl, her e by co mpleting the 
Square, &c. we ha/e jr* — 6y-f 4= \/g -f icli or at* — 6^:=: 

V^+i6l— 4i and x= a/s+ \/^+ 165} +3=13. 
Q^U E S T I O N XXXV. 

Given X*— 400**+ s6o;if=: 196, to find jir. 

By tranfpofing — 400;^* + 560^-, and extrading t&e 
Square Root, we have ;if*=:20Ar— 14, or **— 20*=— 14, 

and x:=L»/6^ 4io. 

Q,U E S T I O N XXXVr, 

Given;?^— 279^^—278=10, to find x. 

Here it is obvious that one Root of this Equation is 
—I, for by writing — i for jir in the given Equation it be- 
comes — x + 279 — 278=0, which mews that.— I is- a 
Root, for the Terms —1 + 279—278 being added toge- 
ther make (o) nothing, and though this negative Root 
( — i) will not generally folve Problems producing fuch 
Equations, yet fince jr= — i, we have at +1=0, and di- 
viding the given Equation x"^ — 279^? — 278=0 by *+l, 
it will be reduced to x*— *• — 278 = 0, a Quadraric, whidh 

folv^d, ^ives ^ssV' 278,25! +,5* 

. CLU^ESTION 



4 
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I 

Q^U E S T I O N XXXVn, 

iGiVTBn ;c*+6x'-— 48;r=:64, to find y. 
By adding ()x*+4ix to both Sides, and cxtraSing tlic' 
JLooi^ wehaYc^*+3^=3*+8, 6r*^=38j and*=:^/^ 

. How to determine when this Method of folving ah ad- 
fcGttd Biquadratic will futceed, and how to find the Quan- 
tity which being added to each of its Sides, will complete, 
the Square, ihall be copioufly treated cf in the Gdurle of 

this Work; 

Her$foUow a few Equations^ i^thitb drefik^ed iyfahftitut^ 
ingjir the unknown ^anthies, 

Q.U E S T i 6 N i. v 

Put ud:{/^y and zs-s/yl, then will u^=^Xy and 2» 
•TV ; and the given Equations will become «V=:2z\ and 
I2»— z=i2 : JDiTiding the Equation i^«2;'i;>«*, by 2«% 

ivegetzsfc ■> this JEquation added t6 li«-^i=22, 

2 

gives "i2«=i?22+ -^\ or «*— 24tf=:— 44> hence uzziz 

% 
.i-V lool =2, therefore ztsz—- s= 2 f confcqucntly ir =i* 

2 

?<• s»8, and j? (=a*) =4» 

o tr E s t i O N IL 



"" \ ;cV+^j*=^46o8o=J, 



The fecond Equation may be fcxpreBed thus, x+y X 
xy'Szbi Wt^^x+yj zxidpzzxh then will the Equations 
" ■" N become 



^ - 
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become s -1-/=:^ and sp:^i ; from the Square of the Equa- 
ttan s+pzza^ tT^Lt four Times spzzbj aqd you mil have 

J*— aj^+^*=tf*— 4^, hence. Jr-^=i^tf*— 4^1 {=±4^) 
this Ixiuati on added to, and fubtra^d fro m s+pz uay gives 

S7::la±l^a*—4M =80, aind/srf tf+f •-I^^^ =5/6; 
therefore jr -f jrzsSoy and xy^sjb ; frcoi thefe two ^qua-* 
cionSi (by proceeding as above) you will find ^^=70, and 
jsSj and thus yon may find any two Numbers by hav- 
ing dietr Sum and ProduA given, i^athout completing the 
Square : But it may be obi^rved at the Equation mere 
the Root IS added| ibat the upper Sign (-f ) gi^^ the 
greater and the lower ( — ) die leis Number, therefore 
the Equation wbdk Root is extraded^ needs not be fub« 
tnuSed, fince bodi the Nund>ers fought may be delermin* 
cd from that Equatioa to wliich it is added. 

Q^U E S TI O N in. 

Given J ZY'Z'l^T"'^, 

Put jr:jf*+jfVand przxy ; dmn wll die E quations be- 
come sp (=:/+;r*XA'y) =tf, and i^— 2^* (=r;r*+y^* — 

2 X xjY ==•+>*) := *; from sp^a^ lyc get^="7'> diis 
Value being wrote for j^ in the Equation j*— j^*— *, diere 



2a^ 
arifes i*— 



?- = *. hence s=J_L^J^_^^\\ 

a 
=^4^5 » therefore p =:tj-s:ioo; now we have jr*+y* 

=425, and ;»y=:ioo, hence 247=200, this Equation be- 
ing added to, and fubtra6led from x^-\-y^':=Lj^^^ and the 
Square Root of the Sum and Dificrence extrafted, wc 
have x-k-y =: y^ 625l=:25, andy- l;rz= y^ 225! = 15, this 
E quatio n added to ;c+J^z z V" 6 25), g ives 2*-^ ^ 625 1 + 
v" 225I, or x-=i\^ 625} +fi/ 225^ =20, therefore 7=: 

(QUESTION 
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Q,U E S T I O N IV, 
Given I **+^ +*y+^/+y=ali»:«s 

Divide ^e focood Equation by the &r% add ^ Quoti.P 

b 
eat (j^— ;p'jf+x*j^*'«*-*y'+/s:-2p') to^ and fubtra^l i^ 

from die firft Equation, and you will have ^i^^zx^f-^ 

h b 

a/=:^+~, or^*+ArV+/=:f a+-^, and a*V+ 



Put wc:ia+-^r=i33, wicftf^-jj-s 78,j=^*+ 

^% and p:s-9iyj then will our Equations become ^^^ 

( i** +/V— **/=J^ + iry +/) as «, and 5^ (s=*Nr!? 

XAry) =:«, hence ^c=— -9 thisr Equation fijaared and ^dd^d 

to s^'-^p^^m^ gives i*=:»i+— -r-, or x*-»-mf*;5:«% whepc^ 






' ■ ■- -^^ 

get jss /-^ + V~ +SI == *?' *»«*»r« / =* 

— -= 6 : Now from the Equations **+jf*=:i3s:j, an* 

iy =:6=:j^ (by pro ceedin g as in the laft Proble m) you wiH 
find£=|/7+2^ +i^J— 2/1=3, and^frzfV'j+i/rl^l 

Q.U E 5 T I O N V. 

Given ^ /, /, ^ " , V to find ^ and y. 

( ^y+^-ys^ 1659600^=3 J '^ 

~. rjutX5=x+y, and / =:jry,- then will xyxx-j^^zzpssssj or 
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(See Page 157.) " 

. a a 

This Equation by vnriting -p, for ^, becomes -pr X 

^5_5^j»^.Jfl=;f ; hence 5^—5^+ -^ Xf^=— 5^% 



Ai ■* 



and 



f= V 2 ^ 2«*. V 2 2a» ' — 5« 1 — 
9, and therefore )>= -f- = 20, hence Jf+j'^^g^ and xj 

=20 i four Times fliis Equation taken from the Square 
of A'+^rig, leaves jr*— 2:f>-f/=i> therefore a-— >=i, 
confequently a? =5, andj'r:4. 

From the above Solution it will be eafy to fee liow any 

«— 3 

Equation in this Form y*— wjx-'*— *+«. — ^ — .*^* «:«-*-• 

- --T^- -T-- ^'^"-^ + ^- -r-- -i-- 

^*^^ tf^A*— ' — &c.=>, may, by Subftitution, be re- 

4 
dnced to a Quadratic ; for an Inftanceof this, affume «=:6^ 
then we (hall have jf**-*-6^y^+9/jV— 2^^=^, the Sum of 
the Sixth Powers of two Numbers, by Problem 18, there- 

fore putting yz=^=:^, or zz:— -, andy+%=*, welikp* 

J 
wife have/ + 2;^=^, or/+— g- =*> hence y"~^y*'=— 

a\ here complet ing the S quare^ &c. / = | b^- »/\h^ — a% 
therefore y;=:y/fH-v|^J^^fl^j and confequently, a* ( = 



r • 



Before 
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Befott I proceed to the Solatioh of Cubic and other 
higher Equations, it may be proper to fliew their Derivaf* 
tions. 

Thefe, like Quadratics, may be produced by the Mul* 
tiplicatton of fimple Equations. 

ThuS) fuppoio x:=2a^ ^=^j x^Cy then will jf — ^ = o^' 
jf— i=o, X — f ~o ; thefe three Equations multiplkd toge« 

feer, give x-^a x a-— i x x — e sso, »or 

+ ab 



x^ 



— ^ > Xx^'\-ac Y xx'-^abc::^o^ st Cubic Equation j 

in which the three Roots are <7, f , f ; the Co-efficient of 
the firft Term (x^) is Unity, that of the fecoild Term i% 
•— tf — i-^c the oum- of all ihe Roots having their Signi 
changed; the Co-efficient of the third Term is -{-ai+ac 
+ hc the Sum of all the Produfis that can arife by multi- 
plying any two of the Roots into one another. 

The laft Term is fuppofed to be a known Quaritity, and 
fs — abc^ the Produft of all the Roots multiplied conti^ 
nually together with their Signs changed. 

In the Biquadratic Equation, x — a X x-^b X x^c K 
'd = o, or 

+ ab^dz:o. 




' . The four Rootg are <?, hy r, d. The Co-efficient of diQ 
Second Term is the Sum of the four Roots having contra- 
ry Signs. 

The Co-efficient of the third Term is the Sum of all 
the Produfts that can be made, by multiplying any two of 
the Roots together* 

The Co-efficient of the fourth Term is the Sum of all 
the Produfts that can arife by multiplying into one another 
gny three of the Roots with their Signs changed, 

* ' N3 And 
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And the kft Tenn is always tins Produftof all db Hqptt 
imiltiplied together witli'eoQCraiy Signs. 

AH this will eirer hcU tnte^ even uriiai feoie of dtf 
Roots ait aftrmative aiyl thereft oegttm* 

The Units in the Exponent of the Mgjbeft Pmfv of tli« 
iiolpiown Qjfaotit^f are atwajs equal io Nitabei to the 
Iloots in the Equation^ 

And when the ^oots irt aU pofitttc^ tfie Sigoi will hd 
alternately 4 suid -<-^ as above. 

It is nropofed to produce a Cubic Equation wbofe three 
Roots inall be t,— 3 ttid -f 5* 

Letjr — 2=o,*'+3t2Q,and*'— 5ildj|thenjr-*»2>^*+3 
^x — 5 so, or y' — 4Af**»xijf+3o:ito> i5 the? Equation 
required j for if inftead of x you write 2, a^d for the 
Square and Cube of x you write the like Powers of 2, ii\ 
the generated Equation x^—4;f*—iix+ 30:^0, it will be- 
come 8—1 6 — 22 + 30^=0 ; by writing — 3 for ;p (in the 
feme Manner) there arifes --27— 36 + 33 +30550.; and 
by writing 5 for jr, we have *^*— 4Jf*-^ii*+ 30.121 25 «^ 
100— 55 + 30 x;0. 

In this Cafe it may. be iikewife obfetved, that the Co« 
efficient of the fecond Term -*- ^\ is the Sum of th^ 
three propofed Roots, having their Signs changed^ tbus^ 
«•— 2+ 3— 5z::-^4, the CiD-eificient of the third Term — « 
J ];r, is the Sum of all th^ Products that can arife by muU 
tiplymg any two of the Roots together^ thus, 2X-*^3 + 2 
X 5 + 5 X -^3 1: — II ; and the Idl Tejcm 30, is the Pro- 
duct of all the Roots multiplied together, with contrar|i 
Signs, thus 3 X— 5 X -^21^^ + 304 

Again, let it be propofed to generate a biquadratic Equa^. 
tion whofe four Roots fhall be 3, 4, -^ 5 and — 7* 

Here we have jf-^3X;r — 4X4f+5x*'+7 xzOj whidi 
gives x^ + Siv'— 37;^ **"! 1 ;e + 42c :;= 0, for the Equation re* 
quired. 

And by proceeding 0x1 in this Manner, you may pto^ 
duce Equations which il\all contain any Roots pcopofed^ 

in the Cubiq Equation 4r^-^4-y*--*i 1^^+303=0, ypu may 
obferve that there are two Changes rf the Signs, ojif| 
Cjiange from th$ fir ft Term to the Second^ and om front 



ELEMENTS of ALGEBRA. 183 

the diird to the fourth Term, which (hew that there are 
two affirmative Roots; for there' are as many pofitive 
Roots in. any Equation as there are Changes of the Signs 
of the Terms from -f* to •— ^ and from — to + ; the two 
like Signs «-* and — * which immediately follow one ano- 
ther from the iecond to the third Term, denote one nc^- 
tive Root, for as often as two like Signs, either pofmve 
or negative, ftand together in an Equation, fo often there 
is a negative Root* 

The whole of the Propoiition is general, where the 
'Equations do not contain impoffible Roots, or if the im- 

Sffible Roots are allowed to be either affirmative or nega^ 
e i and the Number of pofitive Roots being known, 
that of the negative ones (being the remaining Roots in 
the Equation) will, from thence be given. 

Thus in the Equation jr*— io;r^— 7»*+76jr— 60220, 
the Si^ns are + — — + 1 — ^ and there are three Changes, 
from me firft to the fecond, from the third to the fourth, 
and from the fourth to the fifth Term, therefore diere ace 
three affirmative Roots, and the other Root is negative* 

The negative Roots in any Equation may be turned into 
pofitive, and the pofitive into negative, by changing^ the 
Signs of the fecond, fourth, fixth, &c. Terms* Thus 
the Roots of the Biquadratic jt^^^iox^ — 7ap*+76#— ^ 
5:0, which are 1, 2,-— 3 and 10, by changing the Signs 
of the fecond and fourth Terms, the Equation becomes 
•+ lOjr^-i-yjr*—- 76* — 6orro,whofe Roots are —1,-2, + 
3 and — 10. . 

Here you may obfervc, that the fecond Term of this 
Equation is affirmative, which ibews that the negative 
Roots, taken together, exceed the pofitive ones, which 
is very .obvious here, and the Obferv;ition is general, ex- 
tending to all Equations. 



Of finding the Sums df the Powgri of the Roots of an 

Equation* 

Let 4f^-^jf*+y4r— r— reprefent any Cubic Equation^ 
then wiff^ be the Sum of the Roots 5 q the Sum of the 
Products made by multiplying any two of them ; r the 

, N 4 Produft 



\ 



ift4 feLEMEH:TS OF ALGEBRA. 

of all the three ; and, if -rp/-h7, — r, +j, — /, +«, &A 
be the Co-efficients of the tJ^ 3^/54/*, 51A, 6/A, &c. Term^ 
of any Equation, then (hail ^ be the Sum of all- the Roots^^ 
q the Sum of the Prodp<fts of any two, r the Sum of the 
ProduAs of any three, s the Sum of the Produ£ks of any 
four, t the Sum of the Produ<^ of any five, u the Sum of 
the PrbduSs of any fix, &c. 

This being, premifed, it will be cgfy to find the Sum of 
the Squares, Cubes, Biquadrates, &c. of ^ny determinate 
Number of Roots, for nnce ^, the Go-efficicnt of the fe^ 
cond Term, i5 the Sum of all the Roots having their Signs 
•changed, it follows that the Sum of the Squares of any 
Number of Roots will be always equal to p^ — iq ; fofc 
Jet B denote the Sum of the Squares, then becaufe the 
Sum of the Roots is ^, and the Square of the Sum of any 
Quantities is always equal to the Sum of their Squares, 
added to (2^) double the Erodufts that can be made |yy 
multiplying any tv/o of them, therefore ^lacB+af, and 
confequently B=:/>*— 2f. 

For Example,T+JJ7[*^£2+^*+^*+ ^ah+2ac^7ic^ 
y=:B2^;+ like wife g-h H^+^l^ =^*+*Htf*+4i*+2>( 
<ib-\-aC'\'ad'^,bc+bd'\rcd =:^*=:B + 2y ; therefore B r=^* 
r— 2^4 and fo for anyothei' Number of (Quantities. In general 
therefore, B the Sum of the SqMares of the Roots may be 
always fpMnd by fubtracling %q from p\ the Quantities p 
and q being always l^nown, fince they are Co-efficients in 
the prcpofed Equation. 

If C be the Su m of the Cubes of the R ootf; in any 

Equation, then will ^^jf^jf^''— <^/»T-^^--^f X J+J+r (r:: 
a^+P.+c^^lahc) nBr-?x/>=C-3r; hence C=:B/-ir 
qp-^Z^'y here, by writing j>*—2f, for B, we have C=;: 

After the fame Manner, if D be the Sum of the fourth 
Powers of the Roors, you will findDz;:^ ^^^^.'^P^^^.^y 
from this Equation, by writing j[>* — 2f for B, and^'— 3^^' 
+ 3r for C, we get D=:/>*-4Ji*^+4)Jr+2^*-4J ; if E 
^e the Sum of the fifth Powers, then will Ez;^ D— f C+r 



And in this Manner the Stam ^ of amy FoW«i« «f tbe 
jkoots may be obtained ; the ProgreffioA oi thefe £xpre£* 
^ons of the Sum of the Powers being obvious* 

The Sum of the Squares and Cubes of any Numberiof 
lloots is very readily found, and the Operations may be 
underftood^ by Infpiedioni but in fimUng the r Sums df 
higher Powers die Demonftrations are; riot fo /obviou|-|^ 
■''wherefore it may be acceptable to a curious Learner, to 
•ice die Sumft of diefe Powers derived by a diiFprent Mij^ 
-Ihod. 

In order to this, let Psr^+f -f^ &Ct the Sum pf all A^ 
Eoots rfjter the foft («), Q^bc-^kd+fdy &c. Rq;5W+ 
ke+bdey Sec. S:;=:bcde+lfcefy.6fCf ^T^ic^t &c. &o» 
|l^en will 

/tr fl +P, 
'^' ■ . yrrP^+Q,< - — 

. ffzKa+ S, 
l=Stf+T, &G, 

From die Square of the iirft of thefp Equations take 
twice the fecoiid, and you will have (8=) ^*— 2^=^*-f 
' P*— 2Q^ the Sum of the Squares, which multiply by the 
Equation p:=za+Pj and from the Produ6l fubtracft that of 
the Equations /=:/7+P and ^nP^ + Q^ multiplied together, 
to the Remainder's — pqzna^ — sQf'+P^— 3P^;> acfti 
three Tiixies the Equation r=:Q^+R, and there wiifarife 
(C=) ^B— /^f 3r=:tf3+P3— 3pQ:h3R, the Sum of the 
iCubes, which multiplied by^zz^+P, and from the Prci- 
duft, that of the Equations j=;Ptf+Q^and B=tf*+P*— 2 
Qj being fubtraSed, there remains p C— f B == ^ — Qtf* 
--PQ£+ 3Rtf +t*-.4P* 0.+ 3PR+ 2Q!, to this Equation, 
in order to deftroy all the Ternj^ in which a is involved 
except the firft (a*), add /r=Q^+PQi7+R^/+PR, and 
from the Sum lubtrafting four Times i=:R^+&, we get 

p=:)/>C^-^B+/r-4i==^+P*-.4PQ:f4PR+2Q> 
4S, the Sum of the Biquadrates ; which, being likewife 
multiplied by/=i7-f P, and from the Produ£); that of the 
Equations ^zzP^+Ct and C=fl^+P^-.3PQ:f 3R, fub- 
traced, leaves j^D-^Czr^'+P'— sP'Q--P*Qj+4P*R+ 
5PQ!+PR.2^Q^^+2Q;^-3QR-4S^-.4P«, to jffis 
Equation add rB=Q?'-2Q;«+P*Q?+R«*+P*R— 2Q 
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ft» teMlher with fivt Tirnds tbe Eqiu^on ttzSa+Ty ai»{ 
firomAeSuia,tak»^=1iU^+PR^+&f4^PS,andchei« vrifl 
lemain^D— *C+rB— *x+s/=^+P*— 5P»Q^+5,P»R 
+SPQf-^5QJt-sP^+5T=3E, the Sum of the fifth 
Fowcn, as before ^ hence the Law of Continuadon is al& 
flMoife^ the Sum (F) of the GxAk PoiMrs 

When all the Roots ^of an Equation are negative^ then 

x+^X^-fcx^+4^- =: 0, vrill expnsfe the £q«». 
Cion to be produced, all whofe Terms i¥ill evidently be poi- 
§Atti fo diat when all the Roots of an Equaticm ar« ne- 
ntiTd, it is plain there will be no Changes indie Signs of 
ne Terms in that Equation. 



^■-iM^MMP 
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Of Cqmmenfurcd>le ^antities. 

/'"V^ANTITIES are (aid to be commeniurable when 
\J^ they are to each other as Number to Number, that 
hy when their Proportion may be exprefled in whble Num- 
bers, having one common Divifor that will meafure them 
aH. 

For Inftanccf let a and h be two commenfuraUe Quan<^ 
titics, then their Propordoni be it what it will, may be 
exprefled iii ^ole Numbers : for let c be their common 
Meafure without Remaindc^r, and let it meafure a iuft 
three. Times, aiid b four Tiif^es ; then will y:s,aj and ^c 
zzb \ therefore a : b :: (3^ i:j^c ::} 3 : 4, which was to 
be demonftrated. 

Hence (via verfa) aU Quaiitittes that are to One anb- 

dier as Number to Number, are commenfurable ^ diere- 

fore all' whole 'Numbers are commenfurable, fmce Unity 

is a common Meafure to diem all* 

a 
AD Fra^Hons are likewilb commenfurable, as *-t* and 

i for if th^y are tcduced to a common Denominator, 

tibey 
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^d he X . 

i£tvtjf ivill become ■'y^ ,wd -^ and " ^^ ' wiD meafim 

thcin both. 

Incommcafurable Quan^cies are iiich who(e Pisppordoii^ 
e^nnotbeexpreiibd in whole Numbers or finite Fradioofn 
and therefore have no common Meafure, but their Re^* 
lation muft be eicprefied by a Su^d Q^M^^ty or Infinite 
Series \ thus die Ratio oi ito V %% caanot be exprcQibi 
in Numbers* 
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menfaraie^ 

IT has been demonftrated, thai the laff Term of am 
, Equation is the Produd of all its Roots; from whiol 
it follows, that the Roots of an Equation^ when commen* 
furable Quantities will be found atnt}ng the Divifors of the 
laft Term, and hence we have for the Refolution of Equa^ 
tionsthis 

RULE. 

firinflr all the Terms to otie Side of the Equation, find 
a& the Divifors of the hft Term, fubftitute &em fuccef- 
fively for the unknown Quantity in th<^ Equation ; fa* 
ftell that DWifor which ((iibftituted in this Manner) gives 
the Refult l&fo, be a Root of the Equation. 



£|»0iple^ 






vrfierc the lift T^rm is 2^*, whofe fimpic literal Divifor* 
are a^ b^ 2^, ih^ each of which may be taken either pofi-. 
lively or negatively j but as here me Signs of the Terms ^ 
«re alternately + and — ,. therefore we need only takoi 
them pofitivdy. Suppofe jrr:^ the firff of the Divifiurs^ 
sad wjriting a for x, the Equation becomes 
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Here all the Terms deftroy one another, therefore a is 
#ne Root of Ae Equation, and by writing b for jr in thp 
yropofi^ Equation, it becomes 

Where the Terms alfo deftroy ^ch other, ^ich ihem 
tbat b is another Root ; thefe two Roots being obtained, 
Hk diird may be found by dividing the laft Term, having 

Its Sign changed, by their Produft, thus — r~ =2^ is the 

third RoQt,'as you will find by fubftituting %a for ^y in Ad 
flven J£quation« 

« 

Let Equation *'— 4**— 7;^+ 10=0, be propoied ; then 
Ae Divifors of (10) the laft Term being + i,— ij+i-r-z, 
•^5j'^'5j+ iOj— 10, let ttcfe Numbers be fucccffively fubr 
ftituted inftead of at, and we Ihatl have 

I •*-4— 7+10=0, therefore i is ^ Root; 
•—1—4+7 + 10=12, therefore -p-i is no Root ; 

- S—16 — 14+ 10= — 12, therefore 2 is no Root 1 
*— 8— 16+14+10=0, therefore —2 is anotfac;f1&oot ; . 
125 — 100—35 + 10=0, therefore 5 is the third Root. 

This third Root might have been found hf dividiag the 
laft Term 10, (having its Sign changed) by — % the rror 
4u£l of the other two Roots. 

^ l^metimes the Divifors of the laft Term arc y^ nu-. 
merous ; in which Cafe, to avoid Trouble, it will be con^ 
venient to transform the Equation to another, wherein the 
Divifors are fewer ; this may be done by ipereafmg, X3r 
diminifhing the Roots by foii^e known Quantity-; and hav- 
ing difcpvered one of the Roots, if it is a Cubic. Equation, 
cKvide it by the funple Equation, which you are to deduces 
^om the Root already found'; if it is a Biquadratic tha( 
Ts to be transformed, and you can find two of jts.Roots, 
divide it by the Produft; of the fimple Equations deduce^ 
from thowRoots, and fo on for higher Equations, thci^ 
you may readily find the remaining Roots YVe {hejr wh^t 

' ^ they 
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they will) by folving th^ Quadratip Equatior^ thence ari£* 

For Example, ♦Let theft be given Jf'—f9;r*+ij8jr--* 
240 :=o. 

Then, by writing y+4 for a-, in the given Equation^ 
it ivill be transformed to y— 7y*+i4^^^—lrso-s here the 
£>iir ifors of 8, the laft Term are very &w ;^ana it appear! 
by Infpeftion that one ofthS-Vaiues of y is Unity ^ andfinotf 
y:=ziy therefore one of the Values of * is 5, (for ;ir=ry+4 
=5, hence jr — 5=0, and dividing the given Equation *• 
•.— 194?*+ iiSxf- 240^=0 by A-— 5, the* QiadraCic: (^lotient 
is **—i4.v+ 48:3:0, hence x**— i'4jifr=**48, this Equar 
tion folved, givesjr=7iVT^z=8, or 6; fo that the tfarcf 
Roots of the original Equation are 5,^6, and 8* 

• Let there be propofed^die Biqu^ratic x^'r^^je^^^x+pL 
= 0, and in order to change it to another whofe laft Term 
.^mits of fewer DiVifors, write y + 1 for jk;, and it will be-* 
comey*— 6y* + i6y + ai=o; where the Diviibrs of the 
laft Term are 1,— i, 3r^3j 7, —7, 21, and ~2i, whisii 
being fubftitutedfucceiEvely fory, I find the Divifors i and 
3 to fucceed, and fince two Values of y are i and 3, jt 
follows that two of the Values of « are 2 and 4 ; therefore 

*•— 2=0, likewife x — ^4=0, and confequcntiy a*— s4X;r— 2 
r=o, that is, x^-»6jr-f8s:o, and dividing the pr^pded 
biquadratic Equation by ;if*— 64^+8, it becomes *^*f 24p+ 
4=0, a Quadratic, which^ being folved, gives xs: — i^ 
-/— 3; therefore the four Ro ots of the Biquadrifctic art 
2, 4, — i + -v/^^,and — iJ— i/i— 31, But the laft twa 
* of them are evidently impoffible. 

There Is another Mediod by which' the Divifors that 
vrill reduce Equations to lower Dhnenfions may be found- ^ 
and for the better underftanding of this, transform the 
Cubic Equation x^ — px^+qx*^r::zOj into two others whofe 
Roots {ball in each differ from thofc of the propof68^1£qua>» 
tion by Unity 5 thus by writing y+i, and y-^lj fuccef- 
fively for x,' m the Cubic Equation, it will be transforoMd 
to 
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The Vahes of the /s are fome Divifars rf + i'^-^^f 
'', and <^ ^fm^ikm^pmrn^^n the laft Terms (tf die £qua* 
ti<Mis derived by Transformation ; and if you write 4- 1, o^ 
••^r, fucceifively for at in the given Equation^ it will be* 
come +1— ^+f^-rr»:0^ ♦ # » ^rtRO^ and — l^^^ 



The Terms which oonftimte die firft and laft of tbefe 

Arte Equations, are re^^e^lively die fiune as thofe compoT* 

ixk^ the faft Terms of the two £x|uatiom in which y is in* 

VcJved ; and the Values of x are fome Dtvi&rs of r, die 

Term kft by writing o for ;ir : But the Terms + 1, o,i— i, 

«re in Aritkntetical Frogreflion, decreaiing by die common 

' X)iffi:rence Unim and the Values of the y% namely te — i, 

4iK^ jr-f X, are in toat Frogreifion increafing by Unity* And 

ki is obvious die fame RcafoiuDg may be extended to ai^ 

^Equation <£ what^er Degree ^ ib that this gives a gene« 

*pf9) RuIq for finding the c/Qmnaenfurable SxK>t» of £qua- 

^|ion% which is thus : . 

Subftimte in fJace of die unknown Quantity Aicceffively 

the Terms of the Progreffion i, o,— i, &c, and find all dip 

ibijiriiars of the Sums that refult ; then take out ail ,the 

Arithmetical Pnogreffionsyou can find among the Divifor^ 

wtiofe common DiiFerence is Unity ; and me Values of 

<^ will be among the Divifor^ arifing from the Subftitution 

ni xcso that belong to thefe Progreffions. The Valiies 

of Jf wiU be affirmative when the Arithmetical Progre^ 

ilSmencreafeS) buf negative when it decreases* 

E X A M P I. B 
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I 

Let it be required to find one Root ofdieEquatioo 4^«^ 
jr*— xo;tr-|-6=ro. Vide the Operation, 



-SvifpofitaoB' 



•^SS i^^r*-*-**— fI0Ar+6;=— 4 



Itefiilts. 



1.2^4. 
1.2.3. 6 
1.2,7.14 



Aikh, Pra^;. Dft, 



3givesxs:««3« 
2 



A-n o;r'— **— I0;r+6c=+ 6 
A'2=— ip'— Jr*— iO;ir+6=: + 14 

Here you fee the Suppofitions of 4fr=i, x^Oj 4pse— l^ 
gcve ^ RefiiUs of the Quantity jr^*^;r*«~ K)x«f6 tqusd to 
^<^ 6, 14 ( among whofi^Divilbrs I find only 4>iieAoili« 
metical Progveffion 4, 3) 2 ; the Teca^ of which pppoilt 
to the Suppoiidoa of xxzOj being 3, a|id the Series dc** 
creaiing, I try if the propofed E^a^adonbc divcfiUe by M*fmj, 
wiAout Reinainder, and find .it t4&caeed, the Onodpit 
being **— 4»+2=:0 ; there^ jte —3 i« one of the&ooCs | 
and from the Equation jr*.— 4rrs-t2) you will find tfif 
odier two Roots to be 2+ V*T)« 

If it is required to fihd the Roots of jbe Biquadratic Ejppa^ 
rich *♦— Sa^— 7Jp*+8;«^— 12 = 0, the Wpri; wijl ^Sbioi 
thus: 



Svppofitiofi. 


ReTultt. 


xrz I 


-^15 


^= 


— 12 


^^-I 


"^ 



Divifocu 


PxOgMiMN. 


li 3- ,5. 15. 

I) ^' 3* 4> 0' l^*. 


» 35 f 

2 2 f 6 


I, 3. 7. 21. 


3 « 37 



In th^e four Progrei$oas» d)e Terms cone^pondi^g to 
the Suppoiltion^ of ;ir=:o, ^ing 2, 2, 4, 6» and t|ie firft 
Progreffion i, 2, 3, being increafing, I trv. if . + a fub-» 
ftituted for jr in the Biquadratic wiU eivetne Refult equal 
t> nothing, w&ich not lucceeding, I mefefere try — a pe- 
isaufe the fecond Progreffion 3^ 2, l, is decreafing, and 
find it to fuccced ; in like Manner I tty —4 and +0, a^d 
find that + 6 iid)ftituted for x in the Equation gives ^c 
Refult =0; therefore — 2 and + 6 are two of its Roots^ 

therefore x4-2r:o, and at— 6=0, and confequentiy jr4>2 

:fixT(i^O^ that is, ;ir*-— 4jr«>- 12=0) andf dividii^ die 

propofed 



1' 



I 
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proposed Equation b^ ;r*— ^4^— -Z2, the Quadratic Quotieti£ 
Urill be x^^x+iz z9i he nce af*-*';r=^i, this Equadoot 

Iblved, gives | + • — i\ for the odier two Roots fc^ 
quired* 



7S irmsfirm any Bquatlon to another that /ball want hs Je^ 

cond Ternu 

RULE. 

Divide the Co^efficifent of the Tecond Term by tin; 
XJjoUs in the Esqxxient of the higbeft Power of the unknowft 
Quantity ; to tiie Qiiotieilt having its Sign chaagcfd^ add 
anew unknown Quantity^ and write their Sum for tl:^ 
original unknown Quantity and its Powers in the proposed 
Equation^ and there wiU arife an Equation wanting its fe<^' 
fQodTermi 

E X A MP tt, 

• ■ • 

Let it be required to exterminate the fccond Term put 
<f this Equation y-=^i5y*+8ijH-243r=o. 

Here, dividing the Co-efficient of the fccond Term -^ 
'S>[ bf ^J, (the Exponent o(y^) changing the Sign of the 
(^ptieht -^5, ind writing x+i for yin the propofe4 
EqMtibn, Aefe wijl al-ifc* 

+ \y'=x*+i5jf*+ 7Sx+i2S]| 
f ' •-15/== -^15^*— 150*— 375 I ^ ^ 

-♦8«jr=5 . -+ 8i*+405[ ^°^ 
• .' *-ft43= > . —243 J 

.Whence by Addition we feave O^'-^iSy^+Sij*— 24321); 

jr'+64r— 88^0, an Equation wanting the fecond Ternji s» 

and fince any Equation majr be reduced to this Form$ 

^ I Ihall therefore proceed Q^y a general Method) to the, 

SoTuft^n ol Cubic Equations which want their -fecond? 

-» r ** > ~ . • ^ r *• • ► 

r:i r: ■■•o .- ,c-.-. - ;, • ' J^ X A M P X -15 
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Example l 

Let there be given ;v'4-6«'=83, td find x. 

Put r$r6, j=:88, 3»?«=rj or »=: y and ;»— lisrip i 

Then by writing ;«— « for a-, the given Equation will be- 
come !»'— 3;«*«+3/w«*— «^+fw— Tf»=^ ; to this, add the 
Equation ynnzzc^ multiplied by /w-^«, and you will have 
m^ — n^^cm-^cnzzs+cm'^atj ori^'— «^iiJ, and by writ- 

c • c^ 

ing for«, there arifcszw^— -r — r^^j h^ncc nf-^ 

5m^:=i , here by completing the Square, &c. w^ 

27 



get m':=:lsJ^ J~ +— , confequently 



/ „ 

m 



^ 






therefore «=Vi*+-y^+-^|| and, confequently 

tf 

S-__i - — - - 

3/ ^3 — JIrt — : - • • , 

\ — V i,+v/-rr+ — ^ = 1^44+ V.i944i] *- > 

27 4 ' 

* . « 

V4++ •1944II =i/44+44)0908i5l— V44+44.090»J5i 

. — 4j449'~05449=4 > and j» in the original Equation (y»— 
iSy*+8i>«~243=o)> being =*+5=9. 

O EXAMPLE 
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I 

t 

. Given jr'— aJjrsQO, t» find *. 

Here wi» have cz:zir x:::90y ym:£fi^ or wa-^^^and. 

becaufe the Term -*2iJf is negative, therefore writ^ m+n 
tor Xy in the given E^tiaticm, Md it will be ti'ansformed 
tom^ + ^f^^n + 3:^w'+ «*— cirt— fizi±/, from ttts lubtfaafng 
thie Equati6ri '^mnr:zcy nWlfiplied by i*+», there remains 
jh^+fi^ — €m^^cn1=:S'^trH''-^y or /7iH«'=Jj arid by wrii- 

hence frfi-^sm^n-^—Ty «wi mn^/fx+t/-^— -m^— 11 

27 ' V * ^^ 4. 27 » 



and 



bccaufe wn-^j therefore Jr I £= « + -^^ / =: 






l!3 

7 






EXAMPLE IIL 



Suppofe ;if^-*-i2jrsri6, Quere, the Value of jr. 
' ;' By writing in th6 laft Hiearem, iz for ^ and 16 for j, W^ 



3 *- 



r '^'in 
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^~;Mra+y7^v3ra 



4 - ^7 

1718 . ■ 256 ^ 2<6' 

But— jr — isiequal to — 7— > confequcndy — ^-^ *- 

i>2S -i ^ 

fc-t / .. . . a=o^ and Aercfore*a:(/T> + ^'Tl=2+2l«*«4. 

Hence you may oUerve that (tbi$ Me^od wiU fail when 

■ ^ ' ' ' is negative, attd, at flie feme Time, greater thaA 
/ 

*— ; for then — » — — - will be a ne^adve Quantity* 
,4 4 27 o -^ / 

and its fquare Root will therefore . be impoffible : But 
when fuch Equations occur, they may be eafily folv^ by 
converging Series, ses fhall be (hewn hereafteri 

Note. The Quantity—— wiUbenegatiTe^un-^ 

4 2.7 ^ 

fefs two Roots of the propofed Equation are impoffible % 

except v^en two of them are equal, as in the laft Exam* 

pie, in which the other two Roots are — ^2 and —2. 

Hence you may likewife obferve^ that the pofkive Root 
4, is equal' to the Sum of the two negative Root^ \ and 
in any Equation wbe^e the fecond Term i* wanting,- Ae 
Sum of the negative Roots is always equal to the Suikt 
t>f the affirmative ones. 

It rnay hot be impi'op&r to ri^mark be;^^' that a Cubic 
Equation, haying all its Terms, if the Co-efficient of its 
iecond Term be divided by a Number which will produce 
3 in the Quotient, and if the Cp->efficient of the third 
Term be divided by.tbt Square of die £inse Number, and 
the Quotient be likewiie 3, it iHay be felved by writing 
the Cube of f of the ,Co-cfficieiitr«f the fecond Term» 
with its proper Sign on both Sides of the Equation, and 
then extracting, the iDube Root,, as in the following Ex** 

O » ~^ £ X A M P L fi 



k^frv EL.6MENTS of AtQEBRA. 



EXAMPLE!. 

Given Af' + 6** + 1 2jr rz 992 :=iSy to find *•. ^ 

Here it is obvious that this Equation is one of the 
plafs above defcribed ; for putting azz2y we have 6^=3^^ 
and i2zzy\ therefore the given Equation may be ex- 
prcficd thus,^r^ + 3^7jr*4.3tf^x=i J here a bring 4. of the 
Co-efficient of the fecond Term, I add its Cube ^, to 
both Sides of the Equation, and it bec omes *^ + 3££jf 

3aV+«^=^^+^bence4f+^=s^tf^+i^, andASy/tf^-h^ 

E X A M P L F II. 

Stippofc ;c'— I2A^* +48;c-:74. 

-- Here, by completing the Cube, we have x^ — 12** + 
48^^—64=72—64=8, hence X— 4 =(/¥!,* therefore xd: 
^/n + 4=6. 

EXAMPLE IIL 

Let Jr'—i5Af*+ 75*= 121,625. 

This Equatioa folvedi gives ^=5+^-— 31375) = S-* 
ii5=3.5' 

.:: S C H p 1* I U M. 

- If the. Signs of the Terms of a Cubic Equation be as 
in either of thefe Examples, , and the Co-efficients to one 
^nother in the fame Propo^ion, then it may be alwayls 
iWved by completing the Citbe,^&c/ 
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YS/ Refolution of BiqtiadrattcSy pirfofmeS by ajjufning the 
*" ' Jerence between two complete Squares^ fqual to the pro^ 
I Biquadratic Equation^ and thereby dljiroying its two 

EXAMPLE I. 
Given jf*+4*'^47A'''+6x+ai62SO^ to find x. 

. .' Bjr writing a^ by r^ and d rcfpeftivcly for 4, 47, 6 and 
il6, in the given Equation, it b eco rres x* + ax'-^b^+. 

bx*+cx-i-d\ here A, B, and C reprefent i^nknown QuaiT-i 
titles to be determined, and the CJuantittcs **+f tfx+A, 
and Bjir-J-C being each aSually involved to the fecond 
Power^ the two firft T^rms x^-^ax^^ on each Side 6i the 
jS^ua^ion, wi]j ( deftroy. ohe another > aiyl ft^ vi(e ihaH have 
2A + ifl^— B*X;r*+^A-f^'b'Cxx+AV^^ aE_*;r» + 
rjif +^/ : Here, by making the Co-efficients pf x* and of jr 
on one ftde of this EquatLQ4;i> xefpeftively equal to thofe 
of the lame Powers of x on the other oi<le, we have 
;iA + Jtf" — B* = -7,*, and ^Ar^aBCqcrj w B s 

A/2"A+"ifl*+4 and B=-^^~-, hence C r= ^ 2T • 
and by equati ng the reft of th e Term svice have A*— C*=: 
4'^ or C=:YA — isf']^ write ^^'-r-c.! for C in the forego- 
ing Equation B = vjr^j ^nd you will have B 3= 

^ aA —c : , . , -. -, : aA^c 

here, by fquarlng both Sides, ''^ii. wc have 8A^+^*A* 
H" 4^A *— g^A -r-^tf V->-4^ //~ g^A^r- 2^f A 4- c% or AH I* 

A*+ J ^f— «?x A ^^ W^4^V— :|.:t*=o :. in Numbers '^» 
+ 23,5 A*— 210 A— 55i2,5=:b. ; 

Here it is obvious by bare Infpeflion, that A is greater 
than 10, and lefs than 20 ; now it is plain that when one 
^ lumber meafures another, it muft neceflarily meafure its 

>uble, triple, &c. 

In this Example the double of the laft Term 5512,5 is 
^^025 a^, pdd ^umber, and fince an even Number ^ann^l 

O } • meafure 



nfesfUre an odd oite, it is needlefs therefore to try an even. 
Nuavfeer fox a Diviforn arvi there arc onl vfive odd Jntegexi^ 
namcljf ii^ ji, 15, 17 and 19 between me^ two Lim^ij 10 
add zOy aftd Dut one of them will divide iiqz5 without ^ 
Remainder) and that is the Number 15, this, by Tjria^J 
fin* to be a Root of the Equation A^ + 23,5A*-— -iiO'A'-^ 
5512j5:=:0; there fore Asij * 

,ah: — C 60 — 6 A f , r L 1- f 

^«^* - Y^ — —• '^- ' » " ^ . 5: 3 : And b^c4Ule the propofed 

Bi quadrat ic i&equalto (q) nothin g, th^rgfore x^ + j^ax -f A ] 
l«iije+Cl^;?:o, and confequig^Qtly A'''+t^7*:+Al*r;i>Jc+0 * 
honge,by extrafting the fquarq |JLoot we haviB **-fr^*+ 
)!^;=:iB;r+C; orx'',tiaxXBx =:±C^A;, this Ecyjation 

4)lyed, give$ Jg; g:±ig-i^± >^i V<''^ig^-f l^^±>^-A^ 
» + ^-^i 4r • 1 4: 9 + -^ji: 3 — ^5^ • Therefore the four 
l^xXXS of ||ie givea ^qu^ign ^e 

. tnfc|-«7ir-V'3^+^T^l5ls=3»S"->S==^3» - '^' 

■- - : S>X A M P L E II, 

" Let It be required to find all the Roots of diis Equ'ation{;^ 
jft-Hi-t ojT^ +8Af*+. 1 06*— 505^;o. 

{iere^^io, A=8, f=io6, ^==105; and becagfe the^ 
(e^nJ T erm -^iojt' is ©egative: Put >*— |SSTa)^ i^ 

^x^rCit z:;iJc^—Mx^+bx*-i:CJc^^:^o 5 thenwaiaA^+^ 
^/2* A-^—^ A ^,+ A*— B» ;r*-^2 B C ;. — e5;^V + r;p Wi 
hence, by equating the homologous Terms, as before, 
i!ui1laV€B*=:2A + K-r^ -^2B'C=zaA+c, and C* =\ 

; From thefe tbreib Equations (by pwcieedingjs ifi tbo^ 
fi;A:>Ex^m.pk) w« get A? ,r f AA* +^^^^^^ ^ A+ . 

• j - ^b ■ : ^:=;^j inNumber^ A'~4A*— i66A-r-5iz^ 

^5 > {15(6, by trying the {>rKi(<M:s of ti^e la^ Term (512) 

yon 



yatt^ll findAsld^ then B a=>/3A + |^*-^n=? v^~49*' 
5? 7^ and frpm the Equation —- iBC •siiA + ^, we hav^ C ' 

^^"kx^Cl^zzOy therefore ;f^-.*Ar-f Al*c:lf;^4-Ci*, or^» . 
.^i:tf;r + A=+Bjf4-Ci theref ore x''—j:cix± r>r :r t.C-r > 
A i hence Jf=± tB4|a j^ >/.^ j;^g^ -f i^"± ^-^/i^ 
^ ±3>5+ 2ii5 + v^6,25+ 17,5 + ^2,25 + 19—16^ 

Here die four Roots of the propofed Equation au^^ 

•^3>S + 2,5 + <2^1^i7T±J5) =^ ^^ 
■^S^S + 2,5— ^/ 2,5— 17,5 ■♦- 19J =-^3 ; 

'+ 3t5 + a>5 + v^ ^^5 + 17>5-^ :=: 7^ and 

E X A M P L E HI. 

Giveo^ ;f*+i2A"— 175:0, to find tjicfcvc^al Values of air* 

Here the laft Term —17 being negative, the Exanipl^ 
belongs tQ Qrfe 11, i^nd bec^ufe the fecond and third Terms 
are wanting, wc -have <7=?o, ^cro; r2sx2, axwi idzniy ; 
and therefore by rejecting alj thofe Terms in which a tnd 

f are involved in the Cubic Equation A^—- f iA*+/i— jflc 

X A 4* " ' ' ' q :;? Oj i.t becomes A' + dA^--^ 

5=A^ + i7A-^i8=o: . 

Here it is obvious that A z: I s hence B =V2 A + Ji*--4| 

sr^TXItTiT?, and C (=i---Yg )=="7F^ 

— J^ . , , 

j^-^ =:--3i/ 2«. Now by writing J, ^/ 2» and f^3 

^•T^ refpe<aivcly for A, B, and C, in the fecond ge-< 
n eral Theorem, ' namely, in *''r:+fB-fJtf + 

V T^^*+i^B+ iB* + C-A), ^excluding the Tcrm« 
invdvijng a) you wiH have xz;^ + f • 2'i v | +3 v^ * ***M 

0.4 = 



k^ ELEMENTS of A^G^EBR^A, 

=±ivr2^+v'±J -/Tlr-^ll. Tleirforc the four Roflfef 
•of the given Equation are »f v^ + -/— 3 v'^al — ft> f " 

.^-4 ^/IH— V 7 1^ a)—il» whereof the two firft ar^im. 
foilihie. « 

^ E X A M P L E IV. 

Gjrcn *^* 8xH iSx^-^zox-rbj =o^ to find jr, 

Bv afluming *•*.!- Jtf at+AI*— bx+Cl* equal to tbegu 
ven Equation ; and equating the homologous Terms, jou 
will find B*»=:2 A+ i^^^— *, 2BC=tf A+r, and C*=A^ 
+rf. Here tf, ^,f, and dy rcprefent the known Numbers 
8, iB, 20 and 67 refpeftively ; hence A'— i.^A^+f— J^r 

XA+ p^^ =AV.9 A^+iijA— 117=0, or 

A't-9 A*+27A=:ii7 ; here, by completing the Cube, 
&c. we get A =3 + (/90]. 

Put w=3 + (/9o], n (=8) =v^2A-^itf*rrZ], an4 

izA + r 
y ^C) = — ^i5~"- Then, by writing »?, tz, and r re- 

fpeftively for A, B and C, in the firft. general Theorem 

we have ;«•= + 1«— J^±\/-rff^*±|^«+ ?«*+''— »i1, the 
four Root»*of the propofed Equation. 

By afiuming all the Terms of a Biquadratic Affirmative, 
and proceeding as in the firft of thefe Exarpple3^ you wiH 
find the Cubic Equation thence arifing to be A^ — 4^3 A* 

In the Ufe of this Theorem, Oy ^, f,. and dy are to be 
taken equal to cither pofitive or negative Numbers, fo as 
%o correfpond refpeftively with the Signs of the Terms of 
^ propofed Biquadratic to be folved, as fhall be fbewn 
further op^ ' . -"- . 

Having 



<( 



;1i LBMEI^ T S'o F A li G 1 B k AI -4crl 

^ '"! "Slaving given a general Solution x>r Biquadratic ^ijtfft^ 
«tons by Means of. Cubic ones> 1 (h^li nov^r point out,a«4 
fijuftfate, a few Cafes in ^hidir the JElcfolution of ai%Hf^ 

: Jratic's can be. performed:' by Quadratics only. . ' . .' 
Thefe may be difcovered ff^mTlhe prec6drng' JE^uaUoni 
4>ollc£ked, namely, ' c 

2BC=«A-f, 
AndC»=A*-i. 

■ Wherein, if A be fuppofcd =;6, it is idain that C*=— 4i 

_^ ■ ' ■ — f — f 

or C= v^^^, alfo 2 BC=-f, or B= 7tr=7v 




Stod B*=K-*> o' B= V"t<»'-^1> therefore ^^ | <i*i:.1^ 
----— — s: , hence we get | a*— ^=: — ZT^' or 4 Ai — 

4 = f% and i s= T^ZIar-: Hence you are tp obferve, 

diat a Biquadratic Equation may. be folved by a QjMfc 
dratic, when its laft Term is equal to the Square of the 
Co-effident of the fourth Term divided by four Tihie« 
that of the third Term, minus the Squarfe of that of_ the 
iecetid-: for - » 

E X AM P L E, 

Let tji^^e be givpn x^^-iox^ + i6x* + 108x^-324^=50*} ' 

; Here ^n- io,*i= 16, r =: 108 5' henc^ ' ' ^l^ ^ ' 

"^ ^ Jll6%- ,, _ 3,^ - the laft Term ^C4 

64—100 —36 ^ ^ ^ ^. ; I 

agreeable to the Obfervation; and becaufe //==— 324, 
^cFefore — i=t324, confequcndy C53V!r-^s^)V^324ls 

i8y and B =— Tj-=: -^5^=^^^ 3- Ahd by wptiflg 
10, 3 and 18 relpcaivcly for 47, B and C, in thcTecon^ ge- 



neral Equation Ar*-rr f ^^ + B*:? ± C— -A, .^A being xo). 
'pe have fc^r^S^i.^^^ i i8 J faepce by compkting the 



^4 4 4 "** E 

The refore i + yfTgl, i — ^/^i^), 4+ ^/'l-il, and 4.— 

V' — 2J1. are the four Roots of the given Eouation,^ whqre« 
^ the two laft are knppi&ble. 

Note. • The Values of x may be more rcadilj^ ofctouv^^ 
By fubftituting thofe of A, B, and C in the Theorems de^ 
lived rc^pe<aively frocD jthe' genjgf^ 5q;uati<pns. Byt if ^ 
Ibco^nd Term of the given Eq^uation be viranting, then the 
Valufis of A, By and C may be MBfitCf a iia ^dw of the twc^ 
general Theorems. 

Soppofc ^^^AS**+6q|irT--36z^o^ Qs^re, ^ Value* 

Here<?5:o, is:— ? 253^^3560 j hence <^ ( = ^^ ^^ i 

r* 3600 

^ 4^ ^ -^ ' ibo ' =^'^3^» ^^ ^^=^ 36> ^erefoceX sg^ 

....,.,,^ — <r —60 

V— ^ = ^361 =6, and B i= 2C ^ • 12 ' '^ '^ *^* ' 

Now by writing 5 for B, and 4 f or C, in ci ther of th e 

fcsBCxal Theorems, you will have J^ = jjl 4 i V^^>^S+^> 
therefore the four Roots of the prop pfed Eq uation are + 

Viijisli or 3, 2, I, and —6. 

Again, from the Eqtiati^a? B*s:2 A+itf*-r*3 ?8C 
=r^A— f, and C*:;:A*— //j by fupppfing 3=0, we have 

^ A .^ la*'^i:;^Q^ and alf(;i ah-^czzo^ benpe A :^ -j- 

' • and from the Eqjiation C*=A*-ir-</> we getCrr-ZA*— 4- 
c 
write -—for A in th^ E<juation 2 A + |«*-sri=;o, and 



iHkiH^ jEoa are to observe, ijiat d ^quadro^^ iSay i|e 
jptved by a Q(iadratic ; when the Co-efficient ^ip tUe t^ir^ 
Term i$ cqvaJ to J of the Sq^iarc of that of the bowi 
T^erm, plus twice that of the fourth T^rm diyideci^that 

ipf ^efecond* 

\ —' — \ • -' . , . 

EXAMPLE. 

> 

■ 'Here ^=^12^ *=4X>, ^q=— 24, and rf=:;-t837, l^cqcsr 

A=^ — =: — =2, therefore C = v^iT^-^ == " 

V4+837I = v^ {^411=: 29, and by writing 12,2, and 29re-» 
fpe&ively for a^ A and C, in the Ifcond ^K^a^ral ThiMjrom, 

you will have ^-zzj + 1/9 + 29^21; fo that two of the 
Roots are 3 jh i/ "3b^, or 9 and —3, the other two Roots 
^^ 3 ± •—221 both impoffible, * : ^?";^ 

Jsaftiy, If C be fupppfed =0, in the Equations 2 BC 
2±ff A— r, and C*=:A*— ^ then will aA— 6:=:o, or An; 
c ' c ' • 

-— , and A*-^i=o, or A ip v^"?) , therefore •"Tl, 

^d from the Equation B* = 2 A + J^*— ^, we get B=: 

y2A+ i**^—^): But = vTl, therefore — r* = ^. 

Hence, you ^are to obferve, that if the Square of the Cc^- 
efficient of the fourth Term divided by me Square of that 
of the fecond Term, be eq*;ai to tiie iaft Term^ the Equa- 
tion may Be folved by a Quadratic, 

EXAMPLE. 
Given x*+j%^^^2ibx*+ziSx+S7(>=iO. 

Jfi^fCi?-!?, i5::T3i6> ^=288, and dzzrr^zrSTH 

hencQ^ 



*4o4 •' EikkkNTlS or kt^EBRA, 

hencrA ==-7-=-^ = 44, aid ^^V IX+T?^. 

^ V^400 ' =:20 ; " aiid l)y writing 12, i4, and 20, relpec- 
tnrcly for a^ A and B, in thfe firft general Theorem, yo^ 

iwtll find x=: + 10— 3 + \^ 9^'6o+ 100—24)' =: + lO-^.^ 

•V V 05 + 60U. Therefore the f our Roots .of the g iv^n 

]£quation arc 2, 12,— 13+ V^i45\ and — I3r-v^l45t- 

A Biquadratic piay be unfolded by Divifion, and fo]ve4 
by a Quadratic. 

When the Difference between the Co-efficient rf the 
third. Ter^n and the Square of half that of the fecQfld 
Tcrnn fe tqual to the Co-eificient of the fourth Teni^ 
divided by ha^lf that of the fecqnd Term^ 

EXAMPLE r. 

Given *♦+ loax^'h2ja^ x*+ loa^ x^b^ to find x%. 
Here, dividing by x^+^axy we have x^'\-Kax+2a^z:^ 

' J^^^ax * °^ *^+5^* + 2 a* X x'+Sax - b, and bj 

completing the Square, &c. x* ^ ^a x -i- a^"/ a* +pk 
ience *= v'5,aja*+ Vtf4+M^, —2,2^(7. 

EXAMPLE n<. 

GivenA*— 4^x1^4. 5a V-2tf'jt=^^ to£nd;r, ., . , 
Here, dividin g by x*> -.2g;r> you will difcover ths^t 
x^-— 2^Ary+^*X jr^>^2 ^> r:^5 hence ;^* ->2g;y + i.<f*;;s 

Vi^+^^ and ^:?: • t^H V i^f ^l] +^. • *, 

^ SCHOLIUM- 

The 'Sign of the fecond Term of. the Divifor muijtH 
Ac fame. as tbatof ,*c fecond Term of the propofed Bil 
euadratips, and its Co-efficienMnuft always, be 'half thatof 
1^, ^Qopi Term of thfi. EquatiQri tg be unf^Ide^ 

If 



ELEMENTS bF.Al.O^^M' *oi. 

If 4»c third Term be wanting, the Di vifion will.fuccccd. 
If. the Go-cfficicnt of the fourth Term divided by the 
Cube of half that of the fecond Term gives — ri, m the 
Quotient^ as in the following Example, .whereia let therA 
be given i»*-*-2tfjr'+<7'x=si, to find jr. 

.Here dividing by ;c*^— izjir, we havjc .sif * •*• tf;if -— tf * 25? 
■* "^' .' • , or jf* — ijr)* — fl*. X x^'-^ax tr 1 1 and jr as 

Sometimes Equations of fix or eight, &c« DimenQonf 
may be unfolded by.Divifion^ and reduced tp j^iibics, Ba* 

<iu^dratics,^c. refpedlively. 

Criven «^ + I2x' + 6ojr* + 162*^+ 252^ +2l6;rri 
IJB255, to find*-. 
' Here, dividing by x^ + 6Ar* + 1 2**, we have at' + 6** +12* 

118255 . ■ n. . f, . 



^i+6^*+i^'*'=i»8a5S ; and by completing the Square, 

>&c. we have x' + 6;r*+i2Ar+9 =: ^1183^61 =3^4» or 
;^ + 6x*+ 12.^+8^:343, here by extracting the'CuEe 
Roi^.onboth SideS| we get jf+2=:7> and «=5- 

In like Manner if there be given A;^r-2tfAH'*— 3tfV" + 
4^^;ic**=:i, to find x, ' ' ' ' 

Then d ividing by x^^-^ax^y you will find that jf ^''— -^ig? !* 
— 4fl*X*'*"— <7x":=: * ; hcnce^f^^i?*"— 2<^=: -1/4^*+^ 
or x** — tfj^ =r 2^ + v*4ii* + il, tad V» — ^ J :r 
^i^27?+v^^+^> ancl coftfequcntly jf =: 



^ t« + v^a,25«"+ i/V+^l 



WbaC is here delivered, may fu£5ce at prefent for .un«» 
folding Equations by Divifiop ; I £hall now demonftrat^ 
other Properties of another Clafs of Biquadratics. . 
• When the Co-efficient of the fourth Term divided bv 
iSttttt of the fecond Term givss the Square Root of the lait' 
Term lA the Quojtient, then the Square may ^ways be 

. » cofltipUted* 



completed by adding a certain Quantity to bk>tK Sides of 
the propoicd Biquadratic. 

To find this Quantity, my Rule is this^ Add the Square 
•of half the Co-eificient of th6 fecond Term to twice the 
Square Root of the laft Termj multiply that Sum by j?*^ 
from the Prodiift take the fhira Teritt, itid the Remainder 
will, be the Quantity To be added to both Stftes of the ^Ivea. 
Equation. 

EXAMPLE!. 

Giren x^^^x^ + 2a^x^'^^x + d^^Oy T6 find % 

This Equation anfivers exafily to the foregoing De- 
Tcription ; for if — 44*^ the C(veffident of the foWth Term j 
be divided by — 4/7 the Co-efficient of th« fecond Tttm^' 
the Q^oiitAt will be ^ the Sqoarfe Root 6£ ^ tte M 
Term i to twice thi^ Root a\ add tlw 3quare of Half 
'*^4i? the Coefficient of* the feconJTerm, and thitf Sitoi 
will be 6a\ which, being multiplied by x\ and th« d^d 
Term 2a^x*' taken from the ProduS 6rf* jr',-the Jtemaift- 
At is 4/?**% which, bdng added toboth^ S4de*of the'gi- 
v«» Equation^ it becomes j^^^x^+tc/^x^-^^^x-td^r^ 
4«*;r* 5 here by cxtraftiftg the fquatt Root, we have jf*-* 

aax-^^a^triiaxj or x^-^J^x*s — a^ i zni X^2aj^^^s/^±: 

EXAMPLE H. 

■ . • ■- 

Given jr*-f8;r^ — 21**— 48Ar+36:2:ib, to find jr» . -_ 

Here the Square Root of the laft Term j6, -mttft b^«^ 
negative, becaufe the Quotient of -^48, the Go^ffickAt 
ofthe fourth Term divided by +8, tjiat of the fecond Term 
is —5 negative, and by the preceding Rufe we have 

j(" — 6 x: 2 X ;f*+ 2 iA-% or25;r*for the Quantity to be ad- 
ded ; herCj then, by adding 25;^* tp both. Sides of th^.giveft 
Equatiori, it becomes x^r{.Sx^ + j^x* — 4^x + ^tzzi^x* *^ 
" here, by exfra(^lng the Square Root we^have x^-i-Xx^b^ 

^^ ot X ^xtzOy and>=v'6j25" +,5=3* 



E X A 14 P LE 



1 ' 



* ■ • ' ■'>■'.' 

EXAMPLE to. 

Oivcn x*^4Jr^+S;e*— 4^+ 1=0, to find x. 

Here, by adding 2*+i xak^*— 5-*% or ** to *w4 
Sides, and extraaing the Square Root we have it^— a*+i 

ix*^, or x^—$xis — 1 ; h^nce xtz 1,5 +i vTsl * 

E X A M P L E IV. 
GivsM «*'*-9**+ iS#*— 17* +9s£o, to find *. 

H«c^ by adding -i-j +5 X **— ^5**, or li,2S** •• 

both Sides, and cxtraaing the Root, we get x^-^J^i^+S 

csv'HjaslX*, or**-— 4^ + V IMS* X;f=:--3jhcoce 
by completing the Square^'&c. we have ;if3B^2,iJi:a^i]ir 

*^>fe875 •f4»5 V ai8i 25^ I 4 2,as. 

E X A M P L £ V. ■ 

Qhtn A**+l4*»^3f 5**+2i6jr+ i62=io, ory*4 lau* 
*-157,5;^*+ioS*+8i=o,to findx. 

Here, by adding 6*+i8 x;r*+ 157,5*% or2ii,5Jf*to 
l»th Sides, and extrading the Root, we have x^-^bx-^^ 

=:V2il^X^=:2\/ 52,875^ X y, o r y^-h 6-^2v^5^>^75l 
X*=:-T*9i "and xny 52^8 75] + -/ 5M75-"6v^52^>^75l| 

E X A M P L E VL 



Givefi **'-*2<rjr'+3l^*— t*X**-^3i<?'ir+i2*=:o, to find «i 

Here (according to the Rule) add j/f^Xx-*— 2«*— ^'X: 
i*, ot /7V+fV to both Sides, and extraS the Root, and 



^ 
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you will hav e ** — ax+a*z= + ■• «* + **) X *■, or x* 
«+ ^a*+V''|.X*'= — a* ; here, fa v completing: the Square^ 
&c. we get *= + i^/a*+c'-]± • Jf *— 1«* It" V«*+ f l| 

When- the Square of half the Co-efficient of the fourA 
Term, divided by the Cd-efficicpt of the third Term, lefs 
the Square of half that of the fecond Term, giVes tfefe 
laft Term (a negative Quantity) in the Quotient; then 
you may complete the Square of the Biquadratic, by ad- 
ding the Difference, multiplied by x\ between the Co-ef- 
ficient of the third Tferrri and the Square ;of llatf thit of 
the fecond Term to th^ourth and fifth Terms, with their 
&gns changed, ^nd thei^ adding this Sum to. both SidieS of 
the propofed Equation. 

fE X A M? LEI.. 

G?ven jf*+ 6ax^ + 8^V* — la^X'^a^zzo^ to find x» 

This Equation being one of -the Oafs abbve defcribe^ 
I therefore take 8fl* the Co-efficient of the third Term^ 
from the Square of ^a half that of the- fecond Term, and 
multiplying the' Remainder* 95* — Sa*] or a\ hj x\ the 
Produ<9: i& a' xr, the firft Term ^f the Quantity to be ad- 
ded: Hence, by adding ^?*;r*+2tfV4-a*, to both Sides gf 
the given Equation, it becomes ;t*+6^A"^+9tfV*=:tf*i'*+ 
7,a^x^a^ i hfere, by extracfting the Square Roof, we hav^ 

x^-i- '^axzzax'^ a\ or ^*-f 2^^-=^% and A-^^v^T^^-i?. •* 

• 

E X A MP I^ E If. - ^ 

Given x^ — %x^ — 1 2jf* + 84jr— 63 = o, to find x. 

Here multiplying the Difference between ( — 12) the 
Co-efficient of the third Term and the Square of ( —4) 
Wf ti at of the fecond Term by x\ the Prbdud fe ^8i^* j 
and adding 28jf*— 84;ir-f 63 to. both Sides of the giyen 
Equation, we We ^v^ — S^Hi6a^*=: 28**— 84Jf+63J 
.Ilcace, I y extracting the Square Root we get **-^4x*3;ta 



I 



I 
r 
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• • / '• —■..'• 

E X AMPLE til; 
Given »*-2tf*»+«'-i5* X**+ 2ah*x—a*i*=6.'- 

• 

Here, bv the Rule, we have a''-^a^+T^xx\ or AV 

for the fim Term of the Quantity to be sidded, and br ad-: 

ding iV — 2^^V-f fl*i*, to botfc aides of thc^ given £qua-< 

ftipn, we have ;r*— a£7;r^ +£**=* V--=^*V+tf*^*j or ;r* 

'^axz^bx'^abj htrice x^-^a+b Xxiz^^^b i and jr=s^. 

I ihall now fhow anodier Method of reducing Numeral 
Biquadraocs to Quadratics, which is colnprehenfive^ though 
not quite fo concife as foiiie of the foregoing Rules^ and 

'that i^, by folving the Cubic Equation (Page 200) dc- ' 
rived from the general Solution of Biquadratic^: Wh^ 
this Method will facceed, the Root A of the Cubic £qua-> 
tion will be always rational, and may therefore be readily 
obtained by the preceding Rules. To this Root A, add the 
two firft Terms of the Square Root of the propofed Biqua-^ 
dratic, which Terms may alWays b^hildbjrbare Infpe£lion 1 
then, from the Square of the Sum take the Terms of thd 
givjeh Biquadratic, and the Remainder being added to both 

' its Sides, will complete its Square« ..... 

E 3C A M P IE h 

Given**— 8A^^«.6Jc*+si8;^^4=d, to find Xi 

"** Here a^ --8, ^t= -*-6, f = 28, and rfr: -»«4 j theft Ntim^f 
bers being writtto refpcfttv ely for ^;^,r, dnd^ in the 

• fcAic Equation A^.— f M* + iac-^dk A + lbd^f ^V— 
if*s:0| it becomes A' + 3A*-«--52A— 54=0 : Here it is 
obvious As:— I ; this Root (^1,) beiiig added to the 

two firft Terms of the Square Root of the given Biqua* 

• > __^_ 

dratic, the Sum is x*^^^x^=^t; flow from **— 4a^-^i|% 

t^ing 2r*~g;r»-l^ir*4. 28***4,> tliere remains 20x''^26* 

^ +5 f this Remainder being ad4ed to both bides of the gi** 

' ' ••.;-;*•• P Ven 






ven Equation, and the Sqaare^Root cj^^aeJ we i>a^ > 
+ 7^ + 1, and *=;» + V^'i^o^+sv'jl . 



E X-A MPXE II. 

■^ Here a=b, *««r t=i6ivai»d </=-3I, henoety ^Wl^ 

have A'+3iA-32=o, here it is plain by l^eoaa, 
that A=i i aiid becaufe the Bi-uadrat^ ''!!?*?, !!,*!?l!j 
and third Terms, I therefore take the Stuart Root of tts 

m. Term only, and taking *♦+ 16-31 ^^^f + " ^Sf 

-Remainder is a*»--i6*+3a. w)»ch being added to be^ 

Sides of the pwn Equation, ^nd the Square Root extraa- 

fed, gives *»+i = ±vTlxjf^ or * +V T'XJr:;^ 

EXAMPLE ni. ; 

-. Given Jtft--«af?—s8jf*—tI4J'^";=70^^ to fi»<^^-. , ... 

By writii^ —6, -58»— 1 14*^ and —I i rcfpeaiv^y ^ 
tf, i, r, and I, in the cubic Equation it becomes AH29A* 
^-i82A— i2s6c:o:-Herel)y try^ng^tbc Divifors 1, a, 4, 
8, & c. ofthe la ft Term —1156, Hind A=:4; then - 
from ;^*— 3a'+4l* -tdtffOhe given Biquadratic,.^ the 
Remainder 7S^*+.99*'+ J7> to both its Sides, and extraft 
the Ro ot, and you w ill have j^*— 3^+4— iv^ *5*+3i 



» ^ I * ^ 



E X A' M P L E IV; 

Given ?;*4»<w'— $?«?»*-• jM«f*«*^-^-^if?j 
In order to reduce thfe ^quariotf Wia'jafflteC^-fa^ 
write a* for a:, and you will have a***+a4*A?'— 37*^ "" 
38fl**+fl*=o, or *»+2*»-37*»- 38*+ »=° * ^"J 
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by wriliAg fitjJ^sy, -^J? and irefpedivdy 'for a^ A, ry-and 
W ill ti^e Cubic, f^qiptipn, there will ajife A'^ + iS^^A'^-^ao 
A-^i99JS:;=o': *Herci""by pfoceeJing as irt the laft .£xaiiw 
jde, IhndAr:-.3. • .. — - ... 

But this Equation has twamore RationalRoots fas you 
may now readify fih8)j namely -r^iQ and 3,5, and we may 
always ufc either of the three Rational Roots of the Cu- 
bic' Equation^ dierefore I take that Root Which brings out 
the moft. cOmmiodiou^ Quadratic : ' • 

Thu>^ ' ftbtraft ir* ^^^ni^-^^-^^j »* — 38*" + 1 ^ from 
V+Jf-^iglN add the Remainder 360, toborfi Sides of 
the numeral Equation x*+2x' — 37**— 38^+1 ::to ; and 
cxtrailthe Root,* then v^ilfji^+i'— 10=6 -/To^, or;e*+ 

jr=riQ-f 6 •Ilo^, hence x =: v^ 19^25 -f bv'To) — |,*and 

confequently % {^ax) =:tf\/ i9,25+6V lo^l — |^* 

Bi^t the humeral Equation, and the original literal 
Equatiou may be both unfolded by Divifion, and each re-* 
duced to a Qua^ratici Independent qf thj^ Meth<^ r 

Thus, dividing the given Equation by z*4-<'a> we have 

«*+-?«— 38^*=:--^^-, or JiJ^*— aV x?+^ ^. 
— d* J here, by completing the Square, &c. we get zjh 

and 2=41^1^,25+6 yl'ldl — ^<y, the very fame as be- 
fore* * - 1^ 



• rs* • • ^ 
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1- - \\ 



■<r 



"^tf Refolutum of literal EquationSy in^ vjbicb th^ 
^ given and unknown ^antity are alike, affe£lel. 



r ,t » - i. 



IN die Reduction of Equations of this Kindy there are 

' ■ - ■ '.c a's'e".;!..-. 

^,- If the Equation propoftd be of evfeii D^mtttfions, di- 



'••~- 



x- 



/» 
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niiddk Term, it wil! be teiated td M Equation cf kaH 
the Dimcnfions of Acs^vettwe, j^^- 

C AS E II. 

If the Equation hfi of odd Dimcnfions, dividinff it by 
the Somof its two Qaantiti^ it will be reduced to an 
Equation^of even Dimen&ons, and may then be farther 
reduced, by. Cs^I«. . . , 

EXAMPLE h 
• Here, dividing by a* **, we have -^-"nT"^'^ ** 



=0, or ~ + vl* •*•♦ ^T"+"T = -3 •• H^^^^'^y 



completing the Square, &c. we get -^ + — — asi, 

orx*— 3flx=l^*; and x^s^^x 3ivTl» 

Otherwifc, by adding a* x* to both Sides of the given 
Eqwition, and exteaaing the Root, we have x*— 2<7x+fl* 
=tfx, or X* "- yx = — tf*, and confequently xzz^a A 

Si'/T^j^as bcftjre* 

, EXAMPLE n. 

• • • • 

. .... ^_ 

Given x«— Sjx*-.5jV-iitfV-8i2V+4«'s50. 

This Equation correfponds to Cafe the fccond, I tberc-^ 
fore divide it by .r+a,.anci the Quotient is '**-7^' +/ 
X*— ia^x+4^=:o : Here by adding I2^V* to both Sides 
we h^Ave x*— 6ax»+i3r^V— 12^7 x+4:^Jif*£j ^* 
— 3flx+2iJ*=:Ztfi7p XX, hence X*— 34? +i2tfV3» .Xxs 
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' mmfit?^ \ this felved, by completing idic Square^ &c< givct 



"■ ■ Pi i K 



=^xi,s+v^*p± V sVTJ+ii^' 



EXAMPLE m. 

Given **—24^7*5^ i9ji^x^ — 68i<r'jr'+i95fl***^a+«* 
jr+<7*=:o, to find jr. ? 

Diviiling by d'^r't and ranging tbe Terms, the given 
Equatbn becomes -— +-pp— a4 ^*7" ■ '7^+ ^9^ 
X_+«.^ „.^jjt-9^» Kilt — -.+ — j-s:— — +-*— I "*• 



-^85;sa5 but "^+ 

■ ' ■ > I ■ ii ■ " ill ' ^ ' 

» a ^ . fr '^ X a \* 



a k ^'^r — ' — ft . x"^ a X- 



GOOp 



fcqucndy~+*~|*-24X~-«-7jf + 48 + 19* X 
+— -68j=0,<Mr~+~| -24X— +~l 



X 

.1 . 



♦ / 



+ 192X-— +— 3S6374 here, hy c6m{Jeting tibc Cubc^ 



X 'O 

and extrafting the Root, wc have •*— +— —8=;^ *,i5| 




ii ;r 



-=5, or + —13, hence ;r*— 1347*=:— <?^; and ;rss 



<2X 6,5 + •41,25]. 



- » i 



Q!^ ^pproxitnation hyconverging Sma.. . 

J • 

' . O O M^E of the preceding Methods for 'finding die Roots 

*^ of Equations, are confined to particular Cafes ; ftut 

' tiaai whkb lam here going to explain is lUiiverC^ extend* 
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ing to the Refolution of, all/ Eiftmtrons. whatever r snd 
when a Numerical EquatitoM9^p)t)p6(eclt<yhe ^iblred^by 
this Method, you are to make Trial with fucb Nupibers^ as 
you fin J are near jtA Root, and ip ^ few .Triak you may 
eafdy get two Numbers, oiSe 6( which ^U giv^ the Equa« 
|ioo a ^fitivt and the.)Cither a^nc^atiye Refult, and cooib- 
quently the true Root, which makes it e^ual to' nothing, 
will be between ^efe Numbers. 

If the Root be incorhmenftirafec*f jeoulfiiay af^roach It to 
what Degree of exa£inef$ you pleafe by repeating the Ope« 

'ration, :. :* ^ .•+-*-- - • -•. y i ..u-.-...^ 

• Pue'f*4w4be aflumed Root, ana add to it a new un«^ 
Juiown Qijantltj^ z 5 then write r±z and its PQ.wcrs'ior m 
and ifs Powers in the givefi E<J(ialft)o,..and-yo^-wtH-^tfa 
liear Valuffof % by taicin? its fi/ft Power QoIy» and Vith 
-Cili9 V«due the Operation is to B^repeatedt 



t^ 



V 1 

# • I « I 



t xAMVLirt: 



- GiveA jir'+9Jf*+4ir-i ^<HBB^ "^ . 

. Her^, !t iS'pWnj-t^at x'it»-;Iefsi,4^n4^' and«batcr..d)an 

tit ; for by writing 3 inftead of x in the given E^ualiort, it 

.becoai9S 77+81 + i2*-8cr=40, pofitivejlim writing 2 

for AC, it becomes 8 + 36+ 'Si^Se 39 -^^.2^,*' ijfgatwlfc; and 

' confequently ir isi (^qual to) fbme Number between 2 and 
3 ; Urt the Error artfuig-^by .wpting %Jorx^ isjftft than 
that produced by writing 3, therefore the Root x is nearer 

r^, fban 35 and is coniequeijjtly Jefs than i-J^ This being 
prcmifed, aflume r=:2^4; and put j::::9, F5='4J /i^rSo, 
then the given Equation will become «*-{-^Jir*+fcr^s=;^o : 
This Eq uation, by wr iting r+zfor jr, will be tEanWof hied 

+ ^2*+2^rz-f-<7r*+iz+^r=:o; hence z'+3r-f-» Xa*+ 

3r*+.5Wr-F>J!^ :zzs^X\'^^/*r'k ' . H^*^? J)y^mitting all 
the Powers of z above the firft, we have 2^^'¥2ar+t x 

s^t^f^ ^>m{jT^ ^-^^y 

ftff-^r'^r^-ir; hence » =5. -— ^^j^ S 



J 
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tcGLcdl now, write 2,47 for r, aiid|Juf ;*r±:y4-to— I0i4'« 
if=:3r*+2iJr+*=:6(s76a7, and tzzs ^ H - ^r — ^r=: 
0,14.167 7 ; then will the Equation z'+ 3r + tf X a* + 
'V' + ^*'' +^ :x^«=i^*^*-*'*-^i:b$tome z'+mz*+ 
fizzzti Here, fince s is very little, it is evident that nzznt 

I^t>=,002l3, tod wri«e,^*» for «'i reje*ng.»» as •■- 
coftiideraWe, to flttU the Eipiatioo «'.+#iaf +«« = /, be- 

— . — t—mp _ 

' ^0^42662549. ». ^,359^ and therefore xzzr'-{-zz:. 

- «,47»i3S9 i w^* ^ ^* ***** ^ ^'8*^* 

- By proceeding as in the firft Example, I find that » is 
fomd&ing grester than S> therefore I put '■^S J and fince 
• ie*j,*BS— ^aranlfr*r*+ ? Aerefore th ejgetneral Cybic 
Eqliation z? + y+a X V + 3r* + 2ar+*_xz=i- r* -. 
ar»i^^r, wlU' Be reduced to !B^+^»+Jr"-Axz=J-r« 
? -f*r '. Here, by taking only the firft Power ot is, we have 

^ ^ jr^:-* . 75—22 S3 

- whi*, added to s; -ffrVes%i6,'for^ the Value of x oncrf 
''^ correaecli KoW i^tfes,i6VtHerf (indiis Cafe) /^* being 
:'$:;3r= 15,48, «= 3r*- A = 57,8768, and /=j— >'^+Arr^ 

-\ <^i^i9<>4'» W8C liavc -*^ =5 ^oQZ27z=p, and z— ^ jj — • 



-S^iil^i^PL -5,00227766, and confequcady jr=r+ 

57,8768 
«=rj,i^227766i which is aw to Aelaft Figure. 



iU > I 111 



^4 



EXAMPLJ: 
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Let ;ij'r^48**+zooso, 

' Here it is obvious tl^ x is lefs than 48,' and by TriaS, 
f find it is.greal^ than 47 ; therefarB I put rzz^j -, ^Lxid 
fince azz r-^S^hznOi and x^saoo; tber^fpre in this Cafe 

the Equation z3^3r+'flX5i*+3''*+3w+*X»=;f— r'7* 

mr^^br^ becomes a' +^r — <?X a* + 3r*-- ^ar X a;.:;r/?r*-!« 

r*— i: Henq: z= f . r*^ '^^ = ■ ^ = 0,0^ nearly, 

which, added to 47, gives 47,9, for the Yaluc pf ^> ^nc^ 
correfted j and by Writing ,47^ for r ifr ihc Equation z= 

we have z=: ^ ^ . . — r =s *^ ^q' q - p: 



3r*— 2<7r '^ ^ y^^grgr ' 2284)83 

jOiiS, which, added to 4'7)9> gi^s 47,9128, ibr the Va, 
lue of jr, tv/ice ct)rrefted :' NoW put r=47,9l28 ; thci^ 
will /r»=3r— i7t:9s, 7384, ^2:3^^— 2/irs^i287^P4Xi52^ 

and / == tfr* ^ r' f^ i =5 0,179494414848 : Hence — — 

,00007847=^ and .=iii:^C = o^^imfmi^ 

= • >CJOQ078474779?, this add,ed to 47,^128^ . gives 
47,91287.^4747792, for the Root j^, which istfue iii all 
its Places, and fo are thofe in the two preceding Examples; 
the> fccond Example is the mofl fitr.pie Form of a Cubic 
that can be propofed to be^folved.by this Mediod ; bpt 2^ 
Sohuion to that Equation .would have tailed by the Rule 
for'Cubics, demonftrated at Page | j8. 

It has been ih^wn!that:/i|l?^utifg.an;affirmatiye Npm? 
'ber for a-, r,reater than the true Root, gives the Equatior^ 
a pofitive Refult ; and fince the Squares of all real Quanr 
' titics are affijmative, it fpUpws that the Sum {>f the Squares 
of the Roots of any Equation muft exceed the Square of 
its greateil Root ^ and the Square Ropt of that Sum wil| 
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' itbere&re.bc greater than the greateft Eloot of the Eqiia* 

Thus in the general Squatioo **«—^jif*— *+ yx^— *— 
rj^'-->^-f , &c« =:o^ the Sum of the Squares of the Roots 
will (by what has been demonftra tecl on P ages 182^ 183) 

i)e/)*--2^, wliofe Square Root \//>*— 2^1 ** greater than 
the greateft Root of the Equation. 

And for the fame Re^on^ the' Biquadratic Root<of {p^ 

'—4/>*f+4^'"+ ??*•*• 4^) *c ^um of the fourth Powers of 

the Roots, wili likewife exceed the greateft Ro6t 6{ tht^ 

' Equation ; therefore no Number exceeding either erf thfcfe 

Roots is to be- fubftituted for ^r-in the given Equation; ^^ 

Thefe Rules were invented bjLSir Ilaac Nc\yton, /or 
finding the timits of Equatidps, -i(i his Univcrfal Arith- 
metic, Ea^ 204, fecond Edition. ' 

Moreover in ejlimating the Root of an Equation, hav- 
ing all its Terms', you need not try any Number which 
exceeds the greateft negative Co- efficient increafed'by 
Unity ; for that Co-efficient fo increafed will always ex- 
ceed the greateft Root of the Equation. (See Mr. Ma- 
ckurin's Algebra, third ^Ldition^ Page 192) 

But it is to be obferved, that the greateft negative Co* 
efficient will often greatly exceed the greateft pofitive Root 
of the Equation, and fometjmcs it will be very near' the 
Koot, and fmct this Limit is had by Infpedion, I thought 
it might not be amifs to mention it. 

In folvirig Biquadratic and higher Equations, find the 

JRoot true, to three or four decimal rPlaces ; then fubfti- 

iute the Powers of the Decimals, laft found, refpedively, 

. for thoie of z abovethe third Power, and folvfe the Cubic 

Equation tb^ncift arifmg ZLf jbefofc, 

r 

E X A MPLE I, 

Given jr*— .38;ir' + 2io;if*+S38*+289:;=o. 

Here the Sq uare Root of th e bum of the Squares of 

the Roots is v/ 38^*— 2x210), or 32, which (hews that 
if 1$ }c& than 32, and, by Tml^ it appears to 6e lefs than 

3M 



n 
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ax } but I find it is nearer 31 than 30 ; therefore I wnte 
%+%<iyS ^*''> i" ** given- Equation,- and -it teeomes. 

x+^^*- 3» xTTi^'. iH 210 x«+^5\*.+ 538 X 
' J+33;^+28g=o, hence !B*+84J5'+«fi4»5«*-4-»0790« 

S=744»i87Si aiid'ii4ij^=,035, which, added 

to 30,5, gives 36,53S» f^^ ^ Value of x, once correaed* 
And by writing ,03? ♦^ ht %♦, iir the tnotefontaed Eqna- 
; tton, wc havelo35^* + 842^ + 23r4,52;» + 2079OX = 
744.1875. teppe %^ + a7v5S357H5^* + ^7>S^..^ 
8,8593749821354- ' 

.Put tf 1227,55357 14, ^=247iS. ^=8,8593749821354, 
and r=:,035 ; then from the general Cubic Equation z'-h 

3r+tfX»*+3r'+2^r+^ X 2:= J— r^— tfr*~ir : (bjrput- 
, ting m=3r+^ n=:3r*+2^r+.*, and /=;i---H--r^r*--*r) 

-We havez'+ma*+«Sii/, and a =:~ rr, 6006538 lijf: 

«. » • - ^ 

ineretore««. ,^ . • a^g^^^^^^^g^ - 

,00065375285:^7, nearly i thisx addei-to 30,535, pves 
30*5356537528327^ fortbcRoqt Af, Vhich, jLstrucjpaU 
its riaccs* •*' '. .— ■>,•-<> ». • t.> , •. . . ;> 

E X A M PLE li. 

Given *'+6x*— lo*-'— liz*"*— 207;ir— 110=0. 

Here the Square* RoolHof the Stim i^f the Squares of the 
Roots is about 7I, and, by Trials, x appears equal to 4I 
pearly : therefore Lwi;itfL z + 4^4 for ;jf, in the given Equa* 
tion, and it btcortes* 2' + 28jt*+ 289,2 «' + 1304,8 «* + 
a 145,0642— ^4^,94016 qp p, or 2' + 288;* + 289,22;^ + 
4304x8»*+2i45,o64a«ii42,940i6 ; * * ^ 

' r4:2?94pi6 ' 
Hence z ^ " -^.u-j^; — =:>o6« Now in order to get 

^ * nan 

two 
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■*w6 Decim4 Fipirea more, ^tateths four kft Twnw of 
the Equation, and you will have, 289^2'+ 1304^** + 
2i45,o64S"S=-i42,940i6, anA by-Divifioii, %*4-4tSz^+ 
7,4i7-z==Di49436. - < 

. 'PatS"fla4,5i *~7i4i7» f^9^9i»6.vi^ r=jo6, dien 
from the g;cner:J Cubic Equation (by taking only th^ iuft 

• Powcfi of- %) we have «s 3 7-- ; '■- / — = — • ■■ T ' 

' a^O04.i-}'and^4l:t afl(je4t<> 4t4, gives 4,4641, for the 

■ Valtle of.jf,,oacc.icorrfii5le(l.j Now» in' t>ie transformed 
HquUionfors* and »*, write the like Powers of ,0641, 

, and there wIU arife ,0641!' + 18x^064?* + '289>2«*-+ 
i304^v* 4- zi45,o64Jc s 143,94016 ;' hence z89>'?' -f 

"1304,81:;* 4i 2i45,o64a( =5141,9396262128, (jr e' + 
4,Sii756569z*+7,4i7a3374S2ai=cU94a58e*26.^ 

■ Here, (i=:4,5ii75656g, •i=7,4i7233748s, atid trro^ 

^.4943589416; putr ,0641, w-TB3r+«,.»5E37-*+2in-+ft, 

and * = i — r* — flr*-r-5r';tfico^wiJl, the generS Cubic 

Equation become ai'+mz'+waist ; hence (!*:-— = 

■ '.OOQQU934 
■^ B.60796737 ■ 
■ - fmall, the Term mp\ may be omitted in thU OE^ration, 

and thferefijre by adding .o66doi6i5'i, to 4.4^41, you-will 
I have 4^641016151, for th^ Value of*^ tWice correifkd, 
. which is tnif in' every Figure. ' '~ ■ > * ;. . ' 

S C HO LIU M. 

■ -tfyov^afliimeaNtunhcr greater than the true Root,' 
~ then the Value of z, from t^e transfurmed Equatidn will 

; comei out Negative, anil .miift be addeii tn the alTuzi-.cd 
. Root at tfie end of^cach. Operation ; or elfe afiiitne a 
' n^w lels Number fgr the Root, and find pofitiye Values 
of t^jU above. 

Sometimes 



«V2t» ELEMENTS OF AL<}£B>RA. 

5 Sometimes it happens by, affluming^thc oeareft whole 
Number to the Root, and taking^only the firft Power of 
X, that the firft Decimal. Figujf^ exceeds the Truth, which 
Figure, being written for r, in the Equation z r: 

' — r — ^ ^^ ^^ ^^ jj^^ p^^^j gj^^ ^ ^ ^^^ 



g^tive Refult \ but, by writing a lefs Number for r, you 

may in a few Trials, eafiiy get the Value of s; true, to two 

. or three Places ol Decimals. For Inftance : By fubftitut- 

.' ing 4-f 2 for jr in the laft given Equation, tiiere will aiife 

^y,+ 26z^ + 2462:^ -h 9842*+ 1233a;— 810=0, or a' + 26ss* 

810 
.+ 24625^+ 984**+ r233*=^8io; whence g=: ■ = 

0.6 ; and by taking the four l^ft Terms, we..haye 2462;^ 
+. 98485^ + 1233Z = 8»o,-Qr »' + 4»* + 5.di2i95i =3 
3.2926829. , . ^ 

^ti^e tf =4, isi^.oiai95, r=:o,6, and ^^3.2926829 ; 

^ 3r*+2flr+^ 10.892795 *^ 

whi^h, being negative, ihews that 2 is lefs than 0,6, and 
o.^ being written for r, git^es % alfo a' negative Refult ; 

• ^ f •^.' ' > • ^ 1. y— r*— <7r*— ^r 

but by writing 0,45 for r, V^ib hdve jsss— 



irt !■ ' 1*11*^1 



\\ 



^ L i f ' =o«l4f therefore «r:o.464, &Cj» NoWif 
9.219695 ^ 

you write ,4-f/ for i, in the transformed lEqiiatibn, and 
proqeedas above, you will find y::r,o64ioi6i5i, therefore 
jt=:.'44>=. 4641016151, and confequently, xzz/^-^-ztz 
4.4641016151, the very fame as before. 

But a nearer Value of x might have been obtained by 
writing .464 +y for », 

Sometimes it may be convenient when the Co- efficients 
are large, to transform the given Equation tq anodier 
whofe Root fliall be 10, or 100^ Time^&r,' Ids than 
that of the Equation propofedv and hayingj^by repeated 
Trials) found the neareft (lefs) whole Numocr to ^c 
Root of thp given Equation ; then the firft 'I>eciinal-*'i. 
kure of the Root of the traiisformcd Equation, if it Be 

10 iimcs 



ELEMENTS OF ALGEBRA, szi 

zo Times lefs than that of the given one, will be known ; 
if the S!oot be' icio Times lefs, then its two &ft D^citeai 
Places mnli be determined, &c# 

EXAMPLE 

^4 ' . • < 

, > • • ' ■• ' < fc'.» 

, X 

'Given ji{^+24ajr'+X4200**--r444000jr''--55230ooojr* 
— 92.6dooocox=:4300ooo6oo* Herett will be eafily found 
that th^e Value of x is between 50 and' 60 ; but nearer to 
60 than to 50, and in a few Trials, x will appear to be 
greater than 56, but lefs than 57 ; this being difcovered, 
vrrite icy for Xj in the given Equation, and it VriU be*. 
come loooooo/ + 24000000/' + 142000000/* -^ 
^ 4440000pqy^-*5523ooo6oo/*-7-926oooooooy=343oooooobo 
. or /+ 24)^' + 142/— 444y' — 552^3/*— 9^60/1=4300. 

Here now we have got the firft two figures of the Root 
(y) equal to 5.6; put r=5«6, and write r-^-z for / in ' 

' tiie transformed Equation, and ttiere will ariie z + r|*4- 



. a4Xz-h rV-Hi4 2Xg+;l»~444Xz+rP~5523 XjTfn* 
— 9260 x»+r =4300. . . 

The compound Terms of this Equation being adualljr 

involved bv the firft Table of Powers in Involution (Page 

* 97) and tnen r being put into Numbers, yoi^wiU (after 

Tranfpofition) have a*+57.6«* + 1284145;*+ i377S»S3fa' 

+ 70636,1042*+ ij|79i8,626s6«:f: 4664,335104, and 

*=7^fIS'=^-^33. nearlyj ^A by tafcii% the 

four laft Terms, we have 13775.522^ + 70636. I04»?+ 
137918.626562 =4664.335104, orz' + 5,127652*.+ 
2 0.011862=: .33859: Here ^71=5. 12765, ^£=10.01186, 

J ' i u ' jT-r'— ar*-^Ar 
^=•033, and Js;. 33859, hence zr:- r- n-rr: 

.0025787 Wt t • ' r 

■ ■ ft . f ^ar •000249. Now, by- writing .033243 for 

•J5355 
s, in the firft three Terms of the fccond transformed 
Equation,' then tranfpofing the Refult of .033249, anrf di- 
viding by 1377552, we get zM- 5.1276542732* + 

XO.011862549 



10.011863549% = .33^5958^3 - Here tfr=S-^27654*7^ 
« =s ia»ou?63S49, r = .0332491. and s ak .338595823-, 

_ .^92222^1225^* s: 

io.356i5«8 



s^r^^-^ar 



.0000005807108^ 

Therefore the whok (increafed) Value, of s, is 
.03324^5807108, aAd* the 6xStrssi.by tliefefer«hjfg!-fv|.sr 
2=5.6332495807 108, afcid ccaifeqiiemlj je^( zc ^<>;^ ) =: 
56.332495807 108 i Which Root docs not dVer. 

•000000000000004, or ■ ^ ^ ' ^^Jj.j;;.^ ' .s^>:^. iwrt 91 ap 



250000000000000' 



Unit from the Tni^. 



But a nearer Value of x ihighl have been obtained hj 
writing p^ for s^ (in the Idl Operation) as ki the preceti- 
ing Examples. 

When you find that fiie Square Root of the Stim of die 
Sqtiates of the Root» dfiFdn confiderabty fr^n ^e Ri)Qt ^- 

Suired ; if the Root required exeeeds ^ make Xnols with 
/fultiples of iO| and having found the lioot between 
two Numbers whole. Difference is 10 (as inA^ this kft- 
Example) obferve thtc Errors produced hjr dftph «f thofe 
two Numbers, by which Meanis youtnay ip^woor t^u^ 
Trials wrth the intermediate Nuodbcfs, fifni tke /ifuiieft 
(leis) whole Number to the Root fiwgfit. 

Bavihgdown how to find the Roo^ 6f Equation ac« 

Curate'enoii^h for moft Purpo&s, with little Trouble^ and 

pointed out how greater accuracy may beoccaf^onally 6b- 

^ tamed) I (haU now gire an Iflflaace «f .efEU|i£^ ;fhe 

Roots l^f pure Powers, 

EXAMPLE 

Let it be required to extraft At Stirlbljki>ftpGt of 

/7900. . i 

The niJareft Integer t6 Ae/Fequired Root Js, 6f wjiich 
being fomething leis than the Truth^ Xput j/f6i:me'l)e- 






ELEMTENTS OF AL'GEBRA. «y 

?ower, we have x*+ 5rx*+ iorV+ior?«» +Si^*+r5=: 

7900: -'•-•-• ^.^ 

7900— r* • falfr' ^ ';, : 

Henc(^-;g :lly, , =-5;j^=.019: By writing 

6.019 (ivcry whcr4 for r, -aa<Uoi^ for x-in the t wtxfcft 
TTcVms ♦£ the Jbregoing Equation, there wfll arife ,oi9\« 
-+30.065 X 70X3^4^362.4836*! + ^8p,s8io4S<,tv 
6562.47^7037 X + 6:0191' = 7900, whence, by Tranfpo- 
fition ^d Uivifion, we get x' + 6,0190001^** + 
18,1 14180989 J»=.€002fe98»i9.:. -.Here tf =6,01900016^ 

*=i8.i:i4i80989, -=7^^^= -^^^^4897, 

- • \% 'i ^ 

andjs=,O0026985l9: Hence ;r=:- yz^.^ar+b ^^ 
^.000000003610063 i, ,oooooooooiQQ>2>Q2 s therefore 

18:11436031975 - t. f ■• _:.c 

the whole Value of x is .0190148971992^2 ; andi-flonfc- 
quentlj? r+*;e5i6!;;oi90i4897 199292, the ^oot ijecjakftd. 

Or thus (without repeating the whole 6j)CratioA); H} 
writing ,019. for x in the two firff Terms of the original 
Equatipn x^ + 5rx^+ ior*;r^ + i©^^ff*+ S'^^J:!^=t23^y 
and putting r (=6) into Numbers, we have .019^^!^ 30ft 
ToTgl* ^- 36oije ^+ 2i6ojr* + 6480* + 7776=7900, hence 
iiy* TrzofpcMtn^ and 4Wdii^ -by j/bOr-^ gPt *^+6flr*+ 
x8;tf=: .344444433- Hc^^ ^=6, * ;=: jj^ .r.:=:,,oi9, and 

J = .344444433 5 »icnce ^ =: > ^r^+^^r+t ' ' ?^ 

,.000271574 ^,0000,4897. - 
-10.229003 ... ^ .^ \. _ .. 

Here the Root4sbrought-«ut true^-l^»ttine Pl^jpes of 

* tfeclm^^ -Wifh^vfery little TroiAle'j aitd -fince the ^opts 

of all pure Powers may he found in the &me Manner, I 

;^3hdl th^i^fim' %Ae ft^'flircher^Notioe of i^m h«re, but 

'' Vbtfl nc^ bpi^ty icon^i^ilfg StiSetuto extnt£Utig4hd R^icb 

4of Equations containing feveral Surds', whofe Solutions 

bjr 



aa4 ELEMENTS or ALGEBRA, 

hv odier Method» would be verylabori«»: But before. 
«e proceed to folving &<* Equation, it wiU be prt^r to 
obferve, diat if «+i reprefents any P4ioaual, and tf * be 
but itnadl in comparifon of a, then wi]^ 



t. 



tf+A "* « 



i. J+J^* = / + 



tf'+ll^ 



A' 




aa 



WXfl^ 



4* ST*!^ =^^^ + 3^* 






■ 
Lneaiiy. 







». tf+W = 



i 



3 









X 



=«*+ 



<7^* 



4« 



4« 



i"""j 



4^ 



4^X11 



I 



Thcfe Theorems and Extraftions may be continued on 
at Pleafure by proceeding as on Pages 107, 108 j but the 
two firft Terms of the Roots as they are here eschibited, 
^\j in moft Cafes, be fufficiently near the Tnith. ^ 

>• X X A MPLE H. 



Givtxi iJT+Pi + ^tT^ + •irf?l==iOi to fiid 
the Value .of ;ir. 

Here it appears by Infpe^on that x is about 3 ; % ther?- 

lore write 3+e(otx in the given Equation^ reje4i|ig ?U 

. f . the 



'£L£MCKTS of ALGEBRA, ^^5 

Utit Powers of e above the fii-ft, on account of their fmall- 

hcfe ; and there -airifes \/io+6^]+ V11 + M+v/i2 + 6t1 
::=io: Now, becaufe 6^ is little in refpe(Sl of 10, n, and 

of 12, dierefore by Theorem IL we have */ a+-i^ :i» 
\/io+6^1s: •lo)+ — 4=z -viol + .^^^^^.^f^ 

2^/ lOl 10 

Si: 3. 16227+ .94868^, nearly : Likewife \/ii+6^ = •"iTi 

4.«iJluiLiiLr:j.3i662+.90453^, and • 12+6/lss 
II "* 

a/ "12! + JL!£_^r: 3.4641 + .86602^ : Hence the 

12 

Equation •10 + 6?!+ i/'ii + 6/| + v' 12+6^!=: to, is 

reduced to 3.16227 + .94868^ + 3.31662 + .90453^ + 
3.4641 + .86602^=10, or 2.71923^ + 9.94299^10, hence 
2.71923^:2^.05701, and ^r;:. 0209 ; therefore ^^.3.0209, 
nearly, and, to repeat the Operation, let 3.0209 + ^ be 
now written for x in the given Equation, and therp will arife 



.fcilw. 



Vio.i258368i+6.04iK^|+\/ii. 12583681+6,0418^^ + 

\/ 12. 12583681 +6.0418^1 =10: Whence, by Theorem 

,, v,v V 6.0418^ 7 

n. we have • 10. 1 258368 1) + ;■ ' ^'' v + 

2'v/io.i258368i j ^ 

6.0418^ 

+ 2V^i2A258368ii '- ^"' or3.i82ii2+ -94933^ + 

3-33554145 + -90567^ + 3.48221722 + .86752/ =: 10, 
hence 2172252/ + 9199987067 =s 10, and 2k72252# m 
•0Q012933 ; therefore /=:»oooo475, and confequen^y ^s 

3.0209475* 

* 



'-li^ 1,L£MENTS or ALGEBRA. 

:£ X A M P L E IL 

Here by a few TriaU I find that * is fowteAuig gre^^ 

tlum 20, therefore I write ao+* for * in the t^^ 

• Equation (rcjeding the fecond Powers o f *, as beftacj 

.?34- . . 

But, by Theorem the 3. ^3,6+45'^ (=7^^ 
"* trJ%^) =s.0440ZiS45-.ooi9i9S*, nearly,} 

. this, multiplied by 400+ 20« (referving oidy the firft Power 

400+20* , a n 

of e) gives \r'^^^T~^ =17. 6090 18 + .11 265*. 

' And, by Theorem the a, wc have •40S-f40/l(c: 
V^405^+ * ■' X *) =: 20<i 2461 1 79+. 9938079^, nev- 

lyi this Equation, multiplied b y — =: .8 + ,04/, 

omitting thfe fecond Power of ^) gives X •405 + 40 <[ 

2=16.099689+ i,6oooy : Now by writing thefe Values 

.-for. their Equals, m ttie vLquation — aa PT^rr-r v + ■■■ ■** 

X 1/405+404 =34> you will have 17,609018 + .ii265# 
+ 16.099689 + 1.60003/+34, or 1.71268^=: .291293^ 

hence ^==.1700, and dierefore ^=20.1700.^ 

>'- . • • 

EXAMPLE m. 
Given i+*'| + i+**l \ + F+Pli :e6.5» 



• 



H: 



re 



ttS^MfillTS 6F ALGEBRA. Uf 

c * Mere ic appears to be greater than 3, I therefore witis 
%+efoT X in the given Equation (retaining only the.firft 

Jower o f e) and there arifes 4+7l f + 10+ 6^]t + 
28 + 27^1 =:6v5, 
. - Thi« Equation, by the precieding Thebremtt becomes 

z^ . ^ 19 4x28 " *f* 

ihat is, 2 + i25^+2.i5443469+i4368869/+2.3oo3266j 
H-' 554543^ — 6.5; hence l;23543^ =: .0452^868} and^ 
=.036, and confequently ;irS33,b36; 

r 

Whien greater Exa&nefs is neceflarj^ it may bfe eafily 
'obtained by repeating the OperaticHi, as in the nrft of thele 
three Examples j lb that what is here delivered^ will be 
Efficient to (how how to folve fuch Equations when they 
happen .to occur in the Refolution of Problems } but it is 
to be obferved^ as all the Powers of e above the firft are 
rejeded in the Procefs^ that this Method only doubles 
the Nuihber pf figures at each Operation. 

If there be two, or more Equations^ and ais many un- 
known Quantities^ exterminate thofe Quantities till you 
get an Equation containing but onfe unknown Q^antity^ 
whofe Value being found by fome of the preceding Me« 
IhodS} the reft of thofe Qua9tities may be readily deter« 
inined, as will appear, by what follows^ 

E X AM PL E I4 

Given \ 9fy + exszgoo > to find ^ x^ zfid fk 

I fxyzz^ooo J 

'^ By the firft Equation ^srio+^r, this Value being fub-» 

nitttted for .^ in the fecond Equation, we have icy^iox-i-x^ 

• ■ . ■ » 

^900^ hence 7 tz - " ' "^ — ^jIIfL^ this Value being 

Written for y and lo-f x, for e in the third Equation there 
arifes 900048004*— 20;r^—;r'±:3ooo, or jr'+20x*— 800 
Jr=;6GND9* Here^.lly trying with Multiples of 10 j I foon ' 

0^2 fini 
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find that x is between 20 and 30, nnd in a verjrfewTrials 
jnore, I find that x is greater than 23.9 and lefs than 24 ; 
put tf=:20, A=8oo, r=23.9, and i=:6oooi and write 
5C+^ for *x in the Equation x^-{-ax* — bx^:.s {r:*'+2Q** 
*-8oo;r=:6ooo), and it will be transformed to 

+ az^-^zarz+ar^ t =;, or«' + 3r + tf 

X «* + 3r* + 2/7r— ^ X% = J— r* — ar^+hri hence »= 

J — r'— ^r*+^r 47.881 , 

5 V^ = oi /: ='.0234, nearly. 

3r*+2^r— 'i 1869.63 ^^ ^ 

Now, by putting rrz 23.9234, and proceeding as in die 
foregoing Solutions of Cubic Equations, the whole in* 
crea^d Value of z will be ^0234434562965 ; therefore 
;if = ^3-93^344345629^5 ; confequently r ( = lO+Jf) = 

900 lOAT X* ^ 

33-9^34434562^965, and y = ^ 

88.434418630731 , , o 

• ^3-9234434562965 = ^-696558933595. 

E X A M P L E II. 
Given { ^^1'='J° } , to find * and ^ . 

40 

The firft Equation divided by l+y, gives xzz ,i„ 5 

this Value being fubftituted for ^^ in the fecond Equation 

i6oc^y 
there arifcs ——~-r --.y*p:63, this Equation, multi- 

plied by i + 2>'+y*> becomes i6ooy— y*— 2y'— ;>*=:63+ 

I26j;+63y% hence y* + 2y'+64y*— i474y=:-^63 : Here 

it is evident at iirft iight, that y is lefs than' 10 } and, by 

♦ 40 

Trial, I findy=:9, whence ;irs:*--]:~ = 4. 

£X A MPX»£ 
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EXAMPLE m. 




Given 



From the firft Equation we get xzna-^yz, and from the 

fecond, ;r=:-' — j thcrrforc— =^^— j^z, hence ^^r: 

€1% — h . . _ . 

■*' a ' ^ e Times this Equation taken from the fourth 

(x'^a -*y«), leaves x=:^— — '-5: — — = — j; : Now 

by writing — ^j^ ■ ■ for x and a^ " for y^ in the third 



given Equation, there will arife z+ — ^ ' ^ — r^I — 

^r, hence g*^2g^ + z4-g ^2^— g^z— ^^z— tf^zzf — 2fz*+ 

icz\ or z' — rz* — 2z^ + tfr+2^ X z* + I — tf *— .^* X z + fii — 
— -r=:o. 

This Equation in Numbers, becomes z' — 14Z*— 2z^. 
+ 138Z* — 2202 + 96=0 ; here if the Root (z) be incom- 
menlurable, it may be eafily obtained by converging Se- 
ries J but in order to eftimatc the Root nearly, it may be 

bz — a az — b 

obferved, that we have found xzz- — i — — , andys:-^^ — -, 
' z — I z —I 

which (hew diat x is greater than y, becaufe b is greater 
thait a : In like Mamief, from the fecond and third given 

, ' ex — b bx'-'C 

Equations, you will findy r: — r^ — , and z =: ""TZ — ^ 

which (hew'that y is greater than z, therefore it is evident 
by the firft given Equation, that z mnft be lefs than 3, and 
by Trial in the Equation z' — 14Z* — 2z^-f 138Z* — 220Z 

bz — a 
+ 96^:0, I find z=:2,. .therefor^ y^'^ — T" = 3>. ^^ * 

^ ' 0^3^ In 



c^y, fctEMENTS or ALGEBRA, 

In this Example, you may obferve, that the Squue 
Root of ^e Suni of the Squares of the Roots is very 
great in Refpcft of the Root (2), which will evidently 
pc the Cafe, when th^ gitateft pofitive R00I: of an Equa- 
tion is very fmall in rc^<a of the Negative ones Vhofe 
Squares are likewife affirmatiTe: But by obferving the 
Proportion of *•, y, and z to each other, aiid the givei^ 
Equations, we eafily foMnd a very near limit of Zy which 1 

it could notftirpafs ; i^nd there niay be frequently fome Ob^ 
fervations made in the Courfe of the Rek>Iutioh of Equa- 
. tions by which a near Valtie. of fome of the tmknown 
Quantities may be difcovcred, (q that when th^ Rbotsare 
Jiitcgcrs, tkey may be readily found. 



E X A M P t E IV. 



Given \ A^'+**z =85 f 

=4.8 3 



FrQm the firft EqaatioA wt gety == r""'^ ^nd fron^ 

J.Q YJ y. -O 

$he third, y= ^^^^z> therefore -— ^ — = ;,^^^x heftcft 

48+Ar^— Il;r 
Iijr— ^*-{-ii%-rjrz=:48', and zr:-: — ;- r— • this ' 

II— A- 

Yalue, biping wrote for z, in the Equation y =: - — > * . 

gives y— ■■ g , ^^_^j^ ; and 4>y fubftituting the Valuds 

of y and z, in the fecond Equation, ^here ^lariife 
I2i;f— 22Jf*+Ar3 48.v*+**— iiAf! ,^ , . 

This Equation multiptfed by ^S^x^^iTI X il-^JrJ 
gives A''^-r22j;5+ 2T6;e*-ri023Jf^ + i94i;r*4- i33ijf=4488o 

r^85Afl+ iS7Q^*-rU365*'> or^^w22**+2i6A^-?f93&sr*+ 
!•*'*+ 1 5696.y=448oo, Here the Square. {^^qt of the 
tiini of the Squares of the ,Riopts is abpu; 7, and, by 

^ ' Trial, 



Trial, I find ^es-S ; confcquentiy 2 rt ^^ — :^ as-- 

^ ,. II— *• 6 ^ 

3, anJ^ =: ^— ==-^=^- ^ 

Sometimes the unknown Quantities are fo involved' as 
to render tjiis Way of folving Equations impra^cable, or 
very tedious, in wbich Cafes the following Method may * 
be of Ufc, 

Let the Values of die unknown Quantities be taken , 
pretty near the Truth, fwhich, from the Nature of the 
Quettion may always be aone) then write the afTumed Va--. 
)ue$ conne<3)ed to new unknown Quant;ities . refpe£tively 
for tbofe in the propofed Equatio^is, rejecting all th^lL 
Powers above the fijrft,. 



EXAMPLE L 

^ Given f 1+^'z'^^^^K to find ^ and > 

Ijf'— ^'=:25000 3 ' -' 

From the fecond Equation it !s obvious that y is lefs 
than 9f^ and from the firft, it appears that x is lefs than 
|0 ; I therefore put rrzg, and 5:^8 5 then by writing ^+r 
for x^ and s-f-j for y, in the given Equations, rejecting all 
the Terms that would arife above the firft Powers of e and 
%^ wehave4r^^+4j3jj^^_j_j4^iQOOO, and ^r'^e — 55*%+ 
r'-i. J* 2:25000; or 4r^^+4J^%:^ioooo-*-r^'— J*=:— 657, 
4nd K/^e — 5j*%=:25000— r' + j'cr — 1282. 

Put tf =4^ ;^ 2916, hzzAfS,^ ;=: 2048, czz$r^ = 32805, 
^^51*;:;= -*• 20480, wi^— 657, and »s=-^i282, then the 
transformed Equations will become ae+bzzim ; and ce-ir 

rf«^«, hence e:isr , this Value being Wrote for 

iy in the Equation ae+bzszm^ we have — * + bi^ 

. > .. r t cm— an 

sSw, or <w— a«5+*«» s: cm, hence » s 



be — <fd "" 

,;a«)90455io, -" , •'^*"'"- ( - 32805 "" 



n 
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•-♦13, nearly, therefore 4f=: 8,8 7, and j^^: 7,86, nearly. 

Now in order to repeat the Operation, put r=:8,87, 
tfndi=7,86j then will azz^r^^iijqij bzz ^^:^ig4.2j c 
^5r*zr30950, dzz^^'=' — 19083^59, wniioooG— r*— j* 
z=— 6,77, and n 7=^ 25000 -^r* + 55=94. Whence zz: 

cm^-^n —470769 n-'^z 

14,40555 

— " =*QQQ47> '>c*irfy t therefore x^iySy04.jj and 

^=57,85585, 

It is very eafy to fee that this Method may be extended 
to the Refolutioft of three or four Equations, including 
as many unknown Quantities ; but as thefe Cafes feldom 
happen in the Application of Algebra to the Refolutionof 
Problems, and when they do, may, for the mod Part be re- 
duced tofome of the Forms already treated of, I (hall there-i 
fore fubjoin only one Example more, wherein let there bQ 

given ioAf -f xy^'J + §^t =;; 12, and -/'a** -f 7^' "^ 

' 7=^ =^ I3> to find ^ and y, 

\^x — y^\ 

Here I afTume rr=5, and ^5=4 ; then by writing r+tf 
for Xy and j + a for ^ in the given Equations (rejefting the 
iecond Powers of e and z, and t^eir Produfts) there will 

arife 2(?r-f-ri* + 20*'-|-f*^-j-5tnz]7-f Er+Se)i 5S 12, and 

-/rH^FT^TTT^ + ^,'-_^*^2^,_2,2;^ r:l35 or,in 

Numbers, 1 80 -f 3^^+462! t -^ 40 + 8^]!: z= 12,, and 

--^ 20 + 4^ + 528 

' 'v/9+ia^.-fr82j| '^ 

i8o + 3b£-f 40z1f=:r5cn^ + * li .,, * X 36^+402; =;; 

3x180 • 

5.646216 + . 376414^+. 418.238Z, nearly, and40+8?l|q? 

8^ 



V 4^ + "T;^;;-^ =^ 6,324555 + .632455^, nearly, hence 
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the firft transformed Equation is reduced to 1.008869^*^ ' 
.4i8238z+ii.97077i;=:i2, ox to 1.0088^9^+ .418238^, 
::;::. 029229. 

., > ,, ■ . .••^ . 10^+8% 

Again, V4i + io^+8zl= vf4i' + — --^==r=: ' 

6,403124 + .780868^ + ,624669%, nearly, and 
I j[^ ^ IQg— 8g 

Vg-i-iOif— 8»1 '^3 2 X 9x3 "" 'SSSSSSS -r 

.185185^ + .148148Z, nearly, this Equation muhiplied 
by 20-f 4^'i-5«> reje£tiflg the Products of e into z and' 

20 + 4^4:525 

their fecond Powers, gives^ — ' '• ' ==ri= 6,666666 

^— 2.370367^+ 4,6296262;, hence the fecond transformed 
Equation becomes— 1.5895^+5. 25432+ 13.06979=^13, 
or 155895^— 5.2543«=. 06979: Here czr 1,5895, ^/=— . 
5.2543> nzz.obgjg j and from the Equation 1.008869/ 
+,4ib238»=,029229,we have^=^i;oo8869, ^=1,418238, 

cm — an —.02394947 
and »i=.029J29. Hence z = -j^^=-j-^—J. 

fi'^^dz .048772 8 
--.0040 } and ^ = — -^ — =~r.^7^ = -0306 ; * 

therefore ;r=:5.C3o6, nearly, and y=: 3.996. 

If more exaftnefs be ilefired, it ma)^ be obtained by 
writing 5.0306, for r, and 3.996 for j, in the transform-' 
cd Equations, and then evading the Roots, &c. as' 
above. 

Having (by converging Series) largely expatiated on 
finding the Values of unknown Quantities with deter- 
minate Powers, I Ihall now proceed to the Ro(blutk>n of 
Exponential Equations, 

♦ 

EXAMPLE!. 

Given A*r:|00, to find the Value of ;r. 

By the Nature of Logarithms, we have x x Log. x::z 

the 
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the Log. of 100=2 : Uttt in a few Triads x will bcfeuiuit 
{letween 3 and 4; but nearer 4 than j. 

AflTume xir3.5 ; then will the Log of 4r be zzdieLog*-^ 
of 3,5=55441368, and » X Log. of j^=3^5X.544o68 = 
1.904238,. which ihould be equal to 2, the Log. of loo^ 
therefore the Error is (2-^1.904238:^) .095742, in Dc-. 
feS. Suppofe x^^.by then the Log. of x 2= the Log. of ^ 

3.6 = ,55630^5 > and ^ }^ Log- •«^=3-^ >^ >5S6i025 = 
,2.002689, therefore ,2,O02689-rT' 2=. 002689, Error in" 
cxcefs : Hence^ as ,09842, the Sum of the Errors, is ^o 
,1^ the DiJflFcrence of the affumed Numbers, lb is ,0026^9' 
to ,00276 ; therpforeAr;;? 3.6 — ^,00276 =,3.59724, nearly : 
Again, by taking *• 5; 3,597, we have Log. jf= the Log. 

of 3- 597=^- 5559404* a«d *^ Log. ^=3.597 ^^5559404 
;p 1.9997 1 76, which, fubtra<3;ed from z, leaves .0002824^ 

the Enot in Defect; and as ,0029714, the Sum of tb^ 

JErrors produced by the afTumed Numbers 3.6, a|^ 3r597t 

U to .003 the DiffereiKe of thefe Suppofitions, fo is 

,0002824, to ,000285, this added to 3,597, gives 3.597^^85 

for the Value qf x twice corrected. 

For the better underftanding of this Operation (fee the' 
|lule which immediately precedes the Eighty-fourth 
Queftion in Afitbme tic— Vide alio the Solution to tk^ 
Problepi. 

When the given Nqmher in the proppfed Equation is 
much too big for the Courfe of tne Logarithmetic Tables, 
extraft its Square Root^ and the Square Root of that 
Koot, and fo on, till its integral fart is reduced tP two or 
three Figures, the fewer the better. 

' For the Quantity required, fubftitute anoBier, with a 
numeral Co-efficient correfponding to the Exponent of th0 
Power of the Root you intend to fubtradt 5 the Value of 
this unknown Quantity being found^ that of the. Qngina^ 
Equation will be known. The two next following Exam* 
pies will render this quite e&fy. • 



' EXAMPIi'e 



-•«. 
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E X A M P L E II, '> 

Given 21*33123456789, tp find a. 

By putting Zx:=:Zj we have^** = 123456789, and 

- j^y extrafting the 8'** Root 871* =10,26690095 this£qua?> 
tion by Logarithms, will be reduced to ;r X Log. %x r: 
iog. 10.266909=1.0114392: Here in a few Trials jr 
will be found fomething greater than 1,08, for by writ- 
ing 1,08 for X in the Quantity * x t^g- 8jf^, it becomes 
1,08 X Log, 8,64=1,0114348, wftich Siould have been 
jsquai to 1,0114392 (the Logarithm of 10,2669009) 
therefore the Error is .0000044 in OeSe& ; and by writ^ 
4ng r.080003 for *•, we ha^^c 1,080003 X Log, 8,040024 
.=1,01 14386, which (hould h^ve been equal to 1 .01 1439^ 
^ence the Error is ,0000006 in defedl; whence as 
,0000038, the Difference of the Errors, is to ,000003 
the Difterence of the Suppc^itions^ fo is ,0000006 the 
leaft Error to ,0000004, which addeJto 1,080003 gives 
1,0800034 for the Value of x once corred:ed„ 

Again, by writing 1,0800034 for *•, we have 

. jr,o8ooo34 X Log. 8,6400272^:1,0114393, therefore 

. the Error is ,0000001 in cjc<:efs ; whence, as ,0000007 .; 

o,oooooo|. : ; 0,000000 x : 0,00000005, this takeh froin 

. 1,0800034, leaves 1,08000335 for the Value of x twio? 

forredcd; Hence ^x (=3;) ;;=8,6400268« 

E X A M P I, E in. 

Suppofe 55*^782757789696, what is the Value of ai 

* Here I find that the Square Root pf 782757789696 U 
884736, the Cube of 96, I therefore put 6jr=z, whende 

6]?!'=**=:; 782757789696,. or 6l?)^' =5884736 ; ^ndlQ' = 
96 : This fLqUation folved, by proceeding as in the laft 
Example, gives jr:;= 1,882643^1 and CQnfequencly bx {zzz) 
f= 1 1,2958592. 

SCHOLIUM, 

* When the giyen Number is neither a Square, Cub^ 
A|rc. (as- in the fecpnd Examole} then by continuing the 

£xtrs^oi| 
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ExtraSion of the Square Root to a fuflfcient Number 
of Decimal Pjaces in each Operation, you may folvc 
Equations containing very great Numbers : And if the 
riven Quantity be a Square or Cube Number, as in the 
h& Example, then the Extradlion of the Root will be 
very eafy, and the Value of the unknov^n Quantity will 
be readily obtained * 

E X A M P L E IV. 

Given x^"^ — llx^-^i^jx^rzySy to find jr. 

Puttf=7, and ^=316, then the given Equation will 
become *^'—3tf;r** + 3^* x'sr^j whence by completing 
th e Cub e, and extradting the Root, we have x'^^^z^ 

\/b — a% or .v'=^/?^^^-^^^=r4z::2% and confequentlY 

E X A M P L E V. 

V 

Given X zz 400, to find x. 

By Logarithms we have x' X Log. x rz the Log of 400; 

and by afluming ;m2.33, we have j^n 2.331*'"= 7. 176; 
bencejr^X Log. jir=:7.i76 X. 3673559 =;2.(^ 361459, from 
this Log. that of 400 being fubtra^ed, there remains 
JO340859, the Error in excefs : Again, fuppcfe jr:;: 2.324, 
then will jf*r:7.0979,and jf* X Log. jf =7,0979 x ,3662361 
=2.5995072, this taken from 2.605^0600 the Logarithm 
of 400, leaves .0025528 the Error in defe(9:; and as 
•6366387, the Sum of the Errors is to .006 the Differ- 
ence of the Suppofitions, fo is .0025528 to ,0004181 
bence a- =2.3244 18, nearly, 

E X A M P L E VI, 

Given { f,=g^o},tofind;randy. 

By extracting the x Root of the firft Equation we have 
1 

j^=?3000lir> this Value fubftituted for y, in the fecond 

Equation^ 
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I 

Equation, gives-^r =15000. Here I aflume a- =4.7, 

hence the Exponent 3000I * becomes 3000I ^'^ : Now I 
divide 3^7712^12, the Logarithm of 3000 by 4.7, and the 
Quotient .7398130, is the Log. of 5*493} therefore 



3000I*, or 3000) ^'^ ^ 5.493*: Hence the Equation 
.1 . 

30001* J49J , 

* =55000, is'reduced to jf =: 5000 ; and 5.49$ 

X Log. X = 5.493 X. 6720978 = 3.6918332, this Log. 
taken from that of 5000, leaves .0071368, the Error in . 
defedt j therefore x is lefs than 4.7 ; for it is to be obferv* 
<sd, that the greater x is aflumed, the.leis the Refult of 



30001 

X will be ; therefore I aflume ;r =4.69 ; then 3000 ^ zz 



*. 



30o3*-^9 =5.513; and 5.513 x Log. jf=: 5.513 x 
.671 1728== 3.700175$, from this Log. that of 5000 being 
fubtrkftcd, there remains .0012056, the Error in excef% 
and as .0083424, the Sum of the Errors is .to *oi, the 
Difference of the Suppofiti<lns, fo is .0012056, to .ooi445!» 

therefore ;f =4.691445, nearly ; atid ;^ = 3000I * = 



4.691445 
3000*1 =5.510132. 

You may find the Correftions by working with the 
Errors of the Numbers refulting from the Suppofitipns, 
inftead of tj^eir correfponding Logarithms, as in the So- 
lutions to the Eighty-fourth and Eighty-fifth Queftions in 
the Arithmetical Part of this Book. 

EXAMPLE 



"1 
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feXAMPLE Vli. 

•v • • • • . . . ^ 

Given jr±:9.5* and *'+;?''s32.25, to find the Valuci 

By the firft Equation we get jz:^^ * i this Value of 
V being fubftituted in the fecond Equation, there anfes x' 

•llg.51 * £t 32.25 2 Here in a few Trials t find 
that ^ is fomethiug left thap 2.05) therefoi:e I aflUme x zH 

I 

9-5 U 

a.04, then JT'+g-S = 2.04I -f 9.5I :^ 

4.28198+27.85978=32.14176, which &oukl be tqual 
to 32.25, therefore the Error is •io%iJ^ in defed: Sup- 



I 

^•5 1 * 



— . * ' •>**oi 



pofe *=2.03 ; then will ** + g^sl *^ s 2.03 

1*49327 

-f^ =3 4*ao936+28»84073 = 33*05009, fi-oni 

^his Number 32.25 beiig fubtnuSed, there remains. *8oo09i 
the Error in excels ; whence as ^90833 : o.oi :: 0*10824 
,: 0.011919 this taken fi-om 2*04, (the Suppofition that 
produced the leaft Error) leaves 2*038809, for the Va^ 



lueof ;ri hence j^z: 915)* as 9^5^ *^^ ^^ =*3*oi$86]f* 

E X A M ? L £ vnu 

< I ■ ■■ 

Given**— *jr=jf, and Z^+j^fejir* 

Add the two Equations together^ ami jrou will have 

- i 

x^+y^^x+yzizx+yy w y:r:2x*^x^y hence yzzzx-^x^m 

- • II 

•hcr^ore a*— ir=2;r— jf'l* , and confequently x'^x^ 
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ay?7-P\T =z p : It appears by the fourth Equatloii, that 
'^2;r is greater than ;r^, therefore h is evident that xisiefr 

Aflumc *=:i.75 ; then will the Term 2x^^rP\ * a 

•J^3734l *"^^ • Jf^re becaufe the Number under the Vid* 

#ulum, Is lefs than Unity, therefore (to augment it) I 

.multiidy it by"?'"", Aat is> by 3.36358, and the Loga- 

rxithm of the Product 2.8164609772, is v4497035, this 

divided by 1.75, the Quotient •2569734, is the Logarithin 

1 

of 1.80706, which being divided by 2, gives .83734] '*^^ 

- _■ I 

^^=•90353; hence ir*— jf— 2Ar— jr*) * =: 2*66266 — 1.75 
—.90353 =.00913, which (hould be (q) nothing, thero- 
fore the Error is .00913, in excefs. 

Aflume *= 1,748, and multiply {-84163) the Number , 

arifmg under the Vinculum, by lo)'-^*', that is, by 
55.97576 (the Number .correfponding to the Logarithm 
1.748) then divide 1.6731 21 2, the Logarithm of 
.47,11087888 the ProdufiE,,by 1.748, and the Quotient 
•9571631, is the Logarithm of 9.06072, this divided by 



10, gives 2x—^]* =: .841631 ''^♦^ s .906072, hence 

'«^— Jir— 2;r— AT*! * = 2*65437 «— I.748 — .906072 = 
•000298, .the.£rror in excefs ; and as .008832 : 0.00a :: 
0,000298 : 0.000067, ' therefore *=i. 7479335 hcntc^^y 
(=:;v*— ;r5S2.654097-- i.747933)=»9o6i64, 

£ X A M P L E IX. 
Given **V^/, and>'+J'=jf'*, to find* and/. 

. FfiQiQ the firft Equation ;'s:Ar* , and from die fecoml 
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#4y f ^ «+> 

•j=:jr , therefore X n^r : Here becaufe the Root 
jr is involved in but one Term on each Side of the Equa- 

x^y 18 

tion, the Exponents — g — and ^ ■ ' , muft neceflarily be 

.• , , x+y 18 

equal to eath other ; hence ""n© "~ :i: — X"*j ^^ **+ 

aay+j'*— 144; therefore Jf+jr=sv^i44lc5 12, hence, ^r: 
12—^: Npw write 12 for *'+;', and 12— jr for jf in the 

Equation jf=Ar , and you will have iz-^xrux , or 

3 
jr^ =12— JT, hence jr'=:i44— 24jr+jr% or *•'— jf*+24^r: 

144 1 from this Cubic Equation you wili^eafily find xzz^ 

and therefore ^=1 1 2 — at = 8* , 

E XAM P L E X." 

Given AT*— ;'^=:4.35, and ,>*—;?=:. 25. 

1 

By the fecond Equation ;p=a'+. 251 j. this Value of ^ 

I 

fubftituted in' the firft Equation, gives **— ;r4--25| * 
2=4.35: AirumeAr=2.25, then will **— 1V+.25I * 

^*'*S , 1. 502665 ' 

rr2.2s) ~ 275^ *.*5 = 6.20041 — X.8440I s: 
4.35613, which ihould be equal to 4.35, therefore thtf 
Error is .0061 3 in excefs. Again, by afiuming jr 2^2.249, 
and repeating the Operation^ you will fiiid the Error to 
be .00497 '" defe6):j whence as 01 11 : O.ooi :: O.00497: 
0.0004477, therefore ;ir=:2.2494477, nearly, and, confo^ 

^ •' ' • . quendy 
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quendyy=;v+.25\' as 2.499+477I *-'494477 « 
1.5026675. 



E X'A M P L E XI. 

Oiveh x^^f^ and x^'¥^=zax^^^, to find ;r and;r, where 
Jr denotes a given Number. 
The fecond Equation divided by *% g»ws s^:z:ax\ 

thereRrre f^ax^ ; hence y :siax^ ; This Value of ;f be- 
ing fubftituted in flic Equation x^±:ax\ there arifes 



/^ ^ax^; or /"" - tf*'s=:o': Here the Valie 
of x may be readily found by Logarithms be a what it will. 

X 

If fl be taken ^2:2, flien will x^l-, for then Will x ^ 

<7;p2==? -*-i6!2: 2^ — 16 = 16*— j6^0} whenceyss 

Thus I have introduced an eafier Method of folving 
Exponential Equations than that of converging Series by 
Reverfion, and by proceeding as in thefe Examples, the 
Roots of three or four Exponential Equations thstt can b^ 
jredaeed to an Equation comprizing but one unknowii 
Quantity^ . may be approximated to any Degree of accu-» 
racy by repeating the Operations ?it the Equation fo de- 
duced. But as Equations may occur, from which an 
lEquation containing but one unknown Quantity cannot be 
derived, without previoufly fubftituting for the unknown 
Quantities I I ihall therefore fiibjoin another Example^ 

R ana 
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and folve it. by a Method which may be pf Service in (uch 
Cafes. * , 

r 

EXAMPLE XII. 

Suppofe jr'+y^==28s=;, ^^^ >*— ^^=14=^5 Qucr^^ 
the Values of x andj« . V 

Here, in a few Trials at will be found a little greater than 
4, and;' fomcthing lefs than 3; put tf=4> r=:2.8; L ac 
1.3862943, the Hyperbolical Logarithm of 4 (=^^)j and 
/=i.0296i03, that of 2.8 (ssOj let ^ + 11=;^, andr+x 
i=j, then wiicb v and a are very fmall, we have x* =: 

« + v 1 rrfl'^xi+v+Lv, nearly^ and/i'^f+zl =:r* 

X 1 + Z + &5 likewife y* =r-f a^ = ^ X i+fo x 



Hence the given Equations arc transformed to «* X- 
i + z' + Lx; +c'Xi + z+/z=J, andc'"Xi4/vXi+ ^ 

CV 

— ^' X I + Lz X I +^7" = ^- '^^^''^' ^^ Numbers, be^-^ 

come 6io.89i34v + 36.26243«+273.8666i8==285, aa^ 
2^^33409^-*- 20.568552;+43.34ii6'y»+ 12.96265 =: 14^ 
From the firft of thcfe Equations (by Tranfpofition, aril 
dividing by 610.89134,) we get ^=.018224— .05936% { 
this Value of v being fubftituted in the other Equatioi^ 
gives— 2. 572732*+ 19.617122+13.497234= 14; there- 
fore 2.57273z*--;i9.6i7i2%=^.502766,or2*—7.62502« 

= — .195421 iJ^hence % = 3,81251 — v" 14.339811]=: 
•025716: and t;=.oi82a4 — .059362 =.01 66985 there; 
fore ;if =4.0 1 6698, nearly, and y =2.8257 16. 

Thcfe Rctots are very near the Truth, but greater Ex- 
aSnefs may be obtained by writing 4.016698 and 2.825716 
refpeftively ior <T^and f ; and their correfponding LogaA 
lithms for L and / in the transformed Equations. 

Tht 



* *rhe Hyperbolical Logarithm of any Number may be 
produced by multiplying the common Logarithm of the 
Number propofed by 2.3025851 -, thus the common Log. 
of 4 which is .662C>6oo, being multiplied by 2.3025851, 
the Produft 1.3862943, is the Hyperbolical Logafithnl of 
4. ; and thus you may furhifli yourfelf with Hyperbolical 
Logarithms from thofe of the common Tables. 



To find the Square Root of a Binomiatwhen one of lis Terms 
is Ratiortftly the ether a Surd SqUafe Root. 

, . I. 

E X A M P L E L 

Let it be prqpoted to extradt the Square Udot pf 136 •<« 
\/i8432K 

Put A + •Ib^ = 1 36± • 1 8432I ; and let the Root tt^ 

quired be reprefented by »/7[ ± v^, then wUl \/^ ^ 

v7^=:A±v^ i hence x±2 's/Ty) + y zt A±'s/B^; 
by ^equating the rational and irrational Parts of this £qua* 

tion, we have ijr+j^=:A) and i^/xjlzz^/'^^ or j^xyzzBy 
this Equation taken from the Square of >+j^=: A, leaves 



ti ■> 



ir»— 2Ay+/=:A*~B; hence *••— .yery'A*— B], this 
Equation being added to, and fubtr^^ed from x+yyzAj 
{and the Sum and Difference divided by 2) gives jrci 

'A + ^A*~h1 136+8 A-VA*— Bl 

■■^ ■■■ii > , I ■■■ I ' rs 2372% and ys " ' ' ■ ' ■ " 

2 a ' 2 

- 136-8 ' ^ ■ -.-^ _^ ' 

^,1 ^ ' ' =:64'j and confequently V xl— >/yi = 

^72)-^i/64^=:6 v^a^-^S, the required Square Root of 
X 36— 1/184321. 

R2 EXAMPLE 

• - * • ^ - . . ' 




t4>t- £LSM£NTS or AlQiaSA., 

E X A MPLE n. 
What is the Square Root of 37— •laoof- 
Here A=:37, and B:p:ttoOi ncflct x^ ^>* ■ ■ * " ■ ^ ■ ^" 

""2 ^' ^ 2 * / 

= 12, therefore -/^ -*-0^»V ^S^-^^/^'p: 5 --^ 
2 v''^), the Root fought. i 

It h obvious that thit Method wHI alwajrs fucceed, wh^ 
A*-^B is a S<}uare Number ; otherwife it will be of no 
^rvice. 

If the Slim and piffercacc of two Quantities Jr and / 
be raifed to ^hy Power ^^5 and if . fi^ firft^ thlsdi fifths fe- 
veiith^ &)c. Terms of that P6Wer> collected into ooe Srnx^ 
be denoted by A, iind the Reft of the Terms (in the eveh 
P^es), hsBi thfihr th^ DiiFerence of tittt SqHaresritf A 
^nd B will be equal to the Difference pf the ^uares cf 
X arid y raiied to the fame Power «. * - . 

For the Co-eiScrents, of. the odd T^rms in thsi jji! 
PbWer rf Jr-t-Vi put I,, a^ r, e^ &c, arid for thole of de 
«vcn Terms put % b^ d^ f^ &c* tae» we fliall h«v« y*-^ 
**'^*/ + ^*'*^*>*) &c. rrA, and Kji«--*jr+^jr'*«*y+rf 
j^>V&c. s= B :* Tliis Equatibn added to^ and ftb^ 

l»Sed fi^om-^ firft,*giyes x -^y^ ? ^r at" + ^^i?*— * y 4>iy^^ 
/+ i;r''-V^ 4 f Af*-^/+ 1&»-5^% &c, ;± A + F • agd S^ 
zzX*' ^Mx^-r^y^ax^—^y^ — i;p'^^>'^ + f A"--y -^^ir"— *^ 
&c.aA*^B, the n^^ Power of jt+j', and of x-^ f^i^* 
tively J and by multiplying thefe two Equations t*)geth~er> 

we har^ 7+^" x x'^'' 5£ A+B X ^^^B =i A^~ B* .' 
=^xi^'"=x*-./^. Q.E.D. ' ; 



V 1 
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EXAMPLE Iir. 

Required the «*^ Root of A+ -/^Bt.' 

^ Lettbe required Root be reprefented by x^Vyr ^^ 
by proceeding as above, we have y* + ^;r"— ^j' -1-^*"— *>*, 

&c.s:i/li|. Here, by extrafting the «*** R^ot of ♦he 
Sum, and filfo of the Difference of Ae firft and fecond 

Equations, ^e have x-i- '/^=zA^^/W\ * , and x -«*• 

i/7'=A— -/5)1 » half the Sum of thefe two Eqtla- 



■ 1 



V 



ttons, gives xzz ■ ■■■ X '"-' — ^ ' ^ "^^ 



4a> 



2 

1 



^^ ' -p : and their Produa gives **-> s 



. axA+vTBll* 

. j_ \ JL 

A*— B1 « , hence y^x* ± ^*--B 1 " 5 whence > is iikc- 

wifeklufwn. 

Tgihpw the U/c of tbe& Condufion?, ictk fee prop«M 

toc:i*r^theCubc Root of 4S+29i/ll CS+S^^ v^ii&BaV 
Here A = 45, B — 1682, and » = 3 i hence * 2= 

i -^ 2X45+-/i68at3 ^ 

— 2X86.QJ2i9)| , 2 - "^^ /^ 

-fc»A**-lJ) * ) $* "^iS^ ^ =9—72=2, and therefore y 4- 
V'T^^S+V'a^j die Root required i for 3+ V%\ 

R3 
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X3+v'"?lx3+v''2l=:45+29\/^, die Binomul at 
firitpropofed. 

E X A MP L*E IV. 

What is the Biquadratic Root of x6 j + 4/25920*1? 
Here A =161, 6^25920, and ii =; 4, hence ^ c^ 

xo- + ^2592o'r , 25921—25920) _ 

* "^ 2x161 + ^259261^* 

4 

_ I J 

321.996896 !^ ^ — 1 — 4.236j:*236 

'2 2 X 321.99, &C.^ ^ "^ 



=2, and jf=4+2592i— 2592o\* =5, therefore x+ ^ 
2=2+ • 5^, the Root fought. 

E X A MP LEV. 

^ What is the furfolid Root of 76 + vf.58081 . 

' Here^ l^ proceeding as above, you wilj find x:^^ 
2.732+. 732 X 

■ 7'^^ =i>and>:ri.^5yy6-^58o8!' = i — 
i/-32 ± 3, therefore the Root required is i + •"3I. 

It is to be obferved, that If neither the Sum nor Dif-, 
feFence of the two Quantities between which the doul>I^ 
• bign [±) IS placed, will give a: a whple or rational Niim:, 
ber, tneii neither Term of the Root will be rational ; in 
wMch Cafe this Method is of no Ufe: If the lower Si^n 
(— ; in the Value of *• betaken, the lower Sign in (x^ ± 

X^-^iif"") that of7 muft be taken accordingly 5 and if 
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X be an Integer, its Value may becafily difcovered,-by 

extrafting the «*^ Root of A + •"b], t6 two or three De'- 
cimaT Places by Logarithms. 

It may be likewife proper to remark here, that if A*— B 
is not a perfe<9: n^^ Power, then this Method will be of no 
Service ; unlefs we multiply the given Binomial by a Num- , 
ber that ihall make it fucceed ; as in the following £xam.ple, 
wherein- let it be required toextnift the Cube Root of 22 + 






Here we have a"— Bl « = 484—486) rT-H "z irra- 
tional i but multiplying 22 -f- ^^486 by 2, the Product is 

44+ i/ 1944,1 hence A!— Bl ..« ^ jr-i944l ^ =^ --^'' * 
rational J and, the Cube Root of 44+ •1944! divided by 

l/Tl, gives ^"*"^ — J the Root required. 

SCHOLIUM. 

As this Method brings out the Rpot with the (Surd) 
n^\ Root of the Multiplier for its Denominator, therefore 
it is of but little Ufe, except when the «'^ Root of the 
Multiplier is rational. Thofe who would find Multiply- 
ers in a general Manner, may perufe Maclaurin's Alge-> 
bra, p. 124, third Edition. 

Sometimes in the Refohition.of Cubic E quations there' 

arife Binomials of this Form A + ^ — £i^q\ zz A +B \/.— .^1 
which, if the Root is expreffiblein rational Numbers, m9>y 
be found as follows : 

I 
It being univerfally, A^ — ti^q) » stjr*— y, and, in the 

prefcnt Cafe A*+B*^] 3 (= x^^y ) =/►* +/*X^ ; for 

jHittiog x+v''y^r:/>4?/V^^, we havie **=:/>% and yrr 
— /*f, this Equation taken from x*zzp\ leaves jp^— y {zz 
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A*+ B*jlT ) 3=^*+/*f^ as abovcj ftoin(A*+B*^* =a) 

p^^'l^q^ fubtrafting ^% the Square of fomc Divifor of A^ 
die^ Remainder, is I'^qy a known Multiple of the Squaie of 
ly a Divifor of B. 

V^^ i hence A ss^x/— 3/*^, and Bzr/ x 3/^*— /^^i 
Here it is evident that ^ and / are Divifors of A and B re- 
fpeiftively, and Ac Signs of p and / muft be taken, fuch as 

will give the ProduSs of pXp^^^i'q^ Ix^f—l^q qf th^ 
iJMne Sign9 a^ A and B refpedively^ 

E X A M P L E I. 

\Vhat is the Cube Root oi 81 + • — 27001=81 + 30 




3 



Here A =: 81, B = 30, ^ — 3 ; hence A*+B*^] =s 

^81 X 81 + 270c t = 2 1 52/»*+ / * ^c=/K* + 3/ *. Now fub- 
tracing from 21, the Square of {p) + 3, which is a Di- 
vifor of A, there r^niains 12 = 3/% or /*=J4, hence /=r2, 
a Divifor of 30, and becaufe A is pofitive, and the Fa<Stojr 
A*— 3/*^ negative, therefi>re ^ muft be (taken)' negative, 

then will A—pxp'-^'T^Tq (=;— 3X9r^) =8'^ ^ ^^ 
ought ; for the fame Reafdn /i= +2 ; for then will B=/x 

3^* — f^.z^ 2 X27— i2q;3e>* So thafe die Rooit fought is 
— 3+^vr-3^- 

E X A M P L E IL i 



What is tbo. Cube Boot of 2-^ \( — 121 "}:= a — 1 1 



Here A=:a, B=:— 11, jm, therefore VAVB*^=: 

^2X2 + i2i1 =: (/i25^ = 5 zzp^-^I^q; and fubtraaing 
from 5, the Square of {p) ^2-, a Divifor of A (2) there 



reo^ins 
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rtmaiat /^jaRii qoirfccjUfBmJly /q^+i ; by taking )fe=L*a* 
' wee have A=?^xp^— i^j^=3i^ »i>4 by talking /aj-^i, wc 

Therefoirc the Rpot ^-eq^ired is 2-^ y' ^ • 

&GHOHUM. 



This Metbod wiU fucceed when, i/ANrJFfV is jatji. 
onal J and fiiioe l/A*4-S*7f3^*+i*^y >^ being eves a 
Diyifoj of Ax its Value niay (;h6i:ef6re be fouAd ui a \^3» 
few Trials, whence thstt of /will be readily known > and 
the Roots of Cubic Equations (wbofe Solutfens wotiM 
fail by the ThteofemQ denotonftrated qa Page 178) may be 
obtained by Card^'^ Form, v?heii tbe Surd Cube Roots 
oajii be extr9(^ed as abpve ^ for then the irraiiojaal Parts of 
the Root will deftroy one another ; for 

EXAMPLE 

Let there be given x^ — 15^;= 4, tofiod jr. 

Put j/nw— 15=0^ or rrm'Tz^ ; and Write >w4-» for Jir ih. 
the given Equation, and from the tquation thence arifmg, 
fubtraiting, 3w« — isrro, multiplied by m+n^ there re- 
mains z«^-|r«^r:4, froai the Square of which take' 4 
Times the Cube of the Equation mnzzs^ and yoli will 

have 772* — 2otV +«* ==—484, hence /k^— »'==•— 484I 

s=22 \/ — I : This Equation i.dded to, and fubtrafted from 
m^'^n^'Zz^ afld'UJfl Cube Root of the Sntx^k and Difference 

extrafled, gives mzz{/2')- 1 iV — 1I =2+ v'-ni^ and 
^r=:^2— 'nv "i'l=2— V— ^ih and confequently ji? (=: 

There is another Method of extrafting the Bloots of 
Surd Binomials : for an Inftance whereof let it be firo- 

poftd to extradthe Cube Rooti)f — 10+ V 7-243^. 
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Put jf+ •"^^ for the Root fought ; then A being =— lO,* 
ahdB=;:v'— 243I; we have A*— B*=: 100 + 243=343=: 

«^ f . ' JL' 

l!)=**-^\hence x^-^yzzD =:^343'=:7,orj^=:**— D* 
izx*— .7 J by putting the odd Terms in the Cube of ;ir4> 

• y ) equal to A, we have 4r' + 3jiry=:A= — ic, and by 
writing x* — 7 for its equal jf, we have jr' + 3Jf'— 2iJf=:A 
=—10, or 4-*'— 2i;e4-io=o : Here, when this Me- 
thod fucceeds, x muft be a rational Number, and by try- 
ing the Divifors of the laft Term 10, I find x=:2 ; there- 
fore j^n**— 7=— 3, and confequently x+ • "P = 2 + 
^—3^ the Root required, * 

In this Manner you may-extra£^ the n^^ Roots of Bino- 
mials, but it is to be obferved, that if D (zzA*— B*) is 
not a perfect a*** Power, then neither Term of the Reot 
will be rational. 

From this and the preceding Remarks, it will be eafy to 
fee at firft, whether the Quantity propofed admits of fuch 
a Root as you would find ; by which Means the Tiou-^ 
ble of trying the whole Operation, when it will n©t fuc- ' 
ceed, may always be avoided. 

Here follow pramfiuous Problems for a further lUuftra^ 

tUn of the fongoing Rults* 



4* • 



PROBLEM !• 



A Vintner would mix Wine at lod. the Quart with ano- 
ther at 6d. to make a 1 00 Quarts, to be fold at 7d, pe^. 
Quart ; How much of each muft be taken ? 

for' the Numbers 10, 100, 6, and 7, put a^ bj c, and rf 
rlffpedively ; let x denote the Quantity at lod. and y 
that at 6d, per Quart j then it will be i :a :; xaxy Value 
of y Quarts : 

Whence J "'[Ji'Jzf J per Qjieftion : c Times the 

fecond 
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fecond Equation taken from the firft, leaves ax — cx'nh^^ 
bcy hence x^zl* ■ < r= 15, and by taking a Times the 



iecond Equation from the firft, we have cy-^ayzzbd^-^ab^ 

ab — hd 
and-jf::^ " ■ ' * ■»■ 3:75* 



«- 



PROBLEM U. 

A DiftiUer prt^ofes to mix foreign Brandy, ftanding 
bim in 8s. a Gallon with Britiih Spirits of 3s. per Gallon, 
in fuch Proportion that he may gain 30 per Cent, by felling 
out the Compound at 9 Shillings a Gallon : What is tha( 
Proportion? 

Suppofe that with x Gallons of Brandy he mixes y Gal- 
Jons of Spirits, then the Brandy will ftand him in ^x Shil- 
lings, and the Spirits 3;? Shillings, and the Value of the 
whole Mixture will be 8* + 3)^5 but the Value o{ x-\-y 
Gallons, at 9 ShilUngs per Gallon is .9Jf+9y ; therefore 
by laying out 8*- + 3)^, he gains 9;^ + 9;^ — Sat— 3y, or jt + 6y \ 
and fo we have 8x^ + 3;' : ^+ 6)' :: 100 : 30, [by the Quef- 
tion] hence 240;>r + 90y n ioo;ir4-6oqy, or 140;^ 1^:51 oj^, 
and I4;ir=5iy ; from which it appears, that for every 51 
Gallons of Brandy, there muft be taken 14 Gallons of 
Spirits, for pf : y :: 51 : 14. 

P R O B L E M ni. 

What Number is that which if added feverally to 3, jg, 
and 51, (hall make them three Proportiorials ? . 

Put X for the Number fought, then adding x to each gi-. 
ven Number, they become *+ '3, *'-:|- 19, i + 51, proper-, 
tionals by the Queftipn, whence a- 4- 3 : Jf+19 \\ x\\i)\ 

x+si, therefore a'+3X*'+ 51=^^+191*, hence ** 4 54* 

28 
+ iS3=:Af*+384f+36i, or ^i6;rrr2o8, therefore x = — r- 

45:13. And the three Prppoftlonals ar^ 16, 32,64, 

PROBLEM 



n 
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PROBLEM IV. 

What is the mean Proportional between 8 and x8« 
Put azzSj izziSj aiyl jriz the NiBflbPr required ; ijmm 
it will he a :x :: X : tj hence x*::za ij an d xzz ^laHzzix : 
for 8 : 12 : : 12 : i8 s or n : • d^ :: i/T^ *• *. 

PROBLEM V. 

A Pcrfon draws a certain Quantitv of Wiac out of 
a full Veflel that held 8i Gallons, and then recruiting ^ 
Veffel with Water, takes a iecond Draught of as mucli 
Wine and Water together as before he did of Wine, and 
fo he goes on 6>ur Draughts one after another, always tak-. 
ing the fame Quantity at a Draught, and then filling ug 
the VoffcJ widTWatcr > at laft there was found by Proof 
to remain i6 Gallons of pure Wipe in the Veflfel : How 
much did he take at each Draught* 

Put ii=:8i, *=:i6, and x^ the Number of Gsdlonsdf 
pure Wine left in the Velfel after the firtt Draught, Aen 
will 4»—A> denote the Quantity taken at every Draught j 
and fince the Veflfel is filled up with Water after every 
Evacuation, it is evident that the Wine itfelf muft be di-P 
piinifhed at each Draught in the Proportioif of ^7 to ^r j 

x^ 

therefore a: x::x : •—- the Wine left in the Veflel after 



*• x^ 



the fecond Draught ; then a: x:: - — : — r- tb« Wii^t 

x^ x^ 
left after the third Draught, sukI a :x:: •^-t" • •^'T' ^^ 



a a 
Wine left after the fourth Draught ; hence per Queftlott 

~- =z *, or x^=: t/a^y and a-^^a^Pzz 27 Gallons, 

the Quantity taken at every Draught, confcquently the 
Quantities of Wine drawn out were 27, 18, 12 and 8 
Gallons, * 

PROBLEM 
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PROBLEM VL 

There are twafquare Pieces of Land^ fuch that if the 
Side of thelefs be augmented one Chain, and the' Side of 
the greater dioiinifbcd three Chaim, their Areas will Ibc 
equal y but if the Side of the kb Square be dimimflied 
three Chains^ and that of the greater increafed three 
Chains, their Areas will be to each other as 2 to 24I : 
Quere the Areas of thofe Squares i 

Put *• for &e ,Side of thfc Itfs, ahd y for thit of the 

greater S-qm^irej ihfeft per (^eftion x+ 1!*=;'— 3^, confe- 
^«ndy *+i=ij^— ^, i)r x+^:s:y , again, per Queftiw^ 

^^* ^r+?* •• ^ ^ Hh or by wriliing x+j^fot m t^wrf 
y, it will be x — 3]* : x+j\* :: 2 : 24!, hence x — 3l*X24| 



^-hjl * X 2, or *^— 3I* X 49=;r-f 7I* X 4, therefore a? — j 
X7=:7+7X2, ^ 7flf*— 2l=:2^+i4, whencex=:-2l.=i 

*jr^ and V (:=jr+4) =1 li, Confequently the Areas required 
are (x^) 49 and (/) 12t, Square Chains, equal to 4A. , 
3R« 24P. attd 1 2 A. oR. 16P. re^Jcdively, 

PROBLEM VII. 

•» ■ ■ 

' Divide 40 into two fuch Parts that their Prodaft may 
be equal to 256. 

Put ^=20, i*=:2s6i a+xcz the greater, and a — x 

rr the lefs Number required, then per Queftion a+x x 

a^zzh\ tir «*— jir?^=**i and *=v^^^---^*)5dH*efol-e«4f 

yfl*— ^1=31, ^d tf-v'fl**-**l=z8, are tJte two Nu/ft- 
bers fought. 

PROBLEM VIIL 

A Man .intends to travel as many Days lis he injs 
Crowns : It happens ti\at every following H^j of his 
Xofimey he bad as many Crowns a& he had th^ Day bef^e^ 

befides 
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befides two Crowns over and above ; and when he camc^ 
to his Journey's End finds he had in all 45 Crowns : 
How many Crowns had he at firft. 

Put X for the Crowns he had when he fet out, which^ 
by the Queftion were equal in Number to the Days he, 
travelled, and the firft Term x is alfo equal to the Number 
of Terms in an Arith. Prog, whofe common Difference 
is 2, whence by Cafe I. in Arith. Prog, we have x-^-zx 
— 2j or 3*- — 2, for the laft Term ; therefore ^ — 2 is the 

■ X - 

Sum of the Extremes, and 4* — 2 X -— -, or 2x* — *, is 

J* 

the Sum of all the Series, which, by the Queftion, is 
equal to 45 Crowhs, hencc2**— jr=:45» or jr*— f;rsra2*5) 

and;rs:5+ ^/22.s6^s\^S* For 5 + 7 + 9+^1 + 13= 
45- 

P R O B L E M IX, 

A Man buys a Horfe, which he Ms again for 50 
Crowns, and gains as many Crowns in the 100 as Ae 
Horfe coft him : How much did he give for the Horfe. 

Put flf =rioo, ^ = 56, and xzz the Crowns that the 
Horfe coft, then will b—x be the Crowns which he gained 
by felling the Horfe, and per Queftion x : h — x :: a : Xj 

hence x^+axzzab^ and xz=. / ab+- -j —1^=40. 

PROBLEM XX. 

A Man being afked what a Clock it was, anfwered, 
that it was between eight and nine, and that the Hpur and 
Minute Hands were both together: Quere the precife 
Time \vhen this happened ? . 

The Minute Hand points to the Hour 12 at the End of 
every Hour, therefore it pointed to 12 at 8 o'Clock, at 
which Time the Hour Hand was -^-^ of the Circumference 
of the Dial-Plate before the Minute Hand ; but ia m 
Hour the Minute Hand gains of the Hour Hand ft of the 
<£ircumferenc^ j for the Minute Hand goes the whole 
^ ^ - ' ■ Round 



^-^ — r 



i;i/EMt;i*TS OF ALGEBRA. 253^ 

R^und in an Hour, the other goes only ^ of it in that 
TTime; this prcroifed, put tf:?:ii, bzziy czzi Hourj and 
j^= the Time required from 8 o'ClocIc to the next Con- 
junfUonof thofe Hands, then it will he a : c:: b: x^ hepce 

be 8 
Mxzzbcy and jrrs — ^ = = 43 M. 38 Sec, ^ paft* 

Eight. 

Since the Value of b will ever increafe or decreafe with 

be 

the Time from Twelve o'Clock, it follows that . 

a 

will univerfally denote the Time of any Conjunftion; 

. . ■ be 

.thus in the nex/ Conjun(^ion b will =19, and then— -—will 



s ^ ZI49M. ^ paft Nine o'Clock 5 and wh^ii b be-: 
comes equal to 11, then a being likewife equal to 11,. 

we fhall have = z: i Hour, this fhews tha;t the 

a II 

Minute and Hour Hands will alwap be in conjun£tion at 
Twelve o'Clock, which proves the Grounds of. the Solu- 
tion. 

PROBLEM XI 

Required the Dimenfions of the greateft Cube that can 
be cut out of a Globe 11 Inches ia Diameter. 

Put Af for the Side of the Cube, then v^i?!, or;rv''^ 

will be the Diagonal of its Side, and x v^^is the Diago-, 

nal pafling through the Centre of the Cube, and is by ' 

the Nature of the Queftion equal to 12 Inches, the Di- 

12 

ameter of the Globe, hence jf\/^=:i2, and **ss--=r 

=4 V'l^- 

Hence it appears, that the Side of the Cube v/ill 
always be equal to f of tlje Diameter of the Globe miU-, 



a 



tiplied into f/ y* 



PROBLEM 



\ 
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p Ro A L E Af'-XH. ;/ /' .: 

' There is a Cylmdrical Tub, whofe fiiameter is 30 Ja-j 
ches^ and Depth 60^ Inches : I demsuid ^e EH«meth*«r 
another Cylindrical Tub that fhhll contain the fame Quan- 
tity, when its Depth is but 50 Inches ? '* 

Put tf=:6os5, i=:30s ^2:50, ^3,^85^5 zni x ist the 
Diameter required, then the Solidities of the Cylinders wiU 
be cdx^ and ab'^d reft)e'(ftiyely, hence per Qiiettibn we have 

idx^zzab% OT ex^^ab\ and x'=:Av/j|j|.=33liK:hei; 



* • 



>RO B t E M Xm.: 



Suppofc th* Tap Diameter of a Corneal Tub* Ui ^ 
Inches, and its Depth 36 Inches, what niuft be the inter- 
nal L«igth of its Side and its Bottom Diameti^, vAtth it 
will hold 245 Ak Gallans;. 

Put 5=69090 the folid Inches in 245 Ale Gallons,^— 

<4, ^=36^3=12^ «=,7853982, and A-rr the Diameter 

fought; then by a *^eB kno^n' Theorem, yf^ haVe 

— '— J. • • ' 

.iif*+i7A'+a*xr»t=x, or x*^A-US! 2=^—*— -^^*; kcnctfar s. 



yj. |V -- 1 i?22-44,i^2 I*cKe*i infA ^^ S^aarc 

Rootof 36l*+4^* ^. Sum of the Squares aft the 
i)epth, and of Hs^ the Diderence of the Dia^eters»giyf6 
.36,3 Inches nearly, for the ijiternal Length of the Sidp 
ks required* ' 

PROBLEM XIV. 

. . If a Globe of Metal, five Inches in Diametei; weighs a^? 
pound, what wlU be the Diameter of another Globe, comr' 
^pofed of the fame fpecies of Metal, that weighs %\h 
-pound ? * ' ^ 



/ 



As the Weight of one GMseb ^ ^ Cttb^ of itsDj. 
timeter^ fo is the Weight of another Glob^ to die CuW of 
its Diameter; 

Therefore puttiiig aizijy i^S^ rr=xi6 ; and jrrr dae 
Diameter required, we have a :^ :: c : x^^ or ax^zzi*c^ 

mnd ;r == '> 7^— ^ ^*^ — I -^ *^ Inches. Hence it Wll^ 

be iiniver&ttf *^ : a :: >. ■■ ; r^ or in Numbers 5' : xfUri 

::Tol' : sti61b. . 

Sq that by having the Diaiqeters. of two Globee9 aild 
the 'IVWht of one of tl^em, the Weight of the otj^^r is 
fotmfl b)rProportion. 

F^r as the ^libe of the Diameter of one Globe is to its 
We^ht, fo is (jie Cube of the Diameter of the othe^ 
Glofe to its Weight;. 

P R 6 B L E M' XVi 

. A Petfo|i has a Reftangular Clftern 6 Feet long, J 
wide» and J^deep) but grants a new one that will hold 
3,375 Times as much^ and hare the DimenHons in tlyj 
lame Proportion to one another as the old j one: (^r^ 

thofe Dimenfions; 

• Put ^2=6, btzSy ^a:3> ^=3>375 ; ^^ *== ^c Length 
fought. 

Then'tf^r is the Solidity of the old Cifferti^ and aicd h 
ihat of the new one, whence it will be a'^ : abc :: x^ i abcd^ 

therefore aiex^^a^bcd^ or x^:±a% and >=:tf(/1Jl r: 9 

Feet the Length, then a : a {/'S^ :: * : * {/^ =7,5 Feet 

the Breadth^ and a : a^/^:: c : e^3\ ac 4, J Feet the 
Depth; ♦ ' 

* Hence this Ride. Multiply tfafe Ciib^ Root of tbi 
Number of Times that the propofed Ciftcm is to be 
.greater or lefs than the given one^ lb/ t)ie |;tven Dimen«» 

S fione 
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fions fevenlly, and the tefyeSdvt ProduAs will be die Di- 
zjoenfians required. : '' - «•> 



PROBLEM X^. 

Given the Bafe (equal to 200 Feet) of ao in^Iioed 
Plane, on which a ^ody of 60 Pounds is fuft'aiAed by a 
Power of ^6 Pounds a£iing ia a Diredion perpendicular' 
totteHonzon: Quete the Height and^ length of the 
Plane. 

Jn die Right*-angled Triangle 
ABC, let A C denote the Length 
and B C the Height of the Plane, 
then by a l^own Principle in Me* 
chanics, the force of a Body a£Hng 
on the inclined Plane A C, is to 
a Force ading in the IXre£tion CB 
(perpendicular to the Horizon AB) ^ 
'a« B C the Height of the Plane, •«Al 
is to its Length AC ; this premiied, put a 
AB:s:^x:200i andBCscA-; then it will heilattli^: 




ox 



r: AC ', hence by £uc. 47.1. ^liave 



flV 



.'1 



«# ^n \ 



c* 






♦ I 



=*% orfiVw';e*=:iV, whence xzz 



he 



Fectj and 



ax 



', or A Cz=: 



ah ' ^ 



•«*— f*] 



= 250 F^et. t 



PROBLEM XVIL 

. The Difference between the internal Lengthr^ and 

.Bceadtkof .a certain Refbtngubir Cooler, is equal to 5 

Times its Depth,, and its Breadth is to its Depth as 27 to 

4 :.. Quere its. Dimenfions when it contains 486 Ale GW- 

Ions. 

•* 

Put f= 137052, die Cubic Inches in 486 Ale Gallons, 
^=^7, ii==^;.prs3: the Length, zn^ yzz the Breadth of 

the 



Qooler; tbcn wJU— — -='":r' *« Depth, and jk>-*>^ 
-^^— , pcrQvigfti0f^th^cforeAf<*>7S:' * *^ hence jr :;= 

,. ■ >■; 'pMt «+5^, (=47) 3<*, and write '-*-— Tcyf JF 
in the EfSifttioD jr*-^fts:-*^^^y «d you will have J **' ^^ >« r" 
S3— r", hence jp=^/ 5— — 1 := 14 1^ cooftqutntf^ 

V S=~^r 1= 81, and — — trria XDches the Depths 



i>">i 

/« 



1 



' PROBLEM XVIII. 



A and B are two Artificers^ A i^ the iboft arpert 
Workman^ fo thttt the Cube of. the Work performed by A 
is equal to,6 Times the Square of what B oan do of it iii 
the fame Time : Now if A and B do a Piece of Work 
logcther, how. ixmch of it wilLB perform i ~ 

Let the whole Work be denoted by Unity, and put x for 
the Wol^k performed by A, then wUl i* -y be the Work 

done by B; whence per Queftion iJir' =6 x i — x\ \ or jr'= 
^'^\^x^bx\ therefore *'— ^6;c*+i2*'=65 liere conaplof- 
i ng the Cube, and extra£Hng the Root, we have ^*— 2±r 

X/ — a), hence x r: 2 + (/— 2!^ 0. 74007895 +, m A*t 
Part of the Work, and i— Ar=:o.259g2io5=B*sPart; 

Or putting i — x for A's Part, and x for B's, we have 

ir-«l^ =6>f% or x' + 3jp* + 3xr3i ; here by adding I to 
botli Sides of the Equation, andextra^Hng the Cd>e Roo^ 

we 'get jprz^/n— i =: 0.259921 +, =s B's Part of tho 

Work, and (1—;^=!:) 2— -J/^s:6.74bo7895=:A'«Par^ 
as before. 

62 PROBLEM 



i%9 'tLtfttlffti ot XL^tlEIJ^A. 



P R O B t E M XlJf ; 

The Sum of die DiaroitJ and Penmetef^ofa Ret* 
tani^ed Parallelognun is 080 ; Qt^ere, its Area, wlii;a iti 
I^ength is a mean prepwiioiial b e t/wc ei i i» Bfeaddi and 



' Put jr for the Breadth and f (or ike Length of &e Pk« 

ndklogram, then per £v U iff. •**4'>^ is dkeDbgonali 
and per Qiieftion^ 

aAf+2y+-i/j?+p\=88oxjf, and 

* •*•+/)=/ : 

From X Times the firft Equation take the ftemdi and 
you will have ajp^+iA^rrj*'— y*, and^ by fquaring the fc- 
.eond Equation **+jr*/*s/*: Here, by completing tke 

Square **+*y+J/=:4f»i hence **+|/=i^T! x f, 

er ;r*==iv^^sW| x>* ; therclbre xsz^fy?^— |) ^ / - 



» ■* 



Put a =\/T^?— fl (rr^ySbis), Aen will*atf|s ^ 
by wzhii^ ^r y for ;^ in the third Equatioi^ there will arift 

iiiy+atf/stfiy-^*, hence y:=: ^a^atf+i" = 



^•z 



i«i^SS97, Ae Lengths and x (=^) ^-Jjrj^^+T 
142.808849- the Breadth, and confeqoently xy ta 



4%* 



iff»*f^<y+iV* ^' ^^^' **^ ^^^ required, 



PROBLEM XX. 



, In 2i Phnc Triangle A B C, is given C D bifeain^ 

die Vertical Angle and terminating at the bafe ^=30^ and the 

Product of ^ each Segooent of the Bafe into its adjacent or 

,ne^&ide z=^6 am.a400^ Co find the. Segments of the 

Bafe and the oxdes* 

. ' Put 



^ 



. Z.l4EMSn T S »v A mm^ R. A. «|t 

put tfrr486» izzl^OOy cz^joi 
ADrzxy and ED^yy then mil A 
a b 

by completing the Square^ Jcc^ we havear>== •<?^+}tf*l 




d bx 

(=*'«*-^)s:-y: And AD:AC::DB:BC, dut 



♦/— J— 1 =5 18, hcnpe^554o, A 8=558, BCaiox add 
ACsa7. 

' PROBLEM XM. 

Tind three Numbers or Lines in Aritbrn^tioal fromim 
fion, whofe^Produd fb,aU be 35, and their common Uif« 
ference 6* - 

Put x^6y X and j^>--6 fo r the dure requ ired Numbersi 
tfa^perQueftioa> wehaveTTSxA'XAr^rsjS, or*'-*^ 



3|6;r=:35, therefore «'«*^^»— 3J3SO» this Equation divid« 
ed by x+ 1, gives 4f*-t*-«35=;o, and jr= •35>^$1 +» Si 
hence the Numbers fought are V" 35^25! +6,5, , •ijliiS 
+,S, and •35,251—5,5. 

PROBLEM XXn. 

Fmd three Numbers lyhofe Sum fliall be ^ooOy moijer 
over if the Cube Root of the third, and $quare Root of 
the firft be fubtraded from the fecond, there ihall remain 
^6i and 341 refpedlively. 

S3 Put 



^t^ 



P<rt*% y mA ^' fer the Nmphqrs &ug|bty ibjen pet.t 

y—% = 362, 
end jf— AT = 34.?, 

Taking the third Equation from the fecond we, have 
»^z+2ij and by thefecond£quation7=::z4-362 J thefe 
Vahiea of X and j^ being fubftUuted in t&e firft Squadflni 
therBarifc»a*+a;*+43ii— 1197x0, Here; tqring (1^3,9^1.1 
Divifors of the laft Term (1197)! find ?.«s9, coafequendy . . 
the Nu4jibcr« are iggo, 371 and 7^9^ , ^ 

Find four Nambers, fuch, that if to the Biquadratt of ^ 
each of them nine Times its firft, and ten Times it* fiW • 
cond Power be added j and from thjit Sum, feven Tii«ds ~ 
its Cube fubtra6led, the Remainder fcall be nine. -" 

Put X for either of the required Numbers, then per 
Queftion we have , 

, . x^+iOx^+gx^jx^^zgy or 

A^-rj^^-f ip^*+9A— •9550, .an Equation an-,^ 
fwering to the firft Cafe demonftrated (on JPage 198) for^.. 
Biquadratics ^ where A—o, fl±:-^7> izziOj czzgydz*-^' 

9 ;, C=5 y/'^^zzSy and B=:-^^=— 1,5 : TUefeNun^j.,^ 

hers .being written rc^peaivclv foia^Ji and C, ifi the fe^ . 
cond general Theorem for Biquadi^atics^ we have x=z£. 

'OyJS+ l>75±v^3>^a5±25625+3], four Numbers, nameFy'^ 

ni-^i ; and 4,5 + ^3,25), each of which wiH folve A6 ' 
P^em, ^iidthefe are ^^i^nlf Number^ that can anfwef 
the Qif^ftiori in the Cafe propofed, I 

-Tliis may be liketwife folved from the original Equation ^ 
l>y the Method. e;<jgtlfin^d^ at Page 205 v . 

•Thus, by adding 2,2.5A-*-r9A* to both Sidfes of the Eqfta-^ 1 
tbn f ♦-T- '][^^ + iQjr 4- 9^= 9, we have: x^ — jx^ + i2y7Sx*\ 

'=;.^>2i5*'!— 9^^+9.5 -Of ^*— 3>5'^=i>5'*''-3> hence Jf*— 5* 
+^i=Orai^i dividing the Equation x^^jx^-^ lox'^+gx-^ 

9=10, by «V-5ii?-f3, the- Qaoxient is **-2;r— 3=0 j ' 



ELEMENTS 09 Aii9i99iA.' 26l> 

1icnc«;riri + v^^rci+Xj a nd fro m die E<tuatio!> x^^ 

Sx+ 3=0, we get Ar=:2,5 + •5,25! the othcrtwo Rodii^ 
as before. 

i^ R O B L E M XXIV. 

. -t • • • , 

1 

Find two Numbers whofe Sum being added to the Sam 
of their Squares fhall make 621 ; and their Sum being ad^* 
ded to their Produd (hall be 34. 

Put X zndy for Ae Niimbcrs folight, then x^+f+x+f 
e62, znd xy+x+yz:z24''9 adding twi ce the fecond Equa^ 

tion to the firft , we ha ve x+yV +3ix>f+;'=i30, hence 

^fy+h5^y/li^i^S\ = "i5» ^i yzzio^x\ f^sfiib- 
ftituted for y m ttie fecond Equation^ gives 104:— ^4*^4* 10 
=34) or ;»*— lOJiriz*— 24 : Hence jrsrjj^i, and thcfe tw©. 
Numbers 6 and 4 will folve the Quqitionb 

PROBLEM XXV. 

The Area of a Reflangular Garden, and the Dtagomd 
in one Sum is 73 Perches, and the Difference of its bides 
is 7 Perches : (Juere its Dimenfions. 

Put X for the lefs Side, then will ;r-f 7 be the greater, 
and •!**+ 14X+491 is the Diagonal, hence per Qufefr * 
tion, We have v'i*^+i4Jr+49) + ** + 7*' rr 7J, or " 

v'i^ +14^+491 =73^ *•*— 7*, hence by fquaring both 
Sides, and, by Tranfpofitton, we have »*+ 1^^ — * 99**-^ ' 
r036iX'=:— 5280 ; this Equation is one c^ the Clafs 0ut 
may be unfolded by Pivifion, as hg^ boendemooftratedi 00 

Page 202, whence we have **-f 7;rJ*-^i48 X Jfe'*+ 7;rir-^ ' 
5 280; o r Af* + y**^— 74=±J4> hence ** + yx =:6o, land * £= 
^72,251— 3,5=5 Perches, confequemly the Length ia ^ 
11 Perches, the Diagonal 13 ; and die Area is 60 Square 
Perches. ^-. ^^ * 

Otherwife,. Put 73=2/, ^^L^i^x-^d-n the Length of the^ 
Garden, thenar— i will be its Breadth, and •a^+aSl* 
vtxVi Diagonal, hence V2?T2rf^+ **—</* 35 x, ^ . 



»6^ E^EM'ENh'S o"r ALCJt-SHA. 



V3u*+2?| +**=rf* + f =85,25 asm, fterefote- 

ftlvcd gives Afs=y^in+ X*— v^2i*+2«»+ lit ^ ^5> ^^^j? 

the p^n^p^is are become knowii^ as abdv^» 

* 

PROBLEM XXVI, 

. Given die . contmual Product; of the four Sick% in 
^^ritbmetical PrpgrelBon^ of a Trapezium equal to 1 769^ 
lp\ and their common piffcrence ± (d)\ to find the 
Sides. 

Pu t X for t he lefs Si de> then per Queftion, we haVc x X 
J>rHtrfXA'+2isf>Of+y==^ th at is a^ + (>dx^'{- jid^'x^^ 
ffd^xzzp^ or ^*+3^ Xl*+2^/^XA- ^-f 3^—^^ hence ;f* 4> 
3rfjf+4f*=W*+/l> and *'=:V^i,2SJ*+\/^4^^]| _ 
1,5^=15 ; confequently the other" three Sides are 19, 23 

PROBhtu . xxva 

Having the Side of a Square ABCO j U is required 
.to draw a Line from the Angle A as A'£ to cut the Side 
BC m F, and meet DC (produced beyond Cl in E.i» 
that the PartEF may be ofa given Le^th? ^ ' 

Let AB=r4=r-Tx 

andDE=:jr,then 
Jwill CEzzx^ffy 

jind AE r: 

' '- ^. 

i/-;v*+^^*\ hence 

fey fimilar tri- a "R W i^ 

angles, we haye"^^ -" •*^ VT 

iy£:AEi;CE:EF^Aat is, ;. : -•'3?+^ :: >_^ : i, 

Therefore Ax tzjf— ^ x V«*+«% hence iV*^ 

-«f^^2tf*^+^2tfV-2/?3;ir+^, or ^^■r-2tf ;r^-4-2g*~^* X^^ 

~2^Vf <=:a: ^^rej by adding a^^^ X;^* to both Sides, 




>nd extraai ng thq. Uooty Ve faye .at'-^gy -J- a*5:y < ^^ ^*1 
K#, or **^«+- ■i^a'^iH^ x^-«* 5 putiusa^yiF^ 

then X*— »«= -*•«*, and * = v^^— ?) + f = 9>S32674» 
fience C £1=5,522674 j otherwife ftiiike.E<» perpemlicB^ 
lar to AE, th?n ^ilJ AFifi:EG,-p«t BGfc/,and AF-EQ 
i=i8, then will AG=;'4-<?, andAE=:z+*i and as A B ; 
AF :: At : AG , ihat is, g:» :: «+^ ;;i'+'^. hence ^+ 
47»=a*+fe, and j?+^* ='a?Ai*+«* (per Euclid, 47. ij 
ifrom this Equation take twice ay+a^zs z'-t-iz, and yo« 

will fe»ve »»Vfl»=it*, and jTiS'/S^Wl, Ais ^nbftftdt^d 
for ;>, fa the-KtprattOn fly +a*r= -af *+'te, gives 'g*= t-fagji 

-v?S^+^^fl»lj and-z =a\/^ V^^+^H.+<»*j -i^*l ~|>> 
-^dilfequentiy A'E z= i/i»x/S»+^»l+«»+|*^ 44* » li^ 
^ I»oirit E, cir the Diftance DEmarjr be readily found, 

l>RO B LE^I XXVIIL 

In the Right- Angled Triaogle ABC, there is given tte 
Sum of the Legs =70, arid the Sum of the Hypothenufe 
and Perpendicalar feUing'frdm the Right-Angle thcrcoa 
—74.5 to determine the Tri^glc, 

Put A-C^B'<:=:7o:;iJ, AB r\ 

+ CD=:74=i;AC=*',andA ^ 

B=;f, then will BG=r/7r-A', and 
CD=:i— ^ ; hence per£uc.47)i» 
wejiave AC*+BC*==AB^5jr* 

andas AB: BC:: AC:CD, 

or v'*'*+^— ;fpl: a-^x :: ;tf : A— •^r^+tf— ;rn hence'* 

a/'j?+^^5^ rrjt*— ^a'+a*; therefore i^V+f*^/-;^ 

XA-*+.2 g^ *-^'2g^ X iX" — ^*i*+^.=:o 5 hence/ at^"— ^4*+ 

2fl* — 2b*>cx'—axzza^F''-^a*i here by c ompletin g tljp 

^^quarc^ &c, ^ye h?ive A*-^/?;r + a^'^b\z:r^ yi^w?) ^ aqd 
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Jras y/^*—!^*-- ^-/^^^^) + iaz^^o : Hence jfj^onAg 
=:yA*+tf— ;rrl =50, BC=30, and CD=?24. . 



PROBLEM XXIX: 

Given the Sum of the Axis 210, and Side 72 of die 
infcribed Square. of the EUipfe ABDE ; to find the Axis 
AB and D£ Separately. 

Put i=:2ib-4-a=:iOS, rf 
=aCzzCezzeF=i6', AC = 
'BC=z*^then will Ae^zx+J^ 
Berzx^^y CE=Si-T-Jts and 
J>y the Property o f the £ 1- A\ 

iJBfea it will be ;^ + ^ X 

x-'-rJ :y* :: x* : s^x]\ 

kence**— 2j«'+j*-*^* x 

jr*+2rf*i;r-^V=i*;f% or>-ul*— 2^ Xx'-sx rr^j* 

tfierefore ;f»— j;^ _rf» = + rfy^T^H^, and ;f — 

a/^*+ f X*— ^\/fl^*H-J*|l+ i^=:60) confequently AB=:2 
y/rf» 4. is^dVd'+s'^ + s = 120^ an^ QE =r J-^2 ' 




v^^*4-iJ*— ^y'df^^ 



=90. 



/' ' •' 



PROBLEM XXX. 

' • < 

Find fix Numbers in Geomctricai Progreffiotv wbofc . • 
Stun (hall be 315 (a)y and the Sum of the two Extremes 
165 is). . 

Put jf for the iirft Term, and r for the Ratio^ then per 
Qjeftion Af + r^+r*;r+ r'jf +r*;r+r';r,or# X 



r— I 



S-iT* 



«nd * X r»+ 1 :pj, or *== "TTj-f^, this being ^acritfPO. fgr . . 



ELEMENTS OF ALGEftU^A. i$f 

jr :iii4:hc firft Equation, wfr bave Is t V ' X — -^jj^-^rx^/, 
or sxr^ — I =t^xr*.+ ixr— I : here, dividing by r*— t. 



■II ■ » 



wc get /xr*+r*4-iajxr* — r"-fr*— r+i, -hcnee tf— i 
Xr**— iir'+tf— JXr^— <7r+^— jssO, or r^— r' + r* 



<7— y 
a 
a 



a a . * 

;^ r + 1 r:o ; put 4^= — — , then r*— 4iT*+r*— ' 



4fr-|- i3;o ; here, by adding 4^^+ 1 X r* to both Sides, and 
cxtrafting the Square Root^ we have r*—^<T+i sr 2* 

Vt +il xr, orr*— av'^ +$l + 2f xrrr— i ; and rsz 



>/2^/i'*+iH2f*— 1] + •c*H-il +r=:2 5 hence ^ 

( — ^.^ J ■) =5, confequently 5, io>.20, 40, So, i60| are 
the fix Numbers required. 

PROBLEM XXXI. 

V 

• " "J 

Two Perfons A and B having an equal Claim to anAm 
jnuity of lOoK to continue for 30 Years^ agree to fhare it * 
between them in this Manner, namely^ A. for bis Part is t6 
enjoy the whole Annuity for the firft ten Vears ; ' B and his 
Heirs being to have the entire Reverfion thereof for the 
remaining 20 Years i Qufere the Rate of cimpound In- 
tereft allowed in this Contraft, and the prefent Worth of 
the : Annuity corref]f>oridtng ? , » . .: 

Put X for the Ratic^ or the Amount of iK in one lfcai;| 
then by Geometrical Progreffion, (Page 128) we have 
iob-froox+ioojir*+ioojr'+iooA^, &c. continued to 30 

T^rms, -equal to ^ the Amount of (iool.| 

'the Annuity in 30 Years j and one Pound ready Money is 

c<^uivalent to ;if^*' (the Amount of one Poynd) tp be! fc^ 

ceived 



h 



m ELEMSNTS OF AHQZBSiA. 

cehred ^Yearft htnct^ theitn^re ir* : i :; x-^t* * - ^' 
*■ o — ^ -^ the prefcnt Wordx of the Annuitj for p 

Yoors, and . , , is its Mcfeiit Wotftb -for lO 

'^ ;r«^x« — X '--J 

YcafR^ which muft, by the Nature of the Qucftito^.te 
cijiiai tahalf the prefcnt Worth for 3a Yeaw-^ lieoce 

lOOx^*— 100 50;r^'— 50 2^*^^2 x^'^rrt 

<— <— iMi^ >ii »pi M 11 I »< *** ? ' i \ or ' " SL' '" " '■"" 



Acrefore a;r>^-^a**^=:a?''^— 1> or af»^~2;»r*^+is=af ^d^ 
•;r=: I, whi<ih Root wUI not folre the Problem, but fmcconf 
</ the Values of ;r is i, it is evident that jf'^-^i=:0j tHcre^ 
fore dividing a^'^- 2;r*^^ i 5= 6, by x'"" ^ I, we have **^ 
jr**"— i=:Oy or x^^i-^^^zz i ; a«d by completi/ig the Squaf?^ 

&.C. ^*''— ,5 = •iT2Sl= 1,11803398871 <»'»'''= , 
1,6180339887, hence ;e' =21,27201964. Jfere I.fiwdjfiis 

I5P5 nearly, put r= 1,049, j= 1,27201964, and vnrite 

x-f-r for ;r, then tsUting oaly the.firit Power of %, we have 



X— r* 



5rS:+r^srT, andg — ^ =1,0008979, this sMtt to 

x^49, gives drss 1^0492979, conlequently the Rate^^lb^ 
tereS: is 4)92979, or 4!. t8s. 7d. per Cent, per Jlnp^ia^. 

. IO0;ir^°— 100 , ^ ]200;tf"^—200 'I 

3ij(I — :■ ■ -; or its eaual •* * — ■ - ' .' . ■ :^ ' 

li^ 60670774. --. ■ i .# 

; ■ >Q797^56 "' = 1549.6*5= 1549''. 148. 6d. die pr©. 
fatt WorA o^t}le Annuity, as n^iured* ..^ 

• , » -, - . 

PR ORLE M XXXII. 

Given the Sum 42 (s) of the Legs, of a Right^Ai^ei 
TriaMle, and their Difference multiplied by the Hypo^ 
then* equal to I &> (rf) ; to find the Legs. 

-Put 



V 



{^«i« i0L for tke l«fs Leg^ tiira j^^^Ar.wiU be the greater^ 
UieW Difference is f-^swrj and the Hypethcnufe is 

V^zjc*— 2f;c4-ii; henct pe^ Queftion, we have _ 

^j^^^2sx-^s^\xs^xz!zdj or Sat*— i6j*' + I4«?**<— 6^'jp 
+ 5^= A therefore jf*-r*2;**+ i,75i*^*~iiV=ii*-^ i^t 

or jf *— ^«rl*+ 4i* X ;f»--i;c=i d^-^s* 5 and x-^-j^f+iJ^sisi 

CV I ^+ -ry^J > *"^ csonfequendy *af/± 

V^ f • l^*+-ry^l— t^i = 18, and 24 the Legs it- 
quired* . .. "l. 

iQtherwife) by patting s for (21) half the Stim, and x tot 
hzit the Dificrencc of the L^s^ we h ave m^-s fyg the 
greater and x-*-;r for the left Leg, atii i/2^*+ 23*} X aAfto^/ 
(per Queftion) hence 8Af*+8xV=://% or#*+;V2=iJ*^ 

Ani^ir v^ f •l^^+^l'H^**! therefore j + 

^1 y i;i*+i*l— |n =21 +3, the two Legs as before* 



^f 



F R O E L £ M XKKUt. 




The Hypothe«ife AC {70% of a RigHt-Aagled Tr** 
'le ABC, and the SideE« (24) of the infcribed Squa« 
IdF, being ^Veu, to6nd tiis otfao: two Sides of ibi 

Triangle* 

Put 0^76, ttz24 i and CE 
s=jr, then will BC=«+ii and 
CE : DE :: CB : AB, that is 

x:h:: *+i : — -— sABj 

X 

hence per Euc. 47. 1, we havct 

it»i** > hire by adding ♦^* ** to « r 

both Sides, and extaraaing die Root, we have **+iAr+i 

as •^Min x*> w x*4.b^</a*+H X * = - i* } tl»^* 
. • - folvea. 




nfo E-L E M E N T S o ir A L » E BlR A. 

fdveiy by completing the Sqaarc, kd, givfes x^fi/iipfS^\ 



■'^n^ 



'-■• 



±y/la'—\bvy^rb'\- W\—\l i therefore i Vi^ 

+ s*±v/K-'fftv^«*-f^*)-i^*l= 49±7> arethetw 
rec^uirei Sides of the Triangle* 

P R O B I> E M XXXIV, / Ti 

ftaving'one Lcg^A 6 of a Right- A hgle^ Triangle ABC* 
to find the other M^ J3 C, -i'o that "t^ $:e6fengle. O^ider 
their Difference (BC— AB) and the Hypotbenufe AC, 
luay be eq^ual to the Area of the Triangle. " 

. , Put. AB:^ ^; and BC^a-, then 
wHl AC =;:V;f* 4^48^)^ an d by' the 
Queftion;^— ^ x v^^*-f»^ r: f ^7**, or 

.here by adding j* jt* W both Sides, ' 
vatKt exctactiug die Root, we have' 

**— tf*'+a*=;^-^-/'*P X ;ir, or a**— 
—^ 

^+ i^V' 51 xxzz^a\ this folved, a ' 

by completing the Square, &c. •**• 




gives xzzla xi+|\/ sl+v^v^sl— i, 



751 
PROBLEM XXXVt 

^Given the Bafeof a Trianglfe, the Line that bifeai 
Tertical Angle> and the Diameter of the drciimfcnl 
prcl^to find the Sides. - ^^ 

I)raw*the J)i^meter EF at 
]^^ht. iUgTes to the Bafe AB, 
ttcp will AHrr^JB, projuce C 
J> to F, ancl joihC^i ^ea 
.the. Triangle If CE b^jjg in the A 
Seeiidrcle FBE is Righl-An- 
gled at C, and by con{uti<Sion 
the Triangle FHD is Right- 
Angled at H^ therefore put- 
ttag AB=^=:I94, CJ^Tzdzz 
66, EOsrFOipr 2r 160 ; HD 



% 





ELEMENTS or ALGEBRA* aji 
■=jf, KD=:^ i wehaveAD=:5i+*,BD=|*— y.andFH 
=:\//— **!' but(by.Euc 35.3) ADxBD=CDxFD, . 
that is, |i+i X ii— * =< ^ henc e **=}**— <^, now hf 
■writing iP—dy for > in v'^*— >1=FH, we have FH=: 
-/■,*+ at _ii»lj and by Reafon of the fimilar Triangles 
FEC, FHD, it will l« FD::FH::FE:FC,or>: 
y^»+riy_iA^l:: ar :>+<^ hence we have /+i^ = ar 

'fore /j^*-.4r*x>*+^=-r 'A*; otf+^zr*=7r 
<r— i^l, confequentlyj-sr^/j^+^^+wV^^J^ 
—4^=128,09345, and jrriv'l*'— 41 =30>9 J hence AD 
=r|4+*=i27,9=»i, BD=|*— jr=66,i:i:n} join AF 

anil BF, then fince FH=: '/y*—x*\ we have AF=BF= 
v^j-'— x'+|t*I=i57,6772=:B; and the Triai^les ADF, 
CpB being fimilar, *e have AD (m) : AF {«) :: CD (4 

: BC =:-^ =81,36587, and BD (« j ^ BC ( -^) : : 



AD (m) : AC=:-^=I57.43865 



PROBLEM XXXVI. 

■' A Ship iails from the Port A in Lntitude 49" la/North, 
at the fame Time another Ship fails Irom the Port E bear- 
ing due Eaft from the firll Port, on a Rhumb wbick 
makes with the Meridian an Angle equal to the Comple- 
ment of the firft Ship's Courle; after fome Time they 
meet each other at B in Latitude 50° North, ajid find the 
Sum of their Diftances failed equal to 140 Miles, the firii 
Ship's Diftance being the greateft ; Required the Diftance 
between the Ports, likewifc the Courl'e, Difla-'ice, and De- 
parture of each Ship. . ,. . , 




lo the Right- Angled Pa- 
irfelogram ACDE, kt AC 
mwtEU reprefent the re* 
fpedive Meridians of ifae 
Ports A anU £• Put rf±rA 
C=sED=:48 Miks the. 
Dif&firoce of Latitude) AS 

the Diftance failed by the 
firft Ship ; then will E B s x -;r = the fscoud Ship*$ 
Diftance* Let v denote the natural &ine to die Radius i. 
of the Angle ABC, ^ich is equal to Ae Affgle BED hf 
the (iicftioii ^ then by Trigc««nctty> iw h^v? v : i;: i 

t Xj or vi2-^-» *«^ t • ^— ^ •• ^ • w-* Wf = ^/^ir^— rf*t 

d 
bBD, per £uc» 47^ t^ Bf tflitiiig ^^for c/intliUEquii* 

tv>n, ot4 fquaring both S ides, y e bavp x^* ^ 2iy^ + j *~2i ^ 

hence *•— «r-i/*c: nf iv/lH^* wd jr-fe 

^rf*+ If*— ,^^*+ j»]] + f J =1 80 Miles 5 hence r—r^ 0? 

* 

BE=:6o, and v=' — =2>6 the natural Sine of 36*52' thfe 

fecond Ship^s Courfe, . correijponding to Ni W. by N. ^ 
W. confequently the firft Ship's Courfe is N. E. | E. 

The Departures are itM— j|;jfrr36±rBD, anil (60 : 4S :: 
Bo:J 64r=CB ^ thehr Bum (100 Miled) is equal to the 
Diftance between the Ports* 

PROBLEM 3?XXVIL 

!n a Rights Angled Triangle ABD is glvnn the* Line fife 
bifeAing the Right- Angle B and meeting the Hypothenu^ 
AD in £!=: 24,244, and the Line BC biie£IJng theHypo^ 
^ei^uib 2 25 ^ to find the 8jjiies and Area of the TrU 
angle. 



Pttt 



c 



ICLBMEKTS^ 0r AIGSBS.A. 27^ 



t£ AC^or ADr:50=i; 
j=,7Q.7jp6»ith4iwHi._ :^ 
ral $ine bf 4^% th« An- 
gle f BE (=:<pBE) to 
the ^Radius i ; an^ A£ 
t=i^'; then by Trigoqo- 
" meta-y it will be x : 5 :: a 

t — — " s= th€ Sine of the 



- «i .~.. * 




9% 



A»gle A, and b-^x :;::<?: 7*^ =: Sine of < IJ> mQrQ?« 
©Via, ?» I : *^ Tjp ;.-rjT-.a:Bp, «a4 J : *.:.: -j;:;; : 



j^_-^;r— <2V=--tfj V?F5^, and *• rr f * ^ 
\/a\'''\r W-:ai^d's^^h\ == 21,4285 ; Hence ^J^ - 

qr AB?:;3C^ ai;id — jr** ^ BD^40^ and qonfcquent^ die 
Am ;^6o.?:. . / 

PR0B J.5 1^ xxxvm, 

^ -^ A SbV/iil$ ip /the Kord) ?# Qujurter untfl her De^ 
partur^ i^ 196 Miliss, ihe Aill continuiss ,the fame CourTe 

fo Miles further, ana then finds' her vHole DifFeret^cd of' 
latitude' inade j^oo4 to be 4<3Q J4ile; : ^^e |;ief Courfc 
and Di^nce failed. 



1 



174 XtEMEKTS.or a;^MRJ?U 



In die Right-An- N 
gled Triangle S E-Nf ^ 
7in which S N denotes P 
ttie Meridivi of the 
PIsQc faUtd from) put 
SN rtrFG =s lOo teJii 
* GEs^oc:*; aftd S^F 
=£», then will SG = 

V^ +a*\i and by fimi- 
lar Triangles , it will 

be v'J^* + a*):> :: 



v^**+a*l+i : % hence a\rx^+^^xv7T^ +**•, ^»kI 

d V^s^4.<^ .i. y -|/J?^+ ^ srfcf ; or «*rrfli?*'+2^:***^ 
3to' *'+«r*=:^*;r* j here, by adding aV* to both Sides^ und 




extraiftirig the Root, yfft have ;r^ 

put 2fq;^+ v??HK^^ Aca »*^2sx^^a* ; 4nd Jffei > 

^j*— fl*l =;8i,i03,' hence FN= ( lOo — 8151103) s i8^,$j7, 
and iSi^SQ^ ;.30«:;8i»zo3: i28|7sc=:SG» (heref^r e S&si 

O T HE R WI S E. 



■i n ■ ■ 



Put SOr::r^ then vwll SF= y^-a^kndAri i/^rV^ 
2: x+t : tf, or jtVj?--^ +iv^?--^ 2i= ^'^j ' hence V+ 

■^ • > ' -* 

x^^bx =:tf*i» ; and x- \/«*+ii*+^\/tf*+^*ll — f*, 

^(Jhfeqaeritly SlE 5;\/«* + J 4* + tfv'l^VH + 1*= ^S^J^S 
Mi]^s, the^ whcHerDiftance failed^ as before ; and S G 
(i%8,7s).: Rad.fi) ::iFG (100) : 0,776699 the natural 
Swr^ S^ S7\ thip Auric JFSG the Courfc^ anfwenng to 






PROBLEM 



/» '5S ~/ /.'i '^'' -*• - ' '^ "j' ^ * ^ 'f 






" P It OB L EM XXXDC. 



' - 1. 



s* li * 



Having^e Leg AC,, ^f a RighwAngled Trlajigle 
ABC, to hhd the other L^ BC» To diat the Hypot^- 
wife AB fhall Wa mean Pj^port^ongl bctweeaiibe :!P©ri 
pendicular C D ^dUng ther^n, aii4 the Perioietef q£;dtie 
Triangle. ^. *' 

yut AC=^, andJBC^;;, ' 

then will A B = •PTfi^, ' 

/.^^ ACxBC 



flmwn 




AB 

'- '• ^ " 3 confequently ■. ■ ^'^f 4.gj^erjr^4:g > or 
>4 — 6^3jg.3 ^ 3^ V— 2tf '*■ + tf^rro : Dividing Aia l^quatkm 

t+^5^cOiorJL+_f4L2K^+^ = a: Here 

, V.,*, ...^ ,.*_,. , «.-.^^«. i / (»., .. 

. , - '4— > * a' 4 ,16 

flitting ^+^2S-~-4.---, wfc ha*ej»— --7— ^ a 



^ • <- 









^H^s^SfS + T =«»i»3^4«,'*':?^'7"F-| 



jtonce ir*+fl*s:2«r*i and *=tfXr+Vr*--il. 

r - X 2 PROBLEM 



Xj% £i;S>iI34I'BS-«F ABGefiJLJI.: 



1 



P R O B I; E M XL. 

In the Plane Triangle ACD, the** is civcn die Bais 
ADzzST^^^ the Perpendicular CB fallihg From the Ver^ 
tex on the BaTe produced =55 ^i i^nd Uie-Ailgte ACD 
=38^ i to detci;mine the Txiaogk. . *^ 

Put "the ShKto the 
Radius i of the Angle 

ACD=ir::,6i566i5> 

k$ Confine = r rz, 
,788oio8iandDBs=;r, 
then will AC ss 

andDC=v^?+iPi- 

It is now well known 

th«^ the Re<asuigl0- qi 

ihft Sides AC and DC ^ 

multiplied by the Siae A 

<if tbe^ indudcd Ajngle, giyw ti^e(| AD.,xBC=:|tfj) the 

AE ca^oi the Triangje ACfi^^ hen ce •A^^+a fgarHr^z^+j^ 




; 3ut y iM^ is die Ci^fine of the Angle ACjD, ther%. 



fore x^+a:>i+b* =— ~- ; and';^ :£: / ^«*+— -— i 



1 * 






- :Henceby Trtgonometfy, BC ^55) : Rad.^i) :: BD 
( 1 3,92484) : -05053 1 789 the natural Tangent of 14** 1 2' 2jf 
the Anefe BC D j and ^ (,2454343) the Sine <>f the M- 
gle BCD : BD ;: Rad I. : DC:= 56,735 : In the Rt^t- 
Angled Trianglo A^C, the Angle- A(5B (^38?+ 14^12' 

..a7//)=52^ 12' 27'' J coofcquently the Angle A=:37^ A-f 

if 



33% md am iti Sine ,^f«8Q$6 : fiC SS •iJRad. : AC » 



^/ 1 • * ♦ i^'* 



OTHERWIS E.: 



>. *■ •- 

7 ^^f 1 

89,'7l^lS ^ana • x^+b^ , Of OC = 
PROBLEM SXL " 

• 

Givtuitfaree Sides of a Tnqf^eziuiiv inTcribcd fir a Semi* 
oircic;, ,to fmd the Diagoadsi and xhe remwiug^ Side equal 
tx> the Dtaineter. ^ 

In the Setnickek ACDB» 
dfHw tile Dk^otMth AD «tid BC j 
then will ADxBCsABxCD 
4-ACxBD; and the Angles 
ACB and ADB ace Rigbt-An- jj 
gles. 

Tut AG=ri5!Sn», C©±:^o±:t, BD=:^s=:r; AB»r, 

AD=jK, andBCrrv. Then yvrrije+urr, jp*rs;i^-*^, and 

%*=r;x^*^-; by MFrtfcmgthdfe V^dues o f /and t ft^.in th e 

Square of the firft Equation^ we have ;if*— c*x**— ^*=: 

JjhF^*, hence >^— fl*+':i*+r* x iifssatffc; ^Numbers' 
*' — laSOjrz: 15000: Here by trying with.Multii^ of id 
(as has.beendire£ted) I readilyfind x equal to 40,3 hearlv | 
men ^in the general Cubic jEquaaon for converging^- 
rieS) we have azzOj bzz l2SO> i=: 15000^ and r:;=40,3, and 
by taking orily the firft Power of z, we have x zz 

. ^ > ^ J - ss!^.oai» ncvlj^ tti& ad<W to 40,5, .g$«m 

T3 >= 




V0 ELEMvEH T« OF AL01!^B/E6A; ^ 

' * ' t . .' ' ' 

==3^*--^> and/=x— r»+ir, we have =,0000:^1797 

sr/j and at n - - ■* =i ^00005 17976258, and confe- 

^gci^y*==r+«:;;:4Q^a790'Si7976a58:rABdiePia^ 

Ueoce /, or- ADcs.^4P*— c*l :=:3 J^^S 1 67a i, andu^ or^ 
80^=37,3818407. 



^W9*f** » ■ 



Q^ unlimited Proikms^- - 

A QU E S T I O N IS faid to be unlimited, when the^ 
•^^ Equations exprefling the Conditions thereof, are fewer 
i/i Number than ^e unknown Quantities to be determin- 
ed I fuch Problems will admit of innumerable Aitfwers, if 
ilPrifUons and negdtive Quantities be- included : But the 
Anfwers in whole pofitive Numbers to which the Queftion 
is commonly rttttuacd^ a^e«fof die mbft B^trttiiAftM tb a 
determinate Ni^hifoer, .as wlU appear by t^^loUowiBg £xv 

'>^-"-' --^ -X^^RjM-M -A, 

JSupBQfe -there were' gly^ the Eq/^^iioa, ^srjigg^a^br^^TtA ,. 
find jrandy in whol^poutive Numbers. 

JLdt t^^i^ailid for the Words ^ wiioletfuniber: diett"^'* 
dividing th?. given Equation by a^ we have y;;z 

Now fince (by the Queftion) x is a whole Numljcj^ tt- 
, ax 7.ax ^ax ax-h^ 

is^;ridfi|]*,dKtf T^j. r^* ^"T"* &^»,likewife ' ^ ' m 



^. . ^.. . .. . 



>. . t 



^ ( J I i ll ' ^ . ■ > ■ »r .^ g^c are allwiolc Numb^rs^ and 



'V^uc of j abridgedi that is, from any MultipJe ofthf 

fraflional Part of -'-^— »In its loweft Torms ; or this from 

- ' • ,. ■••>«' : \ ■ -.. - ' .. •. . 

any of the foregoing l}\tt^n^9iXjS9^. Wfjf other whQ^i^r. , 
Number^ or that from this, 2fc.';coiiinudly, till the* Co- - 
efficient of ^ .is j:e4\u:jed to ^ni^tfy :and you will hsL^ 

:;:;tt;A.=;^, hence xzzap±n : Here ^ may he any 

whoje JN umber taken at rleafure, 

• This Operatiqnis fiaund^ <m .dw;fe.tjbvipiis Principles, 
that, whole Numbers fubtracSted from, or multiplied by 
whole Numbers produce whole Numbers; and whatever 
Niiniber (a) meafures thi Whole ani pne Part of .ano^ 
ther^ muft evidently oie^fiu:?, the tem^^^ ...^ _• ^ , 

:& X A MP I4E I, 

Giveo i4f Ai9^-|f II, to find pt and/Integei^sj ^v -^ ^ t 
vi- • ^9^+n^ . 5^4^. ''■ -:~^-' • 'J-.-* 

Herey=¥- — -p =25^+ 7- =;w*. therefewi **» 

$^+iI , 14*+ 28 

'; ■ " ' =«»«, thisi multiplied by 3i and — — — as 

wh taken ffom the Prcidu£i; leaves "-^^= wA; ='1^? , 

be»ce ;»r=.j4^5 , ,|J^e ta b|y^^:}e%^ a|&i:m;^tf|jKe ISd. 
lueof^, take /q; I, Aen wiU>s= 14^-4516=: i44j:5:ck 

r;- * ^- . • ^ '■•'•■•'■-• ^dATH-it ^'^'^^ 

ana from the given Equation we have yg ■ ^ * aj " 
182 ^ . ^ 

14 

And thefe tW0 are the only pollttye integers tliat Ctt^ -• 
iblve the Equation ; becaufe 19 the Co-efficient of x is 
greater than 131 the, ereate^ Vake df y;' for baviiti4^. 
^nd the k^ft Vglue of ;r, thb ^eateft of ;^ will be ^ 

T4 way«^ 



fib A.&EHE1VTS i>F HvOSBSAu 

l(fa%iier ddornbiaed the Hsa^.Vaiae of ^^^^ grbateft <f 
A* will become known from the EquationpropoTed ; mi 
tbe^ufnber o£ AnflTers (isihen the '^Queincai aibnfts oT 
more than one) may be found by aiding the. Co-efficient 
bi" > continualty t6 the ha& Value of x^ and fthftraiShj; 
the Co-efficient of x from the greafeft V^ufe cX y, fcxidng 
^ die RfciiWindte!*s wHI t6hie out ^riBrftiative) ; ^nfl if the 
grcateit Vahie of y be divided by the Co-effi^icnt of y, -die 
tJaotlcnK mort i Wifl ifc the Number of iSl the Anlwefs, 
and the Remainder will be the leaft Value of y 5 but \i the 
given Equation admits of a comfrtdft Merfai*e y6utfitf(i 
divide it thereby, fo that the Co-efficient& of x and y may 
become prime to ^acfe other. 

EXAMPLE It, 

Given 43*+34y==il.*5o, toSnd'all ttfe Value's of Jirand 
y in pofitive whole Numbers, 

^ ■ 34 V .. 34 .. 

therefore -^ '±^1*. which, miiltijpHtrd by 4, and 

*-^— takfcn from the Produ6L leaves ^ ^"^ ■ ■ ♦- *i2-* 
VI- - 34 17 

con** 
fi^ixmSj •'^''^•- •r: tc*.is#, 6ir JteM?^ VT6,*eife by 1^^ 
ing /==o^ wt'havcjr^io, and.ysr-^ — -—^3^:105: 



— a'^—r^zi — —I — =:wAi and 



17 - 1*1 -^ 17 

o 



Now by continually adding 34, the Co-efficient of ^5, to 
JO the leaft Value of jr, atid fubtrading 43 diieKSd'^'^Sd- 
cnt of*-, from J05 the grcateft Value ofy> we havt 

' ^'{g'lovlJ;?^'-} th««^ww « whole NuA, 



. ELSMXNT^ ^T ALiSXSIISA^^ til 

^'ftere fiibtnKaine 43 fronrr lojc, ttfer^S^mams 62, 'attj^; 
45 taken from "62 leaved 19 ithie leaft Jpofidve Value of y^ 
f(>r if 43 be trfken frdm ^^ the next Rfematiidftr will fcc^ne- 
gativ<;y which fhews that the givenlEquation admks ^of "bA 
ihcec Arrfwcts in <wh6lc pofitive Numbers 3 and •d» Vz^ 
Ivies of *• and y arc ift Arkhtnetical Pr^greiEon. . » • 

feXAMPLE lit. 

Gu^en'9*f+f 3yi=:200(% to fiiifl'all the poflSdft V^iJuCt 
of jp and y in whoie-pofltive Nutmbefs,^ 

__ 20b<j— .137 , 2-i-xy : 

Here xxz ^ — -^^ rs 2&>'^y-f> * . ^•^ ■^aag^A, , . 

therefore - y^? . grtc/^, this ttmkfiflie*by;2, and the Pw 

9 

du<fttalBeh-firom-2^kaves ri , %., S£^t;A..:s:/vhencaejyst 

yp—'iy take ^ £: I, then WtU ^rrg/^— 4— 5, and .;r ;± 



■2000-^1 gy 



215. 



9 

Here by proceeding as in the laft Example, you wUI 
have ; , . 

ynaiS. 202. 189. ^'^6. 163. 150. 137. X2i.. wi;. 
^!=: 5. 14. izj. .32. 41^ 56. 59. .68*/y7, 

98. 85. 72-\*S9- 46-. 33- '2UD- 5?^ - 
•86. -$5r w>4, -nj, laifc., i^im tifo. -njtg. 

Seventeen Anfweri in whole Kumbcfs. 



' > ■"' -si •^ X 



e-KA-MPtfc it. 



* • 5 



?' 



. 6iiil^ft:a)t^t::7if^H- 7 : Qudre^ tlj6 Valuers of a; and ji 
^ipofitive )lAt«ger6. 

'l4x^-*7 ^*?+3 

^m^P^ y^ , ^Ju ' . / .^ m ; js^ ^.j *ji ' ' ^ ■ ii:i|c7*. per Quct 

4 4 . - ' . ^ 

tioii^ 



1 



4* 



4km) therefol'e ■■ " ' ' — r: wb. from twice this like ^ . . ^ 

and there will remain |> or -It iwtycVioibt being. a whole. ^. 
Number, (hews that^r is no Integer i and to know whea I 
ijais will happen without trying the Operation, ^bferve '^ 
whether the Co-efficients of x and v, in. dus prof^ErfiEid 
Xquation, admit of a Common Divifor which will noC 
H^afu^e the third Term \ if thejr do, no Integers can be 
*fimd'for'ap and/Tfrom that Equation. ' Thus, ^Ae prc- 
ICDt Ca&j^ Z, wiB meafurc the Co-tfficicttts 4 an(IX4i but '' 
Jt wifl riot meafurc the third Term- T. .. 

£ X A M P LEV. 

It is required to pay 351 P^nds wtA C^utneas and 
Moidores, fo asto have the lea(l Number of Piecesj and 
toTind what the 351 Pounds will amount to, if paid eve^y . ^ 
Way it will poffibly adfnit' of, which Sutti is equal to' if \| 
young Lady's Fortune'; aAd which yau ^e d'efired t9 * 

Fut X fot the Number ctf Guiifieas and y itxr the M6i^ 

doreijtheii per Qucftion'ii;r+ 27^=17610 Shillings, or di- " 

. 234o**^7ir*- 
aiding by 3, w have 74r+5y=:2340 5 andyr: ^ ' \ \^ 

Jx *1X 

=526o--.~-' c:t»*«tJieitforc -•--*• =:v;i&* from 4Tiinc» - 
. . 9 9 

riiis, tal^. " ' ■ " , there remains -^at wb^ 3zpy here talp- 

7x 
ing^m, wehave^mg, andjr=:26o— -^ — =253,henc« 






- « w A> 



ar-f y ( =9+253} ^^62 the 1^ Nmifaer of Pieces ; be<« 
caufe there are taken the moft Moidores, exoept'paying 
^e Whole with them^ And dividing the greateft Vsliie^ o£ 
y, namely 253 by 7, the Co-efficientof x, the^QsKAieot 
is Tjbj ^^^ I remains, therefore die leaft Value of y is. i^ 
»d the Number of Anfuiea if the PayaniJit widi, -ppm 

Moidora 



BI^MOTNIT So V KUG EB3. A. ^ ^ 

l^oi^ore be admitted is 37, in which Ode 3151x37:=: 

125^7!. th^ Fortune required. - *" • :.? 

"' 'But if the Payment with one Motdore be not admittes^ 
Acn there will' be bat 36 Ways^tojpiy 35 iL witbGuiiMs^ ' 
and'!Moidores, in whidi Cafe the Fortune it 12636U - /^ 

LEMMA.' ' . ■ . : 

■ " * '■ - ' . " '■ . ■ <i 

In twcrEqaatians, including three unkno^fn <^Antitie% ^ 

you niuft find the Iiiqiits of one of theoi by afTumiiig each ^ 

of 'the other two equal to Unity.; and if ti^ete are four Of < 

piore unknown QuanUties, all their Limics^ ex<;ept two^ 

muft be found in the iame Manner* 



A Vintner has Wines at 24d. 22d. ^nd i8d. per. Gal* 
Ipn 5, d( which he wo^W. mijc 3g . QallonSi to be fdd at 
20a. the .Gallon : How much muft he take* ojf each 
Sort? ^ 

' P^t ir,;f,and 7^ relp^vely for the Q^ntities at 2^ 
lad; and i^d* a Gallon, then per (jueftion x-f^+K 
ss^Ov^nd 24;r+ 2?^+ 182=30x20=600; from both 22 
and -24 Times thefirft Eqiiat ion/ take AefecotKl,-and you 
will have — 2x+^zz60j and*2y+6z=^i20, or x=:225— 
30, afid^=6o~3J5 : .from thefc two Eqilation95 afluming 



\" 



31 59 

jp5:jP3=:i, we get zr: -^msl andarrr — ^rzigidie 

Isaft and greateft Limits <tf a;; therefore z is greater than 15^ 
and lefs than 19I; but z may be any Number . between. 
l5| and 19* and confequently 16,17,18, and 19, are all the 
poffiUe Values of s ia wt^oie Numbers; which being fiic-- 
ce^vely voittui for z^ in die Equations ;r= 2z*^ 30, and f 
z^bo^yziy you will have, jrs^ 4^ 6;f'8,-and /=i2, 9,^ 
6, 3, tile four Yakea of x andj|p : So. that the Queftiot^ 
^dipits of four'Anfwers in whole Numh^Sy and no more^ 
as tppearsfrooitfar 'Limits oC.s» •■ 






7# 



m^ It^ailEXlF^ ot KUtkV&K'A. 



%.fHd Juak-it liMt Nknitr x, at ieiag JSmM % pvtk 

Subtract each of th6 given Raneinilefs bom Jf; isd 
divide the Differences ;r-^ *-^^, x— iJw &c^ by their rc- 
i{pe^B|Ki(giye» Divifors ^ theiv n tb^ ^efticm ^foiK)fe4 

ke fKB^bfe). Ac iinreial Quotients — [^j — y — j— ., 

&:c; mtift netefiarily be .all whdie NuMbers, becaufe the 
Quantities/^, A, &c» that wbifld have rem^ed by divid- 
ina ^^ the Nuiid>crfoQghty,by ay by Cy &c« are previoiifly 
Awzntded from it>^ befcn* the I^fionis begun. Makt 
the firft of thefe whole Numbers equal to j^, that is^^afC^^ 





'^sisfy dich wH^3rsiri^4t/y write iMs Vdoe rf i ii» 

the fiscond whole Nmnber, and reduce the Co-efficioitof 
jt^teUoity, as yM did that of x in the .preceding 1%^- 
Ueois^ Ibeiv.piit this Q^iantity fo reduced equal to 4^ fr^ni 
lks£^«ation fuid\the kaft Value of ,p anil write k ror^ ia 
the Equation tfrz=4^Hh/> and w«te the Value of r thence. 
mAoRin the third whole Number* in which reduce &e. 
Co-efficient w j to Unit^ noake this Number ib redueea 
eqiial to r^ and from this^quatipn find die kaft Value cf/ 
jl^ '«4Hch jiibi^ltute for,gia ihe foregoi^ Equation i^-^^ 
9ad wjrite thie Value for x in the fourth whole f^umDer am 
AuXHU »& inilie JiAkMidn£.£^cuBi3]eSL«»h^^ 



«•■•.? » 



K X A M PL E 1 

^ f'M4Sit'\e^ ivhble Noftber^ which beii^rdt^ 
K^mibf 28, fliaU-leove y Md f3t^maiAijig 



V . 



Piit jrJbr the Number^ tben.«»^ — ^ anA-»' ■ j.io'v. ve 

* ' . . .. ^ ' 19 28 

whole 



SUSM£.N(TS o * AilUOSB I. JU j% 

whole Numbers i let «~^=:^ then ^sig^+y.thisbe- 






» 

^.^q^ hence |fr:2oy+i8, here, by tekjiij; f^flk; wi^ 
liavcjp=i8 ; ancr;^i?:i9^+7=:i9X i8 + 7==34^^thel^uia"-. 



£ X A MFX £ Ih 



%..* 



^ Find Ae leaft whole Number, which being divi(Mjb]r 
'Ss *9) and 10^ fludl leare 6j 5> and 6, refpediirely reaa^ 

. . Put ;r ibrlbe Nunihei^ then v; . ■ and ■ * 



af:^, whole NaaAers, apd — j— ss^,arf:s8^+6, hej9c» 

y ■ ' (by writing S^+6 bx x\ bccteici ■ ^ ■ ^^ ^asJk 
9 : 9 , 



,»> r I 



•--^ — —r ; — or * * " »?> tjbefefore^sgg-t-lf th^ 

. iieiriu written for ^ in the foregoing E<iiiation x^S^-fC^ 
||iii(e5^^ir2S7tft'i4j wrlm^ 7^+14 for 4f, in *e thii'd 



. * ■* 
iid^ Numbftr ■ -^^ ■>■ > t^^re a^fet ? ^^ ^ or ^ ^ ' '^ 

55^7 J+ — m — ^ wu <pd:' y ;, ' V ssr, or? rajr— 4,here 

by tsJcing r=i, we have js5r— 4?Ua «vl ^-=?5^?f l| 

^772 ^ i4s=;8^ the dumber required* 

»» • 

OTHEjRWIlS, 



> ^.'.. 



't»6 ELE'RiE'NTS or AEG'lTBltA* 
^ OT H E R W tfi'E. 

Since two of the preceding Nuaft*rs, namely . Ial * 

*,..— ' - - — *> -^ 

* , j^— 6 ' •• 

ttiQ , ,have the fame ISTuiT^eratpt^ tfeis Numpjq)^ 

4>^ muft ther^foffe he div ifible hy 40^ 'd)je leaft coimxraa 
Multiple of the Denominators 8 and 10 : Hence then, wc 

bavc ■■ =J It;*, r:^, and ir = ^b/r^- 6, therefore -— ^ 

<*** '"^'^ — =:?j and^'^g^+2, he^e^ taking f =0^ /w%|avc 

/^zT2, and ^±:40/>+6=B4O x 2+6=86, the very fame as 

before* .. - , r ' - ' ^" ' . .:^ 

* ' ■ 

: .; E X AMTPLE in., 

Find the leaft wholp Number, whk:4i being divided bj 
•%:3> 5^ ^^<1 7» flwdl leave reiftainrng 0, 2, 4^ and 6. ''^ '^^ 

' --.Put ^ for the Number, t^n — ---— * ' ** . i .> ■.■.i."^f> 

A'— 6 ;r««»0 ' ' • *■ ■ 

!"r, "~5r~ 2^^ Integers, and —v- =>, or. *c:2^.- 
*ric»ir ,^:firf r, «r-^^ have -^^^l an^l'^'^:^ 
.-..-^-- or ^ — sy, or/»i3y-:2, hence *=2>=:^ 

l<4, writing 6^-4 for a-, in .^, wehave-^^= 
5 . s 

,-,+>i^_^^.and.iZ3._^, or f=5''+3, hence* 



-l-T 



..•J"I. Aw > 



•-56J— 4=30r + 14, writing 30r+ 14 for at, in the fourth 
whole Number — -^I— ^ it becomes .-2 — ; 2^:2,4^^ 1+ 

" *' '* ■■■ zn^o* ana ■' ■ ' * ■ ■■ ■* -i~ ■ ■ or •— — s^ * 

' 7 . '7 . . 7 * • 7 

-aftd>=r7>— 4; here, by taking 5=:i, we have f*=:7x— 4 

.:;:,3^ and ^=3^r+i4c:ib4,tb9 Naaiber lbught« 

E 3t A M,P J. E IV. 

"Find the leaft whole Number^ which being ditdded bj 
!3^3»49 5 and 6, AmU alwiqrs ktvve i rfaaining; but being 
divided by 7, o fhall remaijti. 



Put ;r for Ae NumbeK then ■ * ■> > ■ ^ ■ 

* 3 4 

■ ' 1 ^ ' i and "■*-T*~ arc to be all Integers^ 

Here five of the Numerators being equal, and die leaft 
^>common Multiple of the Denominators 2> 3) 4> 5, 6, bein^; 



60, we have — zr~* =«c/A.=:^, or jrc:6cj^+ 1, by writii% 

ecy+ X for ;r, in ■* , we have \^ ' ■=:8^+^^-^ 

I. j*H^^ 7/> H-a 
s=lKfA. and -y-**^-— !-, Of "* "n f, and pci'jq^-^^ 

bcra^ taking j=i, we have^=i7j!-.pZ=j^ wl ir»6o^+^ 
is=30i, the Number required. 



tu 
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TBe invejligation ofRcttwnal Scares; Cuhs, (fc. 

PROBLEMS o^ ^& SoPt fMqurail)^ adbnk of » 19^ 
nite Nuaiber oi Anfwers ; an«I yet none of the Qusa- 
tidies required can b^ taken at Pfeawe, but outi^be iAveC- 
tigated >y pu|tu)g qks ^ mor^ hettus ts» ^ S^H^^ 
CAibe^ &c. which Letters^ or Algebraic Squares, Cubes, 
&c. muft be fo aflfumed, that when an Equatioa 
containing two unknown ^Quandotoa i«. iavolved, eidier 
ibi^ given Number or the higheft Power of one of the un- 
known Qtiantities may be on both Sidles of the Equation, 
aad (teftroyed out of it, ki that jm>u miy have otiQof tbe 
unknown Quantities of but oneDimenfion* hx (hi9 Equa^ 
tioo, the other uokno^m Quantities may be taken at plea- 
fure. But no gencrcit Rule can be given to fuit all Caf^s, 
therefore the Refalutlon will of(en depend on the Art <)f 
^e An^yft* 

Note. A Square Number multiplied or divided b^ a 
fquare Nuoiber, produces a Square : And it Cube NumW 
multiplied or' divided by a Cube, produces a Cube Num- 
ber, Uc: 

» 

^ 

EXAMPLEL 

Find two Numbers in the Ratio of 5 t^ 4, Uriiole Sum 

9pd Dtftereofc ihall be both Square Numbers. 

Put 5jr for the greater and j^c for the lefs Number, then 
dieir Sum qjr and Difference x, being Squares by the 
Queftion, it is evident tHat.4^:U a Squwr Number | aft 
fume x^iiz^Xj then will x:=j^ the Square of 2, and x)xzz 
36, the Square of 6 ; confequently 5;if=:20 and 4Jir:=i6, 
sxe two Numbers which will folve the Problem ; for 20 : 
V6 ;: 5 : 4- 

If you multiply x the Difference between 5^ and 4^ by 
any other Square Number ; and put the Produft equal to 
4;% you will have two other Numbers which will Anfwer 
the Queftion. 

EXAMPLE 
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£ X.AMPLE n; 

•'ind iwp Sqiiare Numbers whofe Difference Is 40 (a); 
i^ct x^. and V* be Ac Numbers required. 

. Z + TA2 z— z;1 2 , , -, 

Pitt y*=: - ' I J and /=: "— ^j — - ; this Equation 

. 4.v^ . 
iaken from the firftj Icavfes x'^^*:=: — — z:v%zzay per 

4 
^ar tf 40. 

Queftioni hcrice »=— * : take ^==4, then «=~ ^"IP 

Z + V I2 *— -iTl 2 : 

=rx6 : ^ciicc ^*-= — - — ^ | 2549, ahd /= ^ - j 

r:9> rofafeqUeritly xr: ^ ' as?? andj= — ^ a c ^^ ' 

So tfiat if dib giVen Difference be refolved into any two 
imeqUal Faftorsj half the Sum and half the Difference of 
thofe Faftors Will be Sides bf Squares having the giveii 
Diffcixncc; Thus ibx4=:aoiC2=8x5=:40, theA 

10+4. ^ :, 16-^4.*- ,,, .. ^0+a 
J^=7i and-— ^— s3i likewifc — - — =11, 

20— 3L 8 + 5 8—5 

and — ^ ' =» alfo— J— S56.5,and— ^j — 5=1,5, 

ExAMi«Li M. 

A Virttnef mixed two fdrts of Wine, fdme at 8 antJ tome 
at 5 Pence pfer Pint i The Price in Pence of the whole 
Mixture is a Square Niihiberj and if 260 be added thereto,* 
the Slim will be a Square Number, wnofe Root is eqiial to 
the Niithbef of Pints which he mixed df both Sorts : How 
much did hb mix of each Sort ? 

Put X for the Number of Pints at 8* Pence per Pint ; > 
for the Pints at 5 Pence each, and let a deil^te the giveii 

U Numbet 
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Number 360 ; then ix+5y will be the Price of the whole 
in Pence, which muft be a Square, and by the Qucllion 
\/8r+5yT^ equals x+y (all the P ints he mixed) there- 
fore Sx+sy+ a^is equal to x+y\* : Let 8* + 57 = 

2 z + t; 12 

, and 8;c+5y+tf=jr+j^*= — -— J : fubtraft- 



ing the firft Equation from the fecond, we have a = v7^ 

M a 

and z =:'~"; take vz=. 10, then z =-*— = 36 : hence 

36+10 36—10 , ^ 

=: 23 and = I3> are, the Square Roots 

2 2 

of the Quantities J+Tl* and SA'+iy, whence ;r+j?=23, 

and 8^+5>==i3^*=:i69 ; from thefe two Equations wc 
get*'=:i8, and;r=:5; hence 8;^ + 5y+<?=529 the Square 
of 23 i all which anfwers the Conditions of the Quef* 
tion. 

If you would find the Limits of v, write ~ for « ia 

V 

a 

the fecond Equation, and you will have *+jr=: 

ory^ 2v "* •*■> ^^^ ^y writing thefe Values of y and 

5^+5** 
% in the firft Equation there will arife 3**+ =: 

2E^, hence.=:-"=^^ ~^^^'^^^^^^,and^(^ 

161; Xa-^v^ — ^ — v'^V 
12'z;* 

Here it is obvious that x and y will be pofitive as long 
as th« Numerators are affinoative 3 therefore v may be ta« 

ken 



ttlMfiNtS 6t ALGEBRA. 491 

ken equal to any Number which gives a^I^^* greater thaii 
lov Xtf+u* and lefs than i6v x ^ + i^% 

LEMMA. 

I 

If a and b be the Legs of a Right- Ahgled Txiangle^ 
and h the Hypothenufe 5 then h* + 2ab and A*— 2tfi are 
Square Numbers : For per Euclid's i. 47, h*:iia*+h^. 

Here, by adding 227^ to^ and fubtra^Utig it- from both 
Sides of the Equation, we have h^-\-2abzza*+2ab+b\ 
and**— artf^=tf*— awi^+i% twouniverfal Squares. 

E XA.M P L E IV. 

Find a Number, which being added to, and fubtra<£led 
front its Square, both the Sum and Dif^rence {hall be 
Square Numbers. 

Let a (96) denote the double Pfoduft of the Leg« of a 
Right- Angled Triangle whofe Hypothenufe is h (lO); 
then fince ^*+<jr and A*— -d^, afe Squares, multiply them 
by the Square x\ and you will have AV*-i-^«* and AV— 
ax* Squares ; here, feeing eix^ added to, and fubtra<S^edfrom 
the Square of Aat, givtfS Squares, it is evident therefore, 
that ax^ is equal to hx^ the Number fought, hence ax^zuhx^ 

or *•!=:-—, and confequendytfAr*= -— -^ ^ """51"^ 
Number that will anfwer the Conditions of the Qjjef- 

tion : for UlY + -^ =-^.^ the Square of -^ 

and— ^ ----— ==-~7--theSquareof-— •. 
24/ 24 570 ^ ^4 

EXAM?L£ V. 

Find two fuch Numbers, that the Sum of their Cube* 

ihall be a perfeA Surfolid. _ 

H ^ Put 



* 19^ £L£MEKrS or ALOBfillA. 

Put X and ax for the Numbers, then per Queftion 4r' 

if»+*', here dividing byx'j we have **3Stf'+ 1 : Jjttal±t% 
and vou will have x^^^j or x=3; hence the Numbert 
lequu-ed are 3 and 6| the Sum of their Cubes is 3^-1-6% 
or 243353'. 



EXAMPLE VL 

Find two Numbers, fuch that the Sum of their Sqtiares^ 
and the Sum of thei^ Cubes ihall be both Square Num- 
bers* 

Put X and jf for the required Numbers^ then *^+^* and 
x^-^-y^ are to be Squares; 

Let j^3=i x*^ then will **+/S5 ;r»+ -5^-»— *5* 



16* ' 



16 



Square^ and ^5+j'^5:*'+— I — fe-*^li^ which muft 

likewife be a Squarci aflume - ^l^ ' srgi^* X <i*;r*; this 

»4 

reduced, gives afrrgi X64J*; here taking irs=|> we havt 
^=91X43:364, and>=: 1*2:273 J and thcfe two Num- 
bers will anfwer the Queftion. 

ForleJ* +273^* =75?% 
andl64l' + 27?.' = ^jtl]** 

*Since j'nivr, tiiercfore-^ — ^^tzix*^ and;r*+/a 



2Sy* 



16 



', confequentlyv'pHh?! ss iJ^s=ir* See Ac So* 



lution to Problem IX* 



EXAMPLE VII. 

Find two Numbers fo, tiiat their DifferencCjthe DiffcN 
cnce of their Squares, and the Difference of their Cubesi 
m^y be all Square Numbers* 

Put 
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Put X for the greater and y for the leis Number, dien 
^•f-y, *•*— y* and x^-^y^ muft be all Squares, divide the fe- 
cond jf*-»j^* by the firft at-^, fo iball the Quotient ;ir+f 
be a Square alfo ; Afiume x-^y^a\ and ^'4-^=74^% the 
SumandDiiFerenceofthefe two Equations, gives x^^\ 
^dy^^* ; Thefe Values of x and y being written in thi^ 

third Square x^— j'^ there arifes ""^o " «--» — g*"^, or 

^' ^^ ^ a perfeft Square, therefore the two Numbers 

fought are ^a^ and |. a^ : By taking j=2, we have A-r^l^* 
5=10, and^=c|i7*=6, by taking tf:;?4, we have xzij^a* 
r=40, and y=|^^* 3:24; when azz6y dien ;^:^|.<'*=5:90, 
and y:;-|tf*5=54» and thus by taking different Values for 
«7, you niay obtain as many Anfwers to the Qi^ieftion as you 
pleaib^ and all in, Integers, when a is an evea Number* 



EXAMPLE VIII. 

Find two Numbers in the Ratio of 7 to 3, fo that eack 
cf them being added to the Sq^uare or their Sum^ (hall 
make a Square. 

Put azsijj caat^y a+c:^iO'::zs ; ax = the greater, and 
c^fr: the lefs Number, then the Square of their Sum will 

be tf;^+^;ri^ ^s*x\ to which adding ax ^nd ex feparatelp 
we have 5*^*+^;^, and s^x^+cxy which muft be both 

Squares by the Queftion : affuming iV+crri^— vr, we 



kave x=.' — ; ^ this being written for x in the forego- 

C + 2SV ' o P 

ing Square s^x*+axy it becomes \a + "^ — " 

^is multiplied by ^^-^ gives i V + tfr + 2asvj which 

muft be a Square, letj*©*+d^f+2d^w;=:«t+2cl% theawill 

acf2asvz:j^sv+^\ andv=: ^^^_^^ -=;;,75, hcnce^=« 
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=:,03i2S, therefore ax=: -j-j-^sz ,21875, and 



ry=;- , . ■ ^..jr ^>Q937S> 5^nd thcfc two Numbers will Ww 



the Problem, 



E X/A M P L E IX. 



Find three fuch < Numbers that the Sum and the Differ* 
cnce of every two of them (hall each be a Square Num* 
ber. 

Affume x'^z^+y*v\ 2xyzv and ;fV4-/:?s% for the 
three required Numbers, thefe evidently anfwer four 
C ondition s of the Queftion ; but *'V+/^*+J«'*^*+/2% 

or x^ +>* ^ z"^ + ^ the Sum, and x^z^+y^v^^^-^x^v^^f^^ 

or jc* y^ X z"" — I/* the Difference between the firft and 

third Numbers muft be alfo Squares : In thefe, by writing 
r-^Sy r — J, ^+^ and. p -^q re fpc(aively for x^y^ %^ndv, 

we have i?T^*^^T^* ^^^ V^^^^Pi^ or r*+i*x 
^*^y% and rspqy which mvft be Squarqs i ^umc ri;:;:/^ 

^^ P^ 

or r=:-^, and f*=:^*+f, then by writing— for r, 

. _^ p'-f ^ 

ftnd c^ forjiH/, ifl ^^'+^^^^H/i we have ^-7-+' 

x^% ori>Y+j% ^^^*^^ °^^* ^^ ^ Square; Put/*j*+^ 

_i7rip|», then wiHi*=: ^?^' ^^^^ ^X ^^^*"6 

^*+^ * for f* in the Numerator, we h^ye 5* 35 

. P^—2py+q^ or s ^ ^^=^ : Here^ muft be greater 

than f , and ^ and q muft be taken fo as f, or its equal 

V'/>* 4-^*1 becomes rational ; and this will be the Cafo 

when ^p\% equal to ^q\ For then f ( = //>* 4-^*1) ?= ^ 
f=?j^, byProbl^fuVt Take/:5:4, and ?=3, thencsj 



^ 
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« > 

• ^j=5, hencieJ=:-i^ — ^z:-^, and r=:-i-^=i: 5 

1_ . 1240 1 151 

whence ;r=r+j=: zz., «— ^ — ^j=- — ^— *z=/>+^=7, 

70 '-^ 70 ' ^ ' ' 

and «;=/>— ^= I- Now by fubftituting tbefe Valued of 
x^y^ Zy and -z;, in the original affumed Numbers, there will 
arifc-72764850^, _2oi26386_^ ,„d .66475250 ^hree 

4900 4900 4900 

Numbers answering the Conditions of the Queftion : But 
the common Denominator being.a Square Number it may 
therefore be rejcfted, and fo you will have 77764850, 
20126386 and 66475250, three whole Numbers, which 
will folve the Problem. 

EXAMPLES. 

Find a Number, to which adding a given Cube Num- 
ber, the Sum ^all be a Cube ; and lubtraaing another 
given Cube Number the Remainder Ihall be a Cube. 

Put X for the Number fought, ^^ (g) and i:^ ( i ) for the 

given Cubes; zSumGx + a^zza+—^\=:a^ + 2^ ^+ 

■ a + — e-> and x—c^z=.v^c\ z;:v^^yv^+y «/— 
£^ : then fubtrading thefecond Equation from the firft,we 



have^^ ^^yy^ + ^^^^ oxaH^—c^v'^Zfcv 



+ 3^3^i;% this Equation divided by tfV+cV, gives a*v 

^a^c 24 _ , — — ^3 

^c^vzzza^ and v~ — i=-r- ' But x-^c' = ^^-^l y 



— € 



+f 



5256 






343' 



V 1 , 3 3^^ 

hence x rs v— rl +c^ = — ; — 

or — c 

Number Which will folve the Queftion. 

U4 It 
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It is evident in this Condufion, diat if r had Mt beei| 
iven, it i 
left than a. 



dven, it m^ht hatre been taJ^en equal to any li^iimbec 
la 



^^mtm 



frfblfms in Experimental Fbilofopby. 

PROBLEM I. 

BEING on the Top pf a Tower, I kt ^ a heavy 
Body to the Ground, and obferved the Time dapfed 
Between its leaving my Hand and the Return of the 
Sound, to be juft lour Seconds : Required the Height of 
the Tower, 

Sound moves 1142 Feet per Second, heavy Bodies 
£dl 161^ Feet in die firft Second, and the Space defcribed 
by a falling Body is as the 'Square of the Time from the 
beginning of its Fall: Put £? 2=16^^:^114^ fr=4 Se- 
conds i and Arz= the Tower's Height, thenar : iV' :\ xy 

X 

^"^ =; the Square of the Time in which the Defcent was 

made, therefore ^~| is the Time of the Bpd/^ Dc- 

fcent J and si i*\: x i zz the Time of the Sound's 

Afcent, but the Time of the Body's defcent^ together witl^ 
that of the Sound's Afcent, is equal to the whole Time 

elapfed, hence per QueftiQn—+ /r-Tls:r,or;r+— =3. 

s s/ ^ 2%fai 

Xx^zzcsy here^ completing the Square, &c, we have 
%r^+ — ==T = s/tT' "^^^ I' ^^^ 9onfequendy x 







:.a3i.87Feet' 



PRQBLEN^ 
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P^QBLEM II, 

Suppofe two Balls, each i^olbs. Weight were let defcea^ 
^t the fame Moment of Time; one freely from the Top 
of a Tower, and the other on ^n inclined Pla^e ; they 
arrive alfo at tl^eir refoei^ive Bottoms at the fame Moment 
of Time when the Exprejfion of the Sum of their Mo- 
mentums was 30^64- lbs. and the PifFerence between the 
Tower*s Height and Plane's Lengdi is aag Feet. Rc- 
ffiiired the Height of the Tovcr,* Length of the Planc^ 
Time oit Defcent, and t()9 Mpnienti^m of eaph Ball i 

Momentum iignifies Force, and, ii^ 
this Cafe, is e<|ual to the Weight of ^ 
Ball^ multiplied into its Velpcity7-Ve- 
locity denotes Swiftnefs, and is equal 
to the Quotient of the Spacpe divided 
by the Time : and fince the Balls ar- 
rived at their refpedive Bottoms at the 
fame Inftant, therefore let the Tow^r 
Ac and the Plane AB be rep^efented 
by the Diameter of Circle and a Chord 
thereof re(pe£lively ; for a heavy Body 
will fall through any Chord of a Circle 
in the fame Time that it would defcend Perpendicularly 
through its Diameter. Make BD perpendicular to ACf, 
put tf=i6-™ xzz the Time of Defcent, and y = the 
Length of the Plane; then will ax^:=:AC the Tower's 
Height, and ax is the Velocity acquired in *- Seconds, 
but the Velocity acquired at the End of the Fall, is fiich 
as would carry a Body uniformly through twice the Space 
AC in the Time x^ therefore iox2U7;r, or 20ax is the 
Momentum of the Ball which fell from the Tower : But 

AC : AB :: AB : AD: that is, ax^ : y :: y : — ^ there- 

ax 

forelQ^, 




ax' 



or -- — is the Velocity acquired by falling 



from A to D, ^d is equal to that gained by falling from 
A to B) but the Velpcity at the End of the Fall will be 
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-^, therefore the Momentum of the Ball defcending 



ax 



20V 



down the Plane will be : hence per Qucftion, ^oax 



ax 



^<V «. 



^. — ^«-=:30967=A) andtf**— J' = 229=^: From thefc 



two Equations we get ^=== uT""*" 






d^ 



=6 

ioa\ ^^1 

Seconds ; and y (rr^jr*— rf) =: 7Jt>a'~^dzz. 350 Feet the 
Length of the Plane \ Hence ax"^ the Tower's Height is 
579 Feel^ and the Momentum of the Balls 1930 and ii66f 
lb, reijpe^vely. 



PROBLEM IIL 

Suppofe (as in the 67th Arithmetical Queftion) 
Earth's Radius is 4000 Miles, and that a Body on 
lace weighs 972 Pounds \ to what Height muft it 
lied in the Air to weigh but 27 Pounds \ 

In the annexed Figure, let AC denote 
Ae Earth's Radius, and AB the Height 
required : Put arz. 972, ^=27, r=4000 
s:AC; andx=:AB,thenwillBC=;f + r, 
and fince the Weights of Bodies above the 
Earth's Surface continually diminifh, as 
die Squares of their Diftances from its 
Centre increafe, it will be as r : ^ :^ AC* 

: BC% that is, as r : ^ : : r* : ;r-f r]% 



that the 
its Sur- 
be ear- 



hence jf-f ^1* X f =jr* ; and x 

— r=:20000 Miles, the Height fought. 



-j^ 



a 
I 



E 

e 



■ 
I 



a 
H 

t 

m. 

£ 
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PROBLEM IV. 

Find the Length of a Pendulum that (hall vibrate as 
many Times in a Minute, as it is Inches long. 

A Pendulum that fwings Seconds is 39,2 Inches lon^ 
and the Lengths of Pendulums are in the reciprooalDupIU 
cate Proportion of the Number of Vibrations made in the 
fame Time ; therefore, putting x for the Length in Inches 
of the required Pendulum, it will be as 60 X 60 : 39,2 :: «* 

, 60x60x39,2 J , . 

;*•, hence Ar=. ^ — 7^^^ ;r'=; 141120, there- 

forexzz^ij^iiZO =52,063 Inches, > 

PROBLEM V. 

Su{^fe the mean Diftance of the Earth from the Sun 
to be 95000000 of Miles, and that the Earth and the 
Planet Jupiter revolve round the Sun in 365,25 and 
4332,5 Days refpec^ivelj : Required the mean Diftance 
of Jupiter from the Sun ? . 

Having the Times of the periodical Revolutions of the 
Planets, and the mean Diftance of any one of them from 
the Sun, thp mean Diftances of all the reft (in our Syfiem) 
may be determined according to Kepler, and Newton, by 
this Proportion, namely, as the Square of the Time in 
which any one Planet makes a Revolution round the Sun, 
is to the Cube of its Diftance from the Sun ; fo is the 
Square of the Time in which any other Planet is in re^ 
volving round the Sun, to the Cube of its Diftance from 
the Sun: Hence then, by puttings 5=365,25, *= 4332,5, 
^1=95000000 i and xzz die Diftance fought, 'we have 0^ 

I i^ :: ** : x\ or a^x^ = b*c\ and xzzc ^— r- = 

■^ a ^ 

49410870)^ Miles, the required Diftance of Jupiter from 



Problems 
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JProkkm producing Exponential Equatms^^ 

PROBLEM L 

IN what Time will the Amount of an Annuity of lool^ 
a Year become equal to the Amount of 1200L put oat 
ft Ibtcreft ; allowing 5 per Cent, per Annum compound 
Intereft in both Cafes I 

Put «=ioo, j^=:iaoo, r=i,0S, and /= tiie Time re- 
i|nired^ then — -- — is the Amount of lool. for the 
Time ty and^ is the Amount of i20ol. put out at In- 

Icrcft for the feme Time j hence, per Queftion, i^^— 1^ = 

r — I 

/r*,and«r'-»«=f^t^^r', or«H+/f'— ;^r«s5«; Putfi-ic 
-i-p-^rp (=40), then will ^/=«, or r'r:^- 3^,5, this 
Equation in Logarithms, becomes / x Log. rrz Log. 2,5,^ 

the Time fought» 

PROBLEM n. 

In what Time wiU the Cooapound Intereft of any Sum 
^ Money put out at 5 per (Sent, per Annum, l^ome 
equal to the Prmcipal ? 

^ v' ''=/*°l' ^ r the Principal i and « 5- the Number 
«P Years fought, then Px/- is the Amount of P in the 
Time n, and Px/--P is the Intereft of P for the 0me 
J ime w, hence per Queftion, we have Px^-r-P=:P, or 

Pxf-=:2p,orf-=2} and»=.ii°§:^__^^££30O__, 

Log. r 0,021.1893 "* 
tiiTDdbq Years,, the Time r^(^uired^ 

PROBLEM 
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PROBLEM IIL 

t( any prop6fed Sum of Money be put to Compound 
Intereft at 5 per Cent, per Annum^ in what Time mil th6 
laft Yearns InCdreft become equal to the Principal ? 

Let Ty P and n reprefent the iame Things as in tke laft 
Problem ; Aen Pr» is the Amount of the Principal P ia 
4t Years^ and Pf*^* is the Amount of P for the whole 
Time (n) except the laft Year, and confequendy P«*— - 
Pr"—* IS the laft Year's Intereft, hence per Queftion, we 

iiaveP/»-^Pi**'':sP,aiid/*«i-r«— 'St I, or f*-' xr^=Xj> 



tiierefore r'^'s:- — ^, or f*=— — s zti hence «, =s 

n^'?' a: ,'^3222193 362,400319 Years, die Time 
Log. r "*• 0^0211893 '-T -> 7 

foughtu 

PROBLEM m 

A has oh ArniuiQ^ of lool. a Year^ B puts t>at ilod. at 
tntereft ; in what Time will the Amount of A's Annuitj^ 
exceed the Amount of B's x2ool. by I457)554l« atthb 
Rate of 5 per Cent, per Annum Compound Intereft ? 

Put «iiioo,^=: woo, ^15:1457,554, rs=i,05, ^^ "== 

tiie Time required, then by the Queftion, we have ' 



*— ^f* Ss ^ or «r" — «**- rpf^pt* zzret'-d^ and f" =: 

rd+u—d Log. 4,32i942< 
P^u^ ^^,3219425, therefore «= j-^ 

0,6356790 ^3oYear^ 
o,o<ii893 

PROBL£&( V. 

A agreed to lend B 720I. for a certain Time at 5 per 
Ceati per Annum Compound Intereft « But yfUn juft 

half 
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half tbe Time was expired, B pays A the Principal and Tit- 
fereft together, and finds the Amount le(s than it would 
have been if he had kept the Money the whole Time 
agreed for by 225L How long had B the Money in 

Put tfciyao, ^£:225, r=si,05, and ^rs: the Time 
Ibughty then ar* will be equal to what A received in alJ, 
atid an^ is equal to what A would have recdved if 
B had kept the Money the iirtiole Time agreed for, hence 

per Queftion We have tfr^— tff !=i, or r*'-*-r*'r=-— ; and 
by completing the Square^ &c. we have r^— f =:: 



^~+i , tbeiT5fore y*=^~ + i] + | = 1,25, and 

Log. 1,25 

confequcntly *= — ^ =4>5735 Veai^, 

Log.r 

PROBLEM VI. 

If tool, b^ due 3 Years hence, and Sol. five Yc4r« 
hence, in what Time muft both be paid together at 5 per 
Cent. Compound Intereft ? 

200 86 

Tlosl^' """l^osV* ^ *34j4496 the Sum of the 

prefent Worths, therefore a"^*^ 1 11892 14, the 

Amount of i Pound for the Time required, for which 
Time put AT, and you will have 1-05I* =1.1892x4, and 

Log. 1.189214 «^r 

-i:Sin:5r~==3-5Si78 Years. 

P R O B L EM VII. 

A Company of Sailors dividing a Prize equally among 
them, found the Share of each in Pounds equaJ to twice 

the 



x:zz 
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the Number of Men ; and that if one Pound were count* 
ed to the firft Man, two to the iecond, four to the third, 
&c. till the Terpns become equal in Number to the Men, 
the laft l>rm would exadly contain all the Pounds in tbe 
Prize : Quere the Prize and Number of Men ? 

Put *• for the Number of Men, and y for the Prize in 

Pounds, then per Queftion Oat^— , or iLX^zrz^y : and the 

laft Term of the Geometrical Series i, 2, 4, 8, &c. con-r 
tinned to x Terms is i x 2*^", or 2*"^' equal to the Prize 
per Queftion, therefore 2;ir*=2*— ', or 4^*= 2*: Here x 
muft be an Integer by the Nature of the Queftion, and 
finCe ^x*" is a Square Number, therefore its equal 1*^ is 2 
Square Number, but no odd Power of 2 is a Square Num- 
ber, confequently x is an even Number, «omprized in diis * 
Progreifion 2, 4, 6, 8, 10, &c. from which I find x'^%% 
hence jr, or 2'-*'=2^=:i281. 

PROBLEM Vm. 

In what Time will any Sum at 5 per Cent. Simple Ia« 
tereft, amount to the fame as it would do, if put out for 
the fame Time at 4 per Cent. Compound Intereft ? 

Put^7£=.05, r:=i.C4, /=: the Principal; and^rs: the 
Time required, then the Amount at Simple Intereft is apst 
+^, and at Compound Intereft it is pr^^ thefe are equal by 
the Queftion, hence pr^zz.apx-i-p^ therefore r*— ^yjfzri, or. 

1. 04V — .05jf =: I : Here by Trial I find x very near 1 2, and 

writing 11.9 for Xy we have 1.04^* — •OSxzz i.04l"**— 
•595 =.999767, which fliould be equal to i, therefore 
the Error is .000233 in TickSi j and writing 11.91 for x^ 
the Error is .000m in Defe£l, whence .000122 : o.oi :: 
0,000111 : 0.009, this added to 11.91 gives 11. 919 which 
being written for x the Error is .000002 in Excels, then 
.000113 : 0.009 :: 0.000002 : 0.00015, this taken from . 
^^•9^9j gives jr=n.9i885 equal to ji Years and 335 
D^ys. 

PROBLEM 
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P R O B L E M IX; 

Find the Time in which x Pounds beiiig pUt bdt At* 
per Cent. Compound Intereft for x Ycarsj will g)wn xiit 
the Time x. 

Here x being •±pzzri±xht Principal^ Rate^ and Timq 

it will be lOO : loo+x :: i : i + '^'— ^> the Amount of f 

loo 



X 

is thb whoI<j 




Pound for a Year, confequently a'X i + — 
Amount of X Pounds for x Years ; therefore i^ k i + 
a-iV is the liitelreftj which muftj by the Qiieftion be eqtial 
to thfe Principal x^ hence x X i + — -4 -^ xtz Xy or y :^ 



\x 



1+-^ =ii;ri thcftfore r+A-f =2: Herelfind^f 
- - lool 100 i 

equal to 8:5, nearly, and writing 8.^ for x We have 

r+ —-4 ±: 1.085I =: 2.0(36564. which ffiould have be^ii 
lot) I 

fequal to 2, therefore the Error i^ .006564 ill Excefs; aiid 
writing 8.499 f"°^ *" ^^ Error is .000244 in Excefs^ hence 
;ooo32 : o.ooi :: 0.000244 : ©•ooo76i this taken froni 
8^499, gives Arm 8.49824 Years; 

PROBLEM Xi 

Two ShipiSj A and B failed both at the fame Time froift 
one Place in 27^ South Latitude : A fteered due North 6 
Miles the firft Day, 10 the Second j 14 the thirds 18 the 
fourth, &c. B fteering between the North and Weft^ 
failed the firft Day 8 ^llles. the fccond 12, the third 18^ 
th? fourth 27, &c, till they both arrived in one Latitude^ 
slid were by Plane Sailing 631.3 Miles afunder ; Required 

theit < 
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(heir Latitude arrived in, likewife B's Courfe and Diftancc 

failed. 

In the Right-Angled Triangk »«. ___^ 

E W S, make E W:=:63i.3 Mites ^ \^ |' 

;seB's Departure, then will S de* 
note the Place from which the Shipft 
failed} put x for the Number of 
Terms or Days in which Aej fa iled, 
then by. Arithmetical Progreffion 
v^ have 2;r*+4*=:SE, their Dif- 
ference of Latitude =s the Diftance ^^ 

A failed, and by Geometrical Ptogreffion l6 xTTs)'— if$ 

s: S W= the Diftance B failed, hence per Euc. 47.1, Vfi 

ha ve lexiTsl''^^^^, ^'^"'^^**^^^^'^^*" ^^ ^''^^ 
^ajr*+4*r+63it3rj = I • Here by Trial, I find x fome- 

thing le fs than q>3, and wa iting 9.25 for x, wehavel^^ 




2=41.5446— 4i-S4SH=e-99946, ^^Kc^ ^^^^ be Unity, 
fo that the Error is .00054 in Dcfedi but wruing 9.250* 
for X Ae Error is ,0027 in Excefs, and .00324 : 0.0002 :: 
0.00054 : 0.000033, Ais added to 9.25 gites x s» 

2.250033; hence S E •= 208.126353 Miles, Aerefore 
le required Latitude is 23* 41' 53" South* B's Diftanc* 
S W = 664.72270069 Miles ; and 664.^270069 : Ra« 
dius :: 63J.3 : 71* 4S' i^' the Sine <rf B's Courfe, am 
fwering to W. N. W, f W. nearly* 

O T H E R WI S E. 

From the Equation 16 X 1.5I'— i6l* = a*»+4*|* + 

2**+4*l*+63[i,3)* 



fjmmmam 



fel-3l% we get 1.5 '— il*- 

In this Equation by writing 9.25 for*,wc b«te 4i.5446\^ 
—441855.705625^256=^0.04505 the Error in defcfii 
fn4 by repeating Ae Operation the Value of a- will bo 
found =:9-^5oo33, as above. 

X PROBLEM 



I 
I 
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P RO B LE M. XI. . 

* Querc, the .Valiie^ of ' ;r, when 4;^'*+;^ denotes the 
Le^th, and^x^'+y'-^^Go the Breadth of a Right- Aa* 
glett Parallelogram whofe Area is 9;^*^*— 16900 ? 

py t\)e Rule for 'mcafuring a Parallelogram, we have 

i?*4/3?)* — 26oX4^'^+x*=:9^^— i6gQ0 the Area per 
Qudtion, whence by completing the Square, &c. we have 
4|''+;r'' — i30=3Jtf^',or;e^''+Af^— 130=0 : Here a* maybe 
fou^ by^e^jeneralRule for Cubics on Pagei93vbut this 
Equation is divifiBIi by ;f*'7-5, without Remainder, confe- 



gucntly x^zzSf and ■^t^--^* =0 : Here I find x equal to 
i.13 nearly, ind by writing, 2.13 for Xy we have 5;.i3--* 

f ♦ «. ' .: : \ t 

**^».*3 rz .00-1102 the Error in Excefs ; but by writing 
%il9for A^ "the £xrar is .060653 in.Defeift, and .001755^: 
O-OQi. :: 0.060653 : 0.000372,, Ais added to 2.129, gives 

ft • , * ^ 

AJironomcal Problems. 

* ' / . • ' i J • 1 . , . ... 

NOT .E.- .•: 

Tn folving thefe Problems, I fliall tife the; Natural Sincs^ 
Tangents, &c. to the Radius I. ' - ' 

EXAMPLE I. 



• * 



I'N'a certain NoJ-theriiXalitude^thV Sun's Aasjimiith, atft 
, a' Clock in the Morning, was. found to be 13° 30 '.from 
the Eaft Nbrtliwittxf ; 'itwas alfo obferved that' the Sdn 
f¥as due Eift 6 Minutes after 7 o'Clotlc the fame Mbrhmg : 
Qiicre, the latitude of Ac Place, aind the Svn'^s Declina- 
tion ? . , • c . 
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In the TjisLn-- 
glesAto,BCI> 
. Right-angled at ^ 
A and D, put 

Sin« of AC == 

1 6** 30' the Time 

from' 6; V=s H 

,2370044 the* 

Tangent ofX^D 

zz i3* 20' the 

Sun's Azimuth 

at Hx a'-Clock j 

Ai-rztheTai^gent 

ofAiSJtb^Sun's 

Declins^tion, 

I 
then — — is 4he Co-Tgpgifht rf A O of of^ BC ; let jr 




= the Sine of the < AC the Latitude, .then yi— /I 
and 



y^*^^*/ will be the Co-Sinc and Co-Tangent of 



the Latitude, and in the Triangles AC .O and BCD, it 
Urill (by Spherical Trigonometry) be as ^r: x :: i : ^ 

• y 

hence «• i -r-/{=jf, and as "J" : i :: v^ i— y** ' ^ or * 

V' I —/I =/, therefore xy±=/, or ;f="7* ^ >^3447753 the 

Sine of 56^ 33' 41'' the Latitude required : Now 90**— 

56^ 33' 4*" =^33° ^^' 'Q'^j ^"^> as the Tangent of 33^ a6' 
19" : Rad. :: Sine of 16'^ 30' ; the Tangent of 23 x6'=» 
A the Sun's Declination. 



E X A M P L E IL 

On a certain Morning the Sun's Amplitude was obrer1r« 
id to be juft 30^ from the Eaft towards the North i and 

X 2 hit 
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hit Altitude on tbe Prime Vertical tho £une MomiJ^ira^ 
found to be 23"" do' : ^ere, the Latitude of the fikf^ 
aud the Sun's Declinatioa ? 



In Ifie Right* 
angliMlTriangles 
A C D, and B 
CD i . let r = 
^60798 theSine 

of C O = 23^ 

ao^ the Sun's 
Altitude on the«|^ 
Prime Vertical,^ 
j=:^ the Sine 
ofCp=30°his 
Amplitude ; and 
x^z the Sine of 
Ae Angle AC 
the Latitu de^ 




N 



sine of the < BCD, the Co-Latitude, a«d by Spherics 
it will be ^s j\r:: x ; rx^A0 the Sun's Decliiwti0n,;an|l 
asi w :: vrr*-y;'^lw Vi— ^^ 1 =BD the Suo's Dedinatton 
alfo, therefore rjrrrjv'i— **1 or rV=rj*— ^jr*, and Jifsa 

^ • , =: »7838i78 the Sine oF jt"" 57' die Lad- 

tude fcuch^ and ror, or Alt as ■; ' ^^« ., ' ^^SlHTq^ 
the Sine of 18^ s' the Sun's Declination, 



EXAMPLE IIL 



»i. 






What Latitude is that, Mfhich is equal to tbe Sun's I^ 
clination on a certain Day when his Amplitude is .22^ 34/ 
24" from the E^ft Sandiward ? . ^^ 



BKiSJOIEMTS cr AbaBSHA* m 



^ IntheTriaitgleBC 
0» put ^^=,3838656 
the Sine of C O the 
Sun's Amplitude ; 
.and X ^ the Sine of 
the Lat imde fe quired|> 

then •!— *M = the . 
Sine of the < B C H 
O ; and, as I a :: 

vTr^ : X (B 0)j 
by the Queftion, 

bence ^arVi— 'X*l==: a-, 
or tf*— tf»;r*=;^% and 



»-« 



=/ 




li 



*+7^| ^ '3583^9 ^c Sine of ai* 



E X A M P L E IV. 

'One Morning in Summer^ befpre the Solftice, th^ SuQ^i 
*Attfnuth at 6 o'Clock was obferved to be 9^ 55' from the 
Eaft Northward, and his Altitude when due Eaft wiM i^ 
56/ : Quere the Latitude of the Place, and tile Sun's Dt»ib 
clination i 



^ In tlie Triangles 
BC,OACD, putx= 
^3409265 the Sine of 
CO the Sun's Alti- 
tude when Eaft, /rr., 
1748277 theTangent 
of C D, the Sun's H 
Azimuth at 6^ and 
9f =: the Sine of the 
Latitude, then in the 
Triangle B C O it 
ligill be as its:: jr: 
jx=: the Sine of B 
^ Ac Sun'sDeclinationi 




therefore 
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therefore . ^' 



O is ihc Co-Tangent of B O, or o£ 
its e<iual AC, hence then in the Triangle ACD, we have 

t : ^i_*'l:: i ; ' ; , therefore */i — x'\ = 

J5E3, Jwnce jV-;'**=:f*'^ i*(V, or**— t^i .. 



:^ 



Put2i=(* + r, then**— 2**'= ;;r-i b^"" 

yi+^/?__t!| =,7521853 the Sine of 48' 56' 48" 

tht Latitude required, and sx, or 8©=!^*+ v'*' 

-,256+399 the Sine of 14° 51' 3^" '*>« Sun'i DccU- 
lUtion. 

EXAMPLE V. 

In acertain Place in North Latitude, the Sun was oh-' 
fcrved to rife exadUy at four o'Clock, and at fix o'Clock 
his Altitude was taken the fame Morning, and found to be 
17° 30': Required' the Latitude of the Place, and the Sun's 
Declination. . 

In ihe Ri^ht-An- '_ 

gled TriangksAHC,' "^ 

C D © ; put ff — 
,300^058 tliC Sine of JB.. 
D © die hiun's Alti- 
tutle at 6, ^=,5 the 
Sine of AC his Af- , 
cenfional Difterence ; **j 
and *■ = tlie Sine of 
the Latitude, then 

— =l=~istheTan- 
gfeftt6fthe(<&CD) 
tiie Latitude j Buta^ 
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jx:a :: i : — the Sine of C Qy or of A B the Sun's 

« 

Declination, therefore "' ; ■ '''^'^ , or'-3~s=5r is- the 



y^' 



TTangent of A B, and in the Triangle ABC, it will be 

X , a . ^ ax , 

:: I : ..^ ^ therefore —*==«- s: a 



v^T—^ vv^=^ v7^^ 

V**— <»^1; hcnc« ^ +-3; «*— i Xx*=:— a* : Put- 

a* 
ting —2*=:-^^: «*— i, we have *♦— 2i**r:— j*, this 

folred, gives *'=:v/^±\/^*— ^*m =j7SSo6556, or ta 
^3982512, the Sines of 49'' i' 51" and 23'' 28', the Lati- 
tude and Declination required. 



Problems on the Maxima and Minima of 

^dntities. 

Here (as in Fluxions) the Operation for determining a 
Maximum is the fame as that for determining a Minimum ; 
and when a Quantity is required to be the greateft or leafl: 
that the Conditions of the Problem can poffibly admit o^ 
that Quantity is called a Maximum, or Minimum ; and 
the Moment that it becomes fuch, it is at a ftand^ and nei- 
ther iiicreafes nor decreafes : Therefore to calculate it by 
Algebra, add an exceeding imall Quantity ^ to the un- 
known Number x ; write x+e and its Powers for x and 
its Powers in the Maximum or Minifnum, referving thoie 
Terms only in which the firft Power of e is involved, 
make the Refult equal to nothing; and if the Equation, 
after Redudlion, has feveral Roots, they muft be tried fe- 

X4 ' parately 



^+ ELEMENTS o> ALGEBRA;. 



6' 



wt have A-'^^-il-, therefore x=i 4 1 : This Equatiorf 

9 ' 9,'. 

multiplied by 3 (to augment the Nunfiber under the Ra« 

" — T^-^ 
dical Sign), gives 3A'=i—l-.i-|, aiid the TiOgarithm of 

4096 

■ .^g, . is 0.2725x11, which, being divided by 5, the 

Quotient .05450222 is the Logarithm of i.i337io8,there- 
fore 3«=:i.i337io8, and confequcntly 4^=0.3779036* 

The Value of x might have been likcwife found, by the 
Method demonftrated for extrading the Roots of pure 
Powers. 

i^X A M P L E IV. 

Itt the Triangle ABC, there is given A 8=5, and DB 
c=3, to find the perpendicular BC, when the Angle ACD 
is a Maximum. 

Put A B = tf, D B =: f, and ^ 
BC=:x then by plain Trigone- >^ 

metry, a : x :: 1 : — =: the 
Tangent of the Angle at A, and 

X 

€ I X :: I, : :=: the Tangent of ^ j^ 

th? Angle BDC, their Difference is r*T^ ^"^ Tan- 

gent of the Angle ACD, which is Maximum per Queftioil 

i. ^ ' \ a^cxx^O'^cXe 
writmg x+e for ^, we have ^^-{^aex+x ' ^ 

a — cxx x+e x 

•' >." ■ , — r^>Q^ ■ I —--T— z: ■ ' ■ .L ' » hence ;r'+^ 

»^+acx+ace :=:x^'^2fx^ + acx^ and tx^zzacey or **=r<7f, 

therefore x::=.\^ ac\ =3.8729833. ^ ' 

And fincc x'*"^a£^ tbecefore ^ : xwx :.r, which fliews 
that BC is a mean Proportional between AB and DB. 




ELEMJEN.TS or ALGXBAA, . 3»jv 

* ■ 

In clearing the Equation of Fractions, the bcft Way i$ * 
to omit multiplying and fetting down thofc Terms ia 
vrhich the firft Pdwer of / wiU not be iocluded. See the. 
Sixtb^ Seventh, and Eighth Examples, 

E X A M P L E V. 

Required the Dimenfions and Area of the greateft Seoii^ 

Brabola that^can be infcribed in a Rights-Angled Triangle 
AC, whofe Sides CD, DA, are 12 and 16 Inches re-, 
fpeftively. 

In the annexed Figure, let D K=i fj 
EF=A^, CD=a, and DA=*, then, 
by fimilar Triangles, i : a :; x : ^ 

ax ^^ ax K 

— j-nEC, and -^sESrsSC 

by the property of tfie Parabola, K. B ^^^ 

ax Q.ah'^ax ax 

hence ^--^1 or ^ = DS j and-^ : ** :: 

* 

\_r ' *: 2bx»^x*SiDw : confequenuy abx'^xi ^ 



:2b 



f f ■ ' is the Area of the iiifcribed Semi-parabola* 
DSB, which is a Maximum per Queftion, therefore 



1 



"ibx^x"^ X tb'^x is a Maximum, and its Square **— 
6*A^ + i2iV-^4';t IS likewife a Maximum: Here by 
writing x+eiox Xy and proceeding as iu the firft Exam« 
pie, we have 4J^'^'^l8ijrV+24iV<— 8^'#z:0, orjr'— 4f 
^*'*+6*V— 2P2SOJ this Equation is divifible by x^\b^ 
without any Remainder, therefore xz=.\b'=zi : Hence by 

^ah^^ax 
writing \b for x^ the Abfcifla DS, or — ^ , becomci- 

=:|fl=:9, the §emi-ordinate CB == ^Z P^= f iv^=5-^ 

= 13.8564064 ; and thfc required Area is \b»/^ ^"sT* 
^iabV Z^ 83. 1384384 Square Inches. 



3i6 ELEMENTS dr aYgEBRA. 



EXAMPLE VI. 



> i 



Find the Diameter and Depdi of a Cylindricai Tu6 
^pitfa the leaft intcimi Superficies poiBUt to ^ontiup |}4^ 

•-55 Ale GaUon$« 

•wo 

Pat /ss49o87,5 the Cubic ItiGhes in 174. -^^AleGd- 

Ions, ^=3.1416; x^ the Diaipeter, and j^r; the Depth of 

cx^y 4 s 

^e Tub ; then ■■ = j, hence j|f =:"nrf an^ f *7.— 

*— -the infide Curve Superficies, — = the Area of *i 
' 4 . . - 






Bottom; therefore — + — ,or isthein- 

4 jr ' 4X' 

ternal Superficies, a Minimum per Queftion, writing x-t^^i 
for ;ir, we have "" " ' jf^g '* " = '^ ' > keiic^x- 

3r/*'=:r^;r'+ i6^x,' or cx^rzZs^ and x:=l%J -^ =50 

jj • • •' •■' 

Inches, confequently,^^'-'-;;^^; ^ i) 7^ ^ V ^T* 

* ■« » 

EXAMPLE VIL 

. The Area and Perimeter of Right-Angled ParallelcN 
gram are exprefled by the fame Number of Chains ; and 
die Square of its 3readth multiplied into its Lei^tfa hz 
Maximum : Quere its Dimenfions ? 

Put X for the Length, and y for the Breadth of the xe- 

quUed Parallelogram ^ then will its Area be xy^^x+ij 

iits 



EltSMEHTS. or ALGEBRA, 317. 

ss its Perimeter per Queftioti, whence jf= , and 

9cy*zzMX ,, ^ \: ^ % ^ . . ^ Maximiim ; wridnj;; 
•'^ jr*— 2*+4 **— 2Ar+4 /* 

andj^**— l2/;r'+i2^**=:2/**— 4/jf% or **— 8;r=r— jfl^j 
hence ;r=i4+i^4)3:6 CfaaittSt andys: ■ I 'Cj* 

EXAMPLE VIII. ' ^ 

Find the internd Dimenfionsr of a Rectangular Maff 
Ciftem diat fhall be compofed of the leaft Lead poffible 
(at a given Tbicknds) to bcOd 25 Q(iarters of Baifky. 

Put «=:430o84 the folid Inches in 25 Quarters ; srs 
the Depth, and y= the infide Length of the Ciftern^ 

a a 

thpA wiB be its Breadth,-— the Area of its BoCtonw 

2tf .• -. ' ■ 

-arf «od r'-'i die-Axea-of its two Ends and two Sidai 

• — a 2tf 

refpediyely, therefore "T"+2jry+-— - is the whde xor 

.,'•*' y * 

ternal Superficies, a Minimum per Queftion, in* which, 
by writing x^i for Xj and lookijsg upon > as a loi^wft 

Quantity, we have ■ + 2fj^ = — , hence ^ex^y^ae^ 

or 2;r*y=:J, Aercfdrc^fc: /— — -j: And by writing ;?+> 
for )^ in the Riinhnum, (confiJering x as known) we have 
*-2-. 4. «#3~, and ixf-=.ai^ oxxf^a^ hence jr a 

J^, which fl^ws the Ciftcrn to be Square, for -—- 

is its Breadth, as has been prcmifcd : But we have be- 

fore 






ay 



• y 



f, on^gr'aKlki*, -a^d j»r:V^^9S..i03Q4J^6Slnclies, 







iTT^ 



EXAMPLEIX. 

f 

Find tke Solidity of the greateft Cone and Cylinder 
^at can be infcribed in a Spheroid HCFG, generated by 
the Rotation.of a Semi-ellipfis^ upon its tranfverfe Dia- 
jncter, which is equal ,to bs> lacl)^% iWul i\Sr cojlig^ Oi- 
ameter is 40 Inches. , . 

J*at HCj=:6os;^, f.G ss 
40isi}, ^^13.1416; and H^ 
jzzCi9ff:zx^ th^n willtf— «s? 
w C the Altitude of the Cone 
ABC, and by the Property 
of the Ellipfis, we have a* : ^ 

i*. — . 

#* :: a^x Xx : •^x '<'—** 

kj«=:A«% therefore-^ ^ 

4i^xP<sx is ifae Area .of the 
iC^eH Bafe, which m^lti- Jik.^ 

plicAby -^-^^^ — (t^C),.giycs 



ax 



— X* X a — ;r foe 




its Solidity, which muft be the jgreateft poilible, ^therefo^ 

ax^x^Xa-^x^ or ^— 2</^*+**;ir is a Ma^ffimum, in wWeh 
iJy v^iting »+i for ;«•, we have3^Ar*— 4^7^+i/Viio,*or*;^ 

—^^=—44* J this folved, giv.es *=T^Xf i/t*?) =.|« 
^^<7p and in the prefent Cafe ^=4^ =:2(? : Hence by writ- 
Ugj-a/gr.^i tbe Md Cgsptj^tof ^a Cone .)>9Qqpu^ 



j^I^EMENTS or AL6£BKA. iff. 

Cjlinder ABDE, is *-t" >^ ^^ — x* x i7— 2x,aMaxhnutti 



pcr(^€ftion; therefore ax-^-x^Xa-^zx^ or ijt' — 3^**-(f- 

>7^ %-a Maximun, in which, by weeing J^^fforx^ we^ 

have 6^**— 6^* + tf*/=:0, or **— <7x=:— i^*; hence xzn 

l^zr— — scauati//— f tfyTj^, and by fubfiltutiqg i a— i-4tf 
iiTjl fojr, jr m thst Solidity of the pylin4eir, it .B^eoiw 

' Two Ships ate to'foil at the lame Time from emcf orttii 
the Latitude of 48** l^orth, the firft is toftecr fcetwtenthe 
South and Weft, until her Departure become equal ta 
TISO Geographical Miles'; the other h tofail^s^ ^^ more 
Wefterly into the Latitude of 46** North : What LatjU 
Udt will the firft Ship be arrived in, and what Courfes muft 
thefe Ships fteer to have the Reftangle of their EUftance* 
the leaft poffible ? 

In the annexed Figure, AC and 
D C denote the Diftances failed. 

Put 5=1,4339212 the Natural 
Sine to the Radius I of the <* ACF, 
its Co-fine ,9009508 =:r, DE = 
J50=<7, BC_=:i20=^, and x!= the 

Sine of the < ACB, then ^i—x"] 
= the Sine of the < CAB ; and 

/*— 'j-v/i — x^\ = the Sine of the < ' ^' 

DCE : Hence, by Trigonometry, we have cx-^si/i^x^] ; 

a - 

^ :: X : i^^.^i^ -zz DC, and ^1 — x'\\ b\\i\ 

^•-«=«?r5:AC, therefore AC X DC=:'*^57===7 




; 

I 



S9d ELEMENTS of ALGEBRA: 

M ah 



Queftion : But, the Numerator ^7^ being a conftant Qu 
tity, it may therefore be omitted, and fo by writing x-^e 



CfX* 



iotXyincM^i — 4r*l + sk\ we have r^-v/ i— %jf *t— ^/Tlf^^ 
£r2Jyifi/i— jf*|, or 4fV — 4tfV+tf*ss4jV— 4^***, or 

7 ,» ) I 

tikis fiilved, gires «=^ |+ •!- ^i ■ ■ , =1846736 

dbe Sine erf 57* 52' thr fccond Ship's Courfe,. aad s'fS^ 
-^25* 43'= 32** 9' the firft Ship's Courfc. As the Sine of 
DCE IDE:: Sme of CDE : C£=3*> 59', therefore the 
lequtred Latitude is 44"" i' North. 



f^'y 



^ ^ F.l N I S. 
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ERRATA. 



P^g^ 7i ^^(iT^'^ne^f or Denominations^ read Denominators* 
Page 17, Line 27, for Principle^ read Principal. 
Page 2.0, Line 3, ^or 5/. 05. o^s?f read 5/. os. oi.f. 
Page 145, fifth Line from the Bottom, for ;e*+4tf% read 

Page 210, laft Line but one, for a^ *, read a^ X*. 
Page 211, Line 10, for a:* read x^. 
P^e 216, Line 22, for Page 178, read 195. 
Page 219, Line 3, for z* read z^ 

Page 22^ Line 1 3, for Pages 107, 108, read Pages 1 02, 
103. 

P^ge 234, Lme 4, from the Bott6m> for fuhtra£ti9wi 

extras* ^ ,^ - 




"7 



Page 240^ Line 14, for ^^'--7+^ ^ read ;r*^^ 



^+,25] 



Page 262, Line 19, for Page 198, read Page 201. 
Page 263, Line 25, for P age 2 02, read Pa ge 204. 
Page 263, for ^ ^x^^id] * read 2;t»+a^*l . ' 

Page 304, Line 7, for a-x i -{--^ -at, read *x 



100 



1 + 



100 



— X is the Intereft. 



In Ae Aftronomical Draughts, commencing on Page 
307, the Charaaer of the Sun fliould have been 9 as ui 
the correfpondin gOperations. 



f 



fo 



